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The asymptotic relation between the first crossing point
and the last exit time of (Gaussian order statistics
sequences

NING Zi-jun TAN Zhong-quan*

Abstract. In this paper, we study the asymptotic relation between the first crossing point and
the last exit time for Gaussian order statistics which are generated by stationary weakly and
strongly dependent Gaussian sequences. It is shown that the first crossing point and the last exit
time are asymptotically independent and dependent for weakly and strongly dependent cases,
respectively. The asymptotic relations between the first crossing point and the last exit time for

stationary weakly and strongly dependent Gaussian sequences are also obtained.

81 Introduction

The first crossing point (also known as the first exit time) and the last exit time have been
studied extensively in applied probability. In risk theory, they play a very important role, since
the first exit time corresponds to the ruin time of a risk process and the last exit time can
be regarded as the final recovery time after when there will be no more ruin, see e.g., [8]. In
practice, when we consider the random noises problems, it usually adds the first zero crossing
of a sine wave to the random noises. Instead of considering the zero crossing, we can transform
it to a stationary random sequence and consider therefore the first crossing of the sequence, see
e.g., [9].

Let {X;,i € Z} be a sequence of stationary random variables with EX;" < oo, where X+
means max{X,0}. Define for some 5 > 0

T(X)=min{i € Z: X, > —pi}
and
7(X) =max{i > 0: X; > Bi}
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the first crossing point and the last exit time of the sequence {X;,i € Z}, respectively. Because
of the existence of EX;", both Y(X) and 7(X) are well-defined and also finite almost surely,
see e.g., [9].

[9] first studied the limit distributions of the first crossing point for stationary Gaussian
sequences and showed that with appropriately chosen normalization the limit distribution of
the first crossing point and the maxima are the same. [10] discussed the almost sure limiting
behaviour including the a.s. stability and a.s. relative stability and also derived an iterated
logarithm law for the first crossing point for stationary Gaussian sequences. It is easy to see
from the definition of the first crossing point and the last exit time that their limit properties
of them are equal. The limit properties of the last exit time for independently and identically
distributed random sequences and stationary random sequences can be found in [11],[12] and
[13]. Recently, [16] considered a similar problem for continuous time weakly dependent Gaussian
processes and derived the limiting distribution of the scaled last exit time over a slowly growing
linear boundary, which was extended in [21] to strongly dependent cases. All of the abov-
mentioned results only consider the last exit time or the first crossing point for the linear
boundary. [15] studied the last exit time over a moving nonlinear boundary for a Gaussian
process. For some related results, see e.g., [2] and [18].

A natural question arises what is the joint limit distribution of the first and the last exit
time? For certain of Gaussian processes, [14] showed that the conditional joint limit distribution
of the first and the last exit time, conditioned on ruin occurring, is a difference of two standard
normal distributions. [22] discussed the joint limit properties for the first crossing point and
the last exit time for some dependent chi-sequences.

In this paper, we are interested in the asymptotic relation between the first crossing point
and last exit time for Gaussian order statistics sequences. Let {X;,i € Z} be a sequence of
stationary standard (mean 0, variance 1) Gaussian random variables with covariance function
ri = B(X1X;41) and {X;;,i € Z},j = 1,2,...,d with d > 1 be independent copies of {X;,i €
Z}. Define {OE?(X ),i € Z} a sequence of Gaussian r-th order statistics generated by X as
follows

09 (x):= Ijndi{lXij < <O(Xx) < <O (X) = gl‘éfcxij, i€z,
where r € {1,2,...,d}. The Gaussian r-th order statistics random variables play a very im-
portant role in applied fields, for instance, in models concerned with the analysis of the surface
roughness during all machinery processes, see e.g., [1]. The limit properties of extremes of
Gaussian r-th order statistics sequences and processes are studied in [3,4,5,6,7,23,24,25].

It is worth mentioning the following result, since it is highly relative to the main result of
this paper. Based on the results of [4], [24] derived the weak limit theorems for the maxima of
Gaussian r-th order statistics variables.

Theorem 1.1. Let {Og;) (X),i € Z} be defined as above. If the covariance function r,
satisfies
rplnn —0 as n — oo,
then for any x € R

lim P (an (I?Eilx OE;) (X) - bn) < x) = exp(—e™%), (1)

n—oo
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where
an = (2rinn)*/2, b, = %an +a,* ln(a;TCg(Qﬂ)_Tm) (2)
with Cf = iy

Theorem 1.1 obtained the limit distributions of maxima of Gaussian order statistics variables
for weakly dependent cases. In the literature, assumption r,Inn — 0 is referred to as the
weak dependence or the Bermans condition (see e.g., [17] and [20]), and, consequently, the
stationary Gaussian sequences {X;,i € Z} is called weakly dependent sequence. We called
also {Og) (X),i € Z} weakly dependent Gaussian r-th order statistics sequence. In analogy,
{Ogs)(X ),i € Z} with correlation function satisfying assumption r,Inn — v > 0 is called
strongly dependent Gaussian r-th order statistics sequence.

