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Equilibrium dividend strategies in the dual model with a
random time horizon

ZHAO Yong-xial YE Chuan-xiu? CHENG Gong-pin®

Abstract. This paper investigates the dividend problem with non-exponential discounting in
a dual model. We assume that the dividends can only be paid at a bounded rate and that the
surplus process is killed by an exponential random variable. Since the non-exponential discount
function leads to a time inconsistent control problem, we study the equilibrium HJB-equation
and give the associated verification theorem. For the case of a mixture of exponential discount
functions and exponential gains, we obtain the explicit equilibrium dividend strategy and the
corresponding equilibrium value function. Besides, numerical examples are shown to illustrate

our results.

81 Introduction

In this paper, the surplus of a company is described as a dual model
dX; = —pdt+dS, t>0, (1.1)
where the constant p > 0 is the rate of expenses, and the compound Poisson process {S; =
ZkNil Y:} is the income process defined on a filtered probability space (2, F,F, P) satisfying
the usual conditions. The Poisson process { N;} with the tensity A > 0 represents the number of
income; and {Y%}, which is a sequence of nonnegative, independent and identically distributed
variables, represents the amounts of income. We assume that Y7 has the probability density
function p(y) and the expectation v = fooo yp(y)dy < oo. In addition, the net profit condition
holds, i.e.,
0=—pu+Aiv>0. (1.2)
The optimization of dividend payments has been studied by many researchers since it was
proposed by [8]. In [11] and [14], the authors considered the optimal dividend problems in the
classical risk model. In the context of the dual model, the optimal dividend problems were
studied in [2], [3], [19] — [21] and so on.
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In the above papers, a common assumption is that the discount rate is constant, namely,
the discount function is exponential. However, the assumption of the constant discount rate is
unrealistic in some empirical studies of human behavior. The non-exponential discount function
leads the time inconsistent problem which was first studied by [13] in a game theoretic frame-
work. [4] and [15] developed the general theories of time inconsistent control problem. [16], [10]
and [5] studied the optimal portfolio problems with non-exponential discounting. The time
inconsistent dividend problems were considered in [6] for a compound Poisson model and in [17]
for a diffusion model. [7] discussed the optimal dividend strategies with a quasi-hyperbolic
discount function in a dual model. In the same model, [12] studied the equilibrium dividend
strategy with a pseudo exponential discount function. Recently, [18] considered the equilibrium
dividend strategy with non-exponential discounting for spectrally negative Lévy processes.

In this paper, we consider the equilibrium dividend problem in the dual model with a random
time. Motivated by [4] and [15], we give the equilibrium HJB-equation by a heuristic discussion
and prove it by a verification theorem. In a special case, we obtain the explicit equilibrium
dividend strategy and the associated value function. When the random time horizon tends to
infinity and the discount function is a mixture of two exponential functions, our results are
reduced to those in [12]. Moreover, the main method in this work is different from that in [12].

This paper is organized as follows. Section 2 provides the formulations of the control prob-
lem. The equilibrium HJB-equation and the verification theorem are presented in Section 3.
In Section 4, we study the case of a mixture of exponential discount functions and show some
numerical examples.

82 Model and Control Problem

A dividend strategy is described by a stochastic process {u;}. Here, u; is the rate of dividend
payout at time ¢, which is assumed to be bounded by a constant M > 0. We restrict ourselves
to the feedback control strategies, i.e., at time ¢, the control u; is given by

ug =u(t,z), t>0, (2.1)
where x > 0 is the surplus level at time ¢, and the control mapping u : [0, 00) X [0, 00) — [0, M]
is a Borel measurable function. In order to distinguish between functions and function values,
we will always denote a control strategy (i.e., a mapping) by using boldface, like u, whereas a
possible value of the mapping will be denoted without boldface, like u € [0, M]. The control
strategy u defined in (2.1) is called admissible strategy. The set of all admissible strategies is
denoted by II.

For an admissible strategy u and the initial time ¢ € [0, 00), the controlled surplus process

denoted by {X}'} evolves according to
dX¥ = —pds +dSs —u(s, X%)ds, s>t
{ X ==
Let T = inf{s > ¢t : X» < 0} be the time of ruin under the control strategy u and the
initial time ¢ > 0. Unlike the conventional exponential discount function, we consider the
non-exponential discounting. Inspired by [9] and [17], we assume that the discount function ¢:
[0,00) — [0, 00) is continuous differentiable and satisfies

e(0) =1, ¢(t) =20, ¢'(t)<0. (2.3)

(2.2)
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Besides the dividend strategy u, like [1] and [20], the surplus process {X}'} is killed randomly
by an exponential variable ¢ with the parameter v > 0, which is independent of {X}*}. Further-
more, if t < ( < TP, we assume that the surplus at the stopping time is paid out as dividend.
For an admissible strategy u, an initial state (¢,2) and a non-exponential discount function ¢,
we define the performance function