In this paper, we will investigate the asymptotic relation between the first crossing point and
the last exit time for Gaussian order statistics sequences. We showed that they are asymptotic
independent if the Gaussian order statistics sequences are weakly dependent and are asymptotic
dependent if the Gaussian order statistics sequences are strongly dependent. We also showed
that the limit distribution functions of the first crossing point and the last exit time are very
similar with that of the maxima. Section 2 presents our main results and their proofs are
provided in Section 3.

82 Main results

We define the first crossing point and the last exit time of Gaussian order statistics sequence
{OE?(X),Z‘ € Z} with function i3 as follows:
Y(O) = min{i <0: 00 (X) > —Bi}
and
7(0%)) = max{i > 0: 0\ (X) > Bi}
with 8 > 0. We consider the joint limit distribution of T(Og)) and T(Og)) as § — 0.
Now we state our main results.
Theorem 2.1. Let {OE;) (X),i € Z} be defined as above. If the covariance function r,
satisfies
rp,Inn — 0 as n — oo,
then for any x,y € R

lim P (T(OF)) 2 ~us(2).7(OF) < usy)) = exp(~(c™ + 7)) (3)
and
lim P (T(OF)) > ~us(2)) = lim P ((0F) < ug()) = exp(~e ™), (4)
where
ws(o) = (alpor) 4 s ) 07 )
with

a(8,r) = \/i <lnﬁ—1 - L <i lnﬁ—1> + 1n(ogr—1(27r)—r/2)>. (6)

For the strongly dependent case, we can only deal with the cases r =1 and r = d.
Theorem 2.2. Let {OE;) (X),i € Z} be defined as above. Suppose that the covariance
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function r,, satisfies
rplnn — >0 as n — oo.

Define pg = v/|In 8| and b(B, pg,r) = /1 — pga(B/+/1 — pg,r) with a(-,-) defined as in (6) .

1.) For the case r = 1, we have for any xz,y € R
: (1) _ (1)
lim P (T(0)) 2 ~us(a). (O < usly)

/ exp ( i @=2) 4 e~ V2W=20))d®(21) - - - dD(24) (7)
and -
Jim P(T(og?) z—uﬁ(x)) = lm P(T(o§§>) guﬁ(x))
_ /R exp ( _ie—ﬁ@—zﬂ)d@(zg o dD(za),  (8)
where
ug(x) = (b(B, pp, 1) + /pp) B (9)

and ®(+) denotes the cumulative distribution function of a standard normal variable.
2.) For the case r = d, we have for any z,y € R

lim P (T(0F) 2 —up(a). (OF) < usly))

:/ exp (— (e” V24 @i =) 4 o V2T 20)) 4B (2y) - - - dB(24) (10)
Rd

and
lim P (T(OF) = —us(a)) = éig}JP(T(OE?))Sua(w))
_ /Rdexp( VR0 4 (2) - - dB(zg), (11)
where

ug(x) = (b(B, pg.d) + \/ppd 'x) B~ (12)

Next, let us consider the special case d = 1, namely the stationary Gaussian case.

Corollary 2.1. Let {X;,i € Z} be a sequence of stationary standard Gaussian random
variables with covariance function r; = E(X1X;41).
1.) Under the conditions of Theorem 2.1, we have for any z,y € R

lim, P(T(X) > ~us(a), 7(X) < uply)) = exp (= (77 + 7)),

where ug(x) is defined in (5) withr =d = 1.
2.) Under the conditions of Theorem 2.2, we have for any x,y € R
Jim P (T(X) 2 —up(2), 7(X) < ug(y))
.

_ / exp (= (e=VBE—) 4 o~VEE=2))) 4a(2),
R

where ug(x) is defined in (12) with d = 1.

Corollary 2.1 extends Theorems 2.1 and 2.2 of [9] which derived only the limit distribution
for T(X). But there is still a case which can not be derived from Theorems 2.1 and 2.2 and
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will be discussed in next theorem.
Theorem 2.3. Let {X;,i € Z} be a sequence of stationary standard Gaussian random
variables with covariance function r; = E(X1X;41). Suppose that r, is convex for all n > 0,

1

rn = o(1), and (r,Inn)~! is monotone for large n and o(1). Then for any z,y € R

Jim P (Y(X) 2 —ug(2), 7(X) < ug(y)) = (min{z, y}), (13)

where ug(x) is defined in (12) with d = 1 and pg = r(g—1). Here [x] means the integral parts of
x.

Remark 2.1. i). It can be seen that with appropriately chosen normalization the limit
distributions of max}* , OEQ)(X) (n — 00), T(O;)) and T(Og;)) (8 — 0) are the same for the
weakly dependent case.

ii). Asin [9], the above results can be generalized for the first crossing point T(Og;)) = min{i <
0: 0" (X) > —Bf(i)} and the last exit time 7(0%) = max{i > 0: O)(X) > Bf(i)} with
f(t) =t°L(t) for t — oo, where ¥ > 0 and L(t) varies slowly.

83 Proofs

In this section, we give the proofs. As usual, a,, < b, means limsup,, , . |an/bn| < +00. K
will denote a constant whose value will change from line to line.

The following lemma plays a crucial role in our proofs.

Lemma 3.1. Denote by Y = (Yi)nxa and Z = (Z;;)nxa two random arrays with N(0,1)
components, and let (agll’g-k)dnxdn and (aflo’}k)dnxdn be the covariance matrices of Y and Z,

respectively, with agl%k = EY;Y;;, and agloj.k =FEZy7Z;;,,1 <14, <n,1 <1,k <d. Suppose
that the columns of both ) and Z are mutually independent, i.e.,

o =0k =1),1<i,j<n1<ki<dnr=0,1.
Further, suppose that o; ; = maxlgk,lgdﬂal(g?jﬁ, |Ul(;)ﬂ€|} < 1, where 1(-) will denote an indi-
cator function. Define (OEZ) (Y),--- ,Of;l) (Y)) to be the r-th order statistics vector generated
by X as follows

i =0 <...<0o" <...<0oW = - <
1I§nkH§1d)/zk Ozd (Y) = = Ozd (Y) = = Ozd (Y) 11%11?%2}/“67 1<i<n.

Similarly, we write (O§;)(Z), cee OSQ(Z)) which is generated by Z. Then for any real numbers
Uly...,Up, and any 1 <r < d

d (1) (0) 2 2
O:0 0 — 0. rius + u*
< Kz : 2 : ‘ ik,jk zk,]k| exp | — ( i _7) )
. (wiug) =1 2(1+045)

Proof. Let (Z;,Z;) be a bivariate standard normal random vector with correlation |J;;|. By a
similar argument as the proof on p. 225 of [17], we can show for u; > u;

PUZ > w2y > ) < —20 00
i > Uiy Lj > Ujp S Wi, Uy |0ig | )-
P T (g — 65 |w) s
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where ¢(u,v;d) is the probability density function of a two dimensional normal random vari-
ables. If u; = O(u;), we have
2(1— 6?]-) - 2(1— 5%) - K .
wiuy — [0i5lus) = wiug[1 — OQ)|65;] — iy

If u; = o(uy), obviously,

2(1 — 62 2(1 — 62, K
( Zj) _ 0(1) ( ’L]) < )
wi(u; — [0i5|wi) Uil Ui
By the same arguments, we can get the same bound for the case u; < u;. Thus, we have

K
P{Z; > u;, Z; > uj} < ——d(uz,uj; [6;5]).
Ui Uy

Using the above inequality to replace (4.28) in the proof of Theorem 2.4 of [4], we can prove
the lemma. O

3.1 Proof of Theorem 2.1

We need the following lemma to prove Theorem 2.1.

Lemma 3.2. Let {,i € Z} be a sequence of independent standard Gaussian random
variable and {OE;)(ﬁ),i € Z} be a sequence of Gaussian r-th order statistics generated by &.
We have for any x,y € R

lim P (T(0() 2 ~us(e). 7(0”) < usy)) = exp(—(e™" + ™), (14)
wehre ug(x) is defined in (5).

Proof. First note that Sug(z) — oo as 8 — 0. From Lemma 2 of [3], we have

P(O}7(§) > iB) = Ci(1 - 2(iB))" (1 + o(1) (15)
as 13 — oo. Since OE;) (£) are independent, using the following well-known fact
]. 122
1-® = “2 (1401 16
(@)= e F 1+ o) (16

as x — oo, we have as § — 0

- [ PO <ip)

i=ug(x)

P (r<o§”>> > —uﬁ(x))

oo

= — ) In(1-Cy1—2(iB)")(1+0(1)))

i=ug(z)
= Cim) B (Bug (@) Ve B (1 (1)),
Since (Bug(x))? = (a(B,7))? + 2z/r + o(1), in view of (6), we have
—InP (T(Oér)) > —uﬁ(x)) =e (14 0(1))

as 8 — 0. Similarly, we have

~ P (r(0f) S upy)) = e¥(1+o(1))
as § — 0. By the independence of {Ogg) (£),i € Z}, we can see that