V(t,z;u) = E; 4

THNC
/ p(z — thu(z, XP)eonde + (¢ — t>XEI{t<€<Tt“}] ’
t

where E; ,[] is the expectation conditioned on the event {X}* = z}, and I4 is an indicator
function of a set A. By the law of total probability, we have

[y
V(t, €, ll) :Et,m / (P(Z — t)l.l(Z7 X;)I{CZtVCZZ}dZ + (,0(4- — t)X?I{t§C<Tt“}‘|
t

[e'e] Tt
e / </ p(z —thulz, Xz zydz + o(r — t)X;‘I{KTt“})) WerJ
t t

Tt [ee] Ttu
=L / (= — tyu(z, X¥) / YT drdz + / so(rt)X;‘»yevrdr]
t o ¢

Ty i
=Etx / p(z —thu(z, XI)e "¥dz + / o(r— t)X;«lV@Wdr]
t t

=e MV (t, ;)
where

e
V(t,z;u) = Ey» V p(z = )e 7 u(z, X2) +yXEdz| (2.4)
t

Then we only need to study the function V (¢, z;u), for convenience, which is still called the
performance function.

Proposition 2.1. The performance function V (t,z;u) in (2.4) satisfies

M+ A
0<V(t,z;u) <z+ : - (2.5)
Proof. Note that, for X' = z and z > t,
X} <z+S5,—-85;, as. (2.6)

By Fubini’s Theorem, we obtain

Vb, i) < / oz — )e T (M + 7By o[ X)) d2
t

< / oz —t)e EOIM + vz 4+ v (z — t)]dz.
t

Noting that ¢(t) < ©(0) = 1, we get the second inequality in (2.5). It is easy to show the first
inequality by (2.5). O

In the classical control theory, the optimal dividend strategy u* is generally defined by
V(t,z;u*) = supyep V (¢, z; u). However, since ¢(t) is non-exponential, the above optimization
problem is time-inconsistent in the sense that the Bellman optimality principle fails. Similar
to [4], we view the entire problem as a non-cooperative game and look for Nash equilibria for
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the game. More precisely, we consider a game with one player for each time ¢, where player
t can be regarded as the future incarnation of the decision maker at time ¢. In the following
sections, we will study the subgame perfect Nash equilibrium strategies from the game theoretic
point of view.

Definition 2.1. Consider a control strategy & € II, a fixed constant u € [0, M] and a fixed
real number h > 0. For any fixed initial point (¢,z) € [0,00) x [0,00), we define the control
strategy uy by

u, t<s<t+h, y>0,
uh(svy) = N (27)
a(s,y), t+h<s<oo y>0.
If
liminf V(taxv 11) - V(t,l‘, uh) 2 07
h—0

for all u € [0, M], we say that 1 is an equilibrium control strategy. The corresponding equilib-
rium value function V (¢, z) is defined by V (¢, z) = V (¢, ;).

83 Equilibrium Hamilton-Jacobi-Bellman Equation

In this section, we first, in a heuristic way, derive the equilibrium HJB-equation. We then
show that this equation is correct by proving a rigorous verification theorem.

For convenience, we introduce some notations. Let C1'1([0,00) x [0,00)) denote the set of
all functions on [0, 00) x [0, 00) whose first order partial derivatives are continuous with respect
to the each variable. For a constant u € [0, M] and a control strategy u € II, we define the
infinitesimal generators applying a function f(¢,z) € C**(]0, 00) x [0, 00)), respectively,

A (t.0) = G (00) = (et ) gl ) + 0 [+ 9) = £ 2lpta)
A1) = ) — o+ a5 ) 4 [ [Fe ) = by

Let D[0,00) = {(s,t) : 0 < s < ¢} and C®11(D[0,00) x [0,00)) be the set of all functions on
D[0, 00) % [0,00) which are continuous with respect to the first variable, continuously differen-
tiable with respect to the second and third variables.

We consider the following function, for u € II,

e
J(Sat>$;u):Et,x/ C(S,z,X;‘,u(z,X?))dZ]7 3.1
t

where (s,t,x) € D[0,00) x [0,00) and
C(s,z,z,u(z,z)) = o(z — )e 79 [yz + u(z, x)]. (3.2)
If there exists an equilibrium strategy 0 € II, we denote J(s,t,z;0) = J(s,¢,x). Then
J(t,t,x) = J(t, t,x;0) = V(t,z;0) = V(¢ ).
For the control strategy uy in (2.7), if h is small enough, we expect to have
J(t,t,zsuay) =Vt zay) <Vt z;a) = J(ttxa) = J(t ¢, x),
and in the limit as h tends to zero, we should have equality if v = (¢, x).
Since up(z,y) = G(z,y) for z > ¢t + h and any u € [0, M], we have
J(s,t 4 h, X{' piap) = J(s, 0+ h, X 0) = J(s,t + h, X{' ).