P (1(0") = ~ua(@), 7(0f") < ug(y))
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= P (05(6) < =jB,5 < —us(x), 0(€) < iB,1 = us(y) )
= P (05(6) < —jB.J < —us(@)) P (08 (©) < iB,i = us(y)

and therefore the lemma follows. O

Proof of Theorem 2.1. By Lemma 3.2, to prove Theorem 2.1, we only need to show that
P (1(OF) = —us(@), 7(OF)) < uay)) = P (T(0) = ~ua(@), 7(0) < us(y) )| =0
as # — 0. We use Lemma 3.1 to bound this difference by

KZ|?%| S8 Vex p(r<<j5>2(+<<j+i>ﬂ>2>>

Jj=ug(x) 201+ Iril)
Sl S () e @CURLCEL G
+ Z\T j %:(y) (7B) exp ST

—up(y) £ 0)2 - 2)2
Y Y begli8) I =8V exp ( r(i)” + (GB)) ))
i=ug(x) j=—00 (1 + |T|i—j||)
=: K(IB + Jﬁ + KIQ).
Define § = sup;~; |r;| and 6, = sup;>,, |r;|. Since r, — 0, as n — oo, we have J,, < J < 1, see
e.g., p- 86 in [17]. Choose ¢ such that 0 <e < (1—9)/(1+6). Split the above sum I3 into two

parts as

(8= - e
—2(r—1 r((B)* + (4 +1)B
Iy = Z 74| 2( )jﬁ) =1 exp (_ (G )2(1 4(-(]77”1'”) )))

_|_

S Y 82D (_r((j5)2(+((j+i)ﬁ)2>)

2(1 ;

i—A 4 (o) i)
= I571 + Iﬁ,g.

For the first term Ig 7, using (5) and (6), we have

Nt - 3\2
% 7 5 o)

Jj=ug(x)
T(U/B(ﬂﬂ)ﬁ)2>
146

< Bf(sﬂ)(uﬁ(:r)ﬂ)*(zr*l) exp (

< ﬁ_s"‘% | lnﬂ|%+ =5 ,
which tends to 0 as 3 — 0 by the choice of €. For the term Iy 2, recall that djg—<] = SUp;>[g-<] |74
and note that 7, Inn — 0 as n — oo implies that djg—<)|In 3| — 0 as § — 0. We have in view
of (5) and (6) again

S r((i+us(@)B)®Y S~ (gy—20-1) r(iB)?
R i_%g]exp ( 2(1+dj5-<)) )j_uzﬁ(w)(]ﬂ) e (2(1+5[ﬁs])>

&< 5 5],6 [[3 €] |1 B|1 (1+T)6[5 )
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which tends to 0 as 3 — 0 since djg—<]|In 3| — 0 as 3 — 0. Thus, Iz — oo as 3 — 0.
Similarly, we can show that Jg — co as f — 0.
For the third term Kz, note that ug(z) ~ ug(y) ~ us :== S~ (2InB~1)Y/? as B — 0. Thus,
by the same arguments as for Ig o, we have

S s\ —(r—1 TiBZ S s oy —(r—1 r .52
Ky < 0y y, @A) “XP(‘M) 2. B w’“’(‘zuﬁ&im)

i=lus @] j=lup (@)
2 2

<< 5[u5]ﬂ_26[“5]|lnﬂ‘1_(l+r)6[“5],
which tends to 0 as 3 — 0 since 6j, [ In 3| — 0 as 8 — 0. Thus, we have Kz — 0 as 8 — 0.
The proof of Theorem 2.1 is complete. O
In the following two subsection, let Ag, denote the set (—ug(z) — 871, —ug(x)] N Z and

Bg,, denote the set [ug(y),us(y) + B~ NZ.

3.2 Proof of Theorem 2.2

To prove Theorem 2.2, we need the following two lemmas.

Lemma 3.3. Let pg be a function of § with0 < pg < c <1 andYj; = m&jJr\/ﬁUj,
1€N,j=1,2...,d, where &;; are independent Gaussian random vectors and Uj,j =1,2...,d
are a standard normal random variables independent with &;;. Denote by OE;)(Y) the Gaussian
order statistics sequences generated by Y;;. Suppose that pg|ln8| — v >0 as § — 0.

1). If r = 1, we have for any x,y € R
lim P (08(V) < ~iB,i € hpa, OL (V) < kB, € By, )

d
:/ exp (= 3 (e VIR 4 o VEE))) 1 (zy) - - (),
R -
7=1
where Ag , = (—ug(xz) — 871, —ug(x)] NZ and Bg, = [ug(y),us(y) + B7') N Z with ug(x)
defined in (9) with pg satisfying the above assumptions.
2). If r = d, we have for any z,y € R

lim P (01 (Y) < ~if,i € Apo Of) (Y) < KBk € By )
- / exp (— (e\/2d*17(€672?:1 %) 4 V247 (=351, Zj)))dtb(zl) e dD(zg),
R4

where Ag , = (—ug(x) — 87, —ug(x)] NZ and Bg, = [ug(y),us(y) + B7') N Z with ug(x)
defined in (12) with pg satisfying the above assumptions.

Proof. We show first the case r = 1. By the definition of Y;; and the independence of &;;, we
have

P (05 (V) < ~iB,i € Apa, O (V) < kB, € By, )

= P (/T 7oty + VRU3) < —i8. ~usle) — 57" <1 < o),
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I?éf{\/l — ppij +/PaUj} < kB,ug(y) <k <up(y) + ,31>
= /Rd P (gléf{\/l — pgbij +/Ppzi} < —iB, —ug(z) — BT <i < —ug(x),
(/T st + %1} < b ualy) < b < us(y) + 5-1) 0D (z1) - (=)

—ug(x)

:/R H HP \/75134'\/72'3—_2.6)

? = —up(z)—[F1]415=1
ug(+[B+1 4

X H HP(\/l—pﬂfkj—‘r\/%Zj < kﬂ) d@(zl)dé(zd)

k=ug(y) J=1

=t [ HG o0 2 H Gy 2)AR(21) (). (17)

By the same arguments as for the proof of Lemma 3.2, we have
—InH(B,z,21,...,24)

—ug(x) d .
—(iB + \/Pp2;)
=—In H H Vi (fzj > 1—_BJ
i=—up (@)= 8141 =1 VTP
—ug(x) .
—(iB + \/Ppz;)
- > Zln 1- (52-] > 1—7ﬂ
i=—ug(z)—[8~1]+1 j=1 VTP

—ug(x)
(iB + \/Ppz;)
i=—ua(§[ 1]+1;<1_ ( Vi=ps ))(HO(D)

“uel) iB)2 + 2i8 /P2
- Y Yenu )1/2w|1exp<(5) *”\@J)(Hom)

i=—ug (2)— 8141 j=1 201 = ps)

uglT 2
= (2m) 72 (1 = pp)? B (Bug(z)) " exp (gﬂ(lﬁ—(p)ﬁ)))
d
xZeXP (5 s(x )WJ>< +o(1)).

o 1 —pp
Now, using (9) and the fact that pg|ln 8| — v > 0 as § — 0, we have
—lnH(ﬁ,x,zl,...,zd)—>Zexp(—\/ﬂ(m—zj)), (18)
as 8 — 0. Similarly, we have
—lnH(ﬁ,y,zl,...,zd)—)Zexp(—\/ﬂ(y—zj)), (19)

as 8 — 0. Now, (17-19) combined with the dominated convergence theorem completes the
proof for the case r = 1.
Next, we prove the case r = d. By the definition of Y;; and the independence of ;; again, we
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have
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P(OW(Y) < =iB,i € Ay, O (V) < KB,k € By, )

=P (1}12111{\/1 — pp&ij + /PsU;} < =i, —ug(z) — 71 < i < —ug(2)

(/T pates + VAU < KB, uals) < & < us) + 67

/Rd p <Ijnii§1{\/1 — ppij +/ppz} < —if, —ug(x) — B <i < —ug(x),

Vol. 38, No.

rﬁ?{v 1— paéij +/ppzi} < kB ug(y) <k <uply) + 5_1> d®(z1) - - - d®(zq)

J.

X

Rd

—ug(z)

[1

i=—ug(z)—[B71]+1
ug(y)+[(B~

I1

k=ug(y)

G(B,x,z1,. ..

1]+1

Zd)G(B»%Zh ey

2q)d®(z1) - -

P <I}§?{m i +V/Ppzi} < iﬂ)

By the same arguments as for the proof of Lemma 3.2, we have

—-InG(B,x, 2, ..,

Zd)

—ug(w)

=—In

i=—up(2)~[6-1]+1

—Uu

-

i=—ug(x)—[8

II

g(x)

_1]+1

—ug(w)

>

i=—ug(z)—

—ug(x)

by

I

[B1+15=1

In

d

1-1[»r
L j:1

d

1—HP

(o

(iB

(&j >
(fij >

(i8 + \/p,BZ])
L—pp

(iB

—( +\/sz)>_
V1—ps

—( +\/@Zj)>
V1—ps

)) (140(1))

d(iB)? + 2iB\/p5 S, %)

2(1 - pp)

P (I}I_dilll{\/ 1= pasr; + V/Ppzj} < kﬁ) d®(z1) - - d®(za)

(2m) =42 (1 — pg) 21| exp (

i=—ug(z)—[B~]+1

= (2m) 201 )5 s ) e

d .
X exp (5 il )ﬂﬁzjzl j) (1+0(1)).

Now, using (12) and the fact pg|Ing| — v > 0 as 8 — 0, we have

d
v =2 %),

j=1

d(ﬂUﬁ(x))z)
2(1 — pg)

flnG(B,:c,zl,...,zd)Hexp( 2d 1

) (140(1))
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as 8 — 0. Similarly, we have
d

- IHG(ﬂ,y, 21y 7zd) — eXp ( -V Qdilfy(y - Z Zj))a (22)

j=1
as 8 — 0. Now, combining (20-22) with the dominated convergence theorem, we complete the
proof for the case r = d. O

Lemma 3.4. Under the conditions of Theorem 2.2, we have for r = 1,d
P ((OF) 2 ~us(@), 7(0F)) < uslw)

—P (0[)(X) < —iB,i € Apy, O (X) < KB,k € By, )| -0
as B — 0.
Proof. Obviously, the absolute value in Lemma 3.4 is bound above by
*“ﬁ(m)*[ﬁil] [e%S)
Pl U ©OF®>-isl) U ©p >k
i=-00 k=ug(y)+[B-1]
_“/3(37)_[571] [eS)
< Y P (05;) (X) > 45) + Y POIX)>kB)
i=—o00 k=ug(y)+[B~1]
= P(OM(X)>i PO (X) > k
i (X) > iB) + (Ord (X) > kB)
i=ug(z)+[B71] k=ug(y)+[6-1]
= ) Ci1=26B) (I+o(1)+ Y. Cil—®(kB)) (1+o0(1)),
i=ug(z)+[B71] k=ug(y)+[B~1]

where in the last step, we use the fact (15). Applying (16), the last sum is bounded above by
s . e
SO O
oo o EXP | — + ————exp | —
271)7/2 r 9 21V /2(kB)" 2
i=ug(z)+[87!] ( 7T) <Zl6) k=ug(y)+[B~1] ( ﬂ-) ( B)

< ﬁfl(ﬁuﬂ(x))f(ﬂ»l) exp <_T(ﬁuﬂ($) + 1)2)

2

_'_Bfl(l@uﬁ(y))f(ﬂrl) exp (_T(ﬁuﬂ(g) + 1)2)

_ _Q4mes 1/2
< Brfnp|mE e KImAl

which tends to 0, since pgIn 37! = v under the conditions of Theorem 2.2. O

Proof of Theorem 2.2. Define Y;; = /1 — pg&; + /pgU; and OE? (Y) as in Lemma 3.3.
Then by Lemmas 3.3 and 3.4, to prove Theorem 2.2, it suffices to prove for r = 1 and r = d
that

|P (05 (X) < ~iB,i € Ay, OL)(X) < KB,k € By,

_P (o§g>(y) < —ifi € Apa, ON(Y) < KBk € Bﬁ,y)] =0
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as 8 — 0. Using Lemma 3.1 again, we can bound the difference as

(e > . . .
K Z —psl 3 (A exp <_?"((J/3)2+((J +z)ﬁ)2))

2(1 ;
Jj=ug(z) ( +wz76)

B1+1 o0 2 L 118)2
+K Z |7“i—P/3| Z (jﬁ)—Z(r—l)exp(_r((.]ﬁ) +((]+ )6) ))

2(1 i
J=up(y) (1+= ’ﬁ)

—ug(x) ug(y)+[67]

+K ) > |7“|z‘j|—pﬁl(—iﬁ)‘(’”‘”(jﬁ)‘(’"‘”eXp( W)

2(1
i=—ug(x)—[B-1] j=us(y) (1 +@i—j.6)

= KRg+ KSg + KTp,
where @; g = max{[r;|, ps}. Recall that § = sup;>; |rs| < 1 and d,, = sup;>,, |r;] < 1. Choose

also € such that 0 < & < (1 —6)/(1+ ) and e < 1 — |[In3|7*/2 =: 9. Split the above sum Rg
into three parts as

[BfE] [ee) i 9 . Z 5
Fg D Iri—psl D (A Vexp (_r((gb’) + (U +9)b) ))
i—1

j=un (@) 21+ we)
B~°] oo N2 o
e 2(r—1) oy (L) + (G +)B) ))
’ i-[ﬁZEHl " pﬁj—uzgm(]ﬁ) o ( 21 + i 5)

(B~1+1 0 2 g
+ Z |7"i—P5| Z (jﬁ)_Q(T_l) exp (_’I“((]B) +(<J+ )B) ))

2(1 ;
i=[B=0]+1 j=up () (1 +wip)

=: Rpgi1+ Rga+ Rajs.
By the same arguments as for Ig 1, we can show that Rz = o(1) as 8 — 0. For the term Rg o,
let 7 = sup;>(3-0) @i,5. Then it is easy to see that 7g|In 3| — v as B — 0. We have

0 ey NS imy-20-1) _T(j»B)Q)
Boa < (70-5) 3 09 exp (142
2
€ (55 Buta)) > e (20
2(1—pg) —(140) A—pg)(+r)  2p_1

< pB ‘*”ﬁ [Ing| s Z

< B m B2

< exp{—|InB|*%+3/2In|In g},
which tends to 0 as as 8 — 0. To estimate the term Rg 3, using the following inequality
1

i m (23)

re = ppl < Jrs = = [+

we have

Fps < Bi ’ri a %z‘ i (j8) 2V exp (T((jﬁ)2+((j+i)ﬁ)2)>

2(1 :
i=[8-0]+1 j=ug(x) (14 w@ip)
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[571]4-1 00 . . .
1 1 i r((i8)* + ((j +1)B)?)
+ 7D, > G8)P Vexp (— ‘
i=[)+1 i inp] j=up(z) 21+ i)
=: R5731+R5732.

By the same arguments as for the proof of I3 s in Theorem 2.1, we have

I 1]+1 ) . N2 . . 9
Rz < |1n5|71 Z r;Ini — | Z (jﬂ)*Q(dfl) exp <T((]ﬁ) + ((J +19)B) ))

21 + w;
i=[B9]+1 J=us(x) (1+wip)
< sup {|riIni — |} Frs) | In g~ pstms)
i>p=0
which tends to 0, since r; Ini — ~. Using the inequality for [37%] +1 <i < [371]+1
1
1 3/2
i g | <Al

and by the same arguments as for the proof of Rg 31, we have
Rp 32 < 572(@*”3“ lnm*(lﬂ)(mﬁpﬁ)ﬂ/z’

which also tends to 0.

By the same arguments, we get Sg — 0 as § — 0.

For the term T}, note that ug(z) ~ ug(y) ~ ug = B~ (2InB~1)Y/% as B — 0. Define
K = SUP;>o[,,] @i,6- Using (23) again, we have

—ug(x) ug(y)+[87"]

o — (= r(iB)? + r(jB)?
Kp < > S i - | (i3 T Vexp (—()(‘7)>
' o In|i — j| 2(1+ kp)
i=—ug(x)=[B~1]  j=ug(y)
—ug(x) ug(y)+[87"] o o
v v 2\ —(r—1) r(iB)* +r(jB)
+ > > o (—igB°)~ eXp< T
Inl|i — 1 2(1
i=—ug(@)—[B~!] j=ug(y) nli—jl [npl (14 kp)
= KBJ—FK[;,Q.
By the same arguments as for the proof of R 31, we have
ug(2)+[671] NN
Kgy1 < i — |} In gl (r-1) (B
g1 < 1>S;1[5B {Irilni —~[}In B[~ | z:( | (iB)~ "V exp 51+ )
1=ug(x
ug(y)+[87"] -\ 2
r(jB)
<X e (—520)
2(1
J=us(y) (L+£g)
< sup {|rilni —y|}pm2Estrs)|In g~ (A (patrs)
i>2[ug]

which tends to 0, since r,, Inn — v as n — oo. Using the inequality for ug(z)+ug(y) < |i—j| <
up(w) +up(y) +2(87]

1 1
B T < lnﬁ_?)/zv
=7~ gy <™
we have
ug(2)+[B87] .9
K < 1 —3/2 co\—(r—1) _ T(ZB)
se < ImAYE D) Ve (5

i=ug(z)
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ug(y)+[87]

o —(r— r(iB)?
X > (G8) " Vexp (
2(1
j=us(y) (14 x5)
< B_Q(Hﬁ'ﬂw)‘lnﬂ|_(1+7')(9ﬂ+”6)_1/27

which tends to 0 as f — 0. Thus, we have Kg — 0 as § — 0. The proof of Theorem 2.2 is
complete. 0

3.3 Proof of Theorem 2.3

We need the following two lemmas to prove Theorem 2.3.

Lemma 3.5. Let pg be a function of f with 0 < pg < c <1 and Ys; = /1 — pg& +./psU,
where &; is a sequence of independent standard Gaussian variables and U is a standard Gaussian
random variable independent with &;. If pg|ln 8| — 0o as § — 0, we have for any =,y € R

N

where Ag, = (—ug(z) — 7', —ug(z)] NZ and Bg, = [ug(y),us(y) + B~) N Z with ug(x)
defined in (12) with d = 1 and pg satisfying the above assumptions.

Proof. Since
P(Yﬁz < 725a2 € Aﬁ,zvyﬁ,j < Jﬂ,j S Bﬂ,y)
= P (/1= pp&i + /paU < —if, —ug(x) — 71 <i < —ug(x),
V1= ps&; + /paU < jBup(y) < j <up(y)+B7")
_ /+°<>P (& o Bl yp52/B)

ug(e) — B <i < —up(a),

Vi
B + yP=/P)
V31—=1pp

by the definition of &;, we get the above integral equals

+o0 :
/ P (@» < —ﬂfipﬁ, (up(@) — /p5/B) — B < i < —(us(z) — ﬁdﬁ))

— 00

& < cug(y) < j < up(y) + ﬁ_1> d®(z),

— 00

xP <§j < L, (up(y) — v/ppz/B) < j < (us(y) — /ppz/B) +ﬁ_1> d®(z)

L= pp
+oo
= [ FGa Py 200, (24)
By the same arguments as in Lemma 3.3 (see also the proof of Lemma 2.2 of [9]), we have
0, if = > z;
_1 F ) b
nF(p,z,z) —>{ o0, if =< 2,
and
0, if y> z;
*th(ﬁ,y,Z)% 0, if y <z,

which combining with (24) completes the proof of the lemma. O
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Lemma 3.6. Under the conditions of Theorem 2.3, we have
|P(T(X) > —ug(z), 7(X) Swuglz)) — P(X; < —iB,i € Agy, Xj < jB,j €Bgy)| — 0
as B — 0.

Proof. Let Ax = (Y(X) > —ug(z)), A’X = (X; —26,—uﬁ(x) (871 <i < —ug(x)), Bx =
(T(X) < ug(x)) and By = (X; < jB,us(y) <i + [371]). Obviously,
|P(AX NBx)—-P(AxNBx)| < |P (AXﬁBX) P(Ax N Bx)
+ |P(Ax N Bx) = P(Ax N By)|
< |P(Ax) — P(A%)|+ [P(Bx) — P(BY)|
< P(E%)+ P(Fx),

where Ex = (T(X) > —ug(z) — [87Y]) and Fx = (7(X) < ug(x) + [37']). From the proof of
Lemma 2.3 of [9], we get P(Ex) — 1, as 8 — 0. Similarly, we have P(Fx) — 1, as 8 — 0. The
proof of the lemma is complete. O

Proof of Theorem 2.3. By Lemma 3.6, it suffices to show that
P(X; < —iB,i€ Mg o, X; < jpB,j€Bgy) = ®(min(x,y))
as # — 0. Define Yz ; = /1 — pg&i + /psU as in Lemma 3.5. Since r; > pg for all i < 71, by
Slepian’s lemma (see, e.g., [17]), we have

—

2 élrnOP(YB,z S _Zﬁvl S Aﬁ,mayﬁ,j S ]ﬂv] S Eﬁ,y) )
—
which by Lemma 3.5 equals ®(min(z,y)). Thus, we only need to show
P(X; < —if,i€ Mgy, X; <jp,jeBg,) < P(min(z,y)+¢)
for all € > 0. Since 7, is convex, there is a Gaussian sequence {Z; = Z;(5),i € Z} with the
correlations (see, e.g., [19])

ok = (e — pp) /(1 — pg) for k=1,2,...[B7"].
Let V be independent of {Z;,i € Z}, such that

Xi =1 psZi +\/p3V.

Now
P(X; < —if,i € Mg, X; < jB,j € Bgy)

= /_00 p (Zi < \/%, —ug(z —2) = [B7Y <i < —ug(z — 2),
Jip

i < ﬁ,ua(y —2)<j<ugly—z)+ [5_1}> d®(2)

< @ (min(z,y) +¢)

/ ( i < i,—uﬁ(ff—z) —[7Y) <i < —up(x - 2),
min(z,y)+e l_pﬂ
Z; < ﬁpﬁ,uB(y —z)<j<ugly—=z)+ [51]> d®(z)
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—ip
V91=pp

< @ (min(z,y)+e)+ P <Zi < ,—ug(—e) =[BT <i< —Ug(—5)> .

Therefore, to complete the proof of the theorem, it suffices to show that the second term tends
to 0, which has been done in the proof of Theorem 2.3 in [9]. O
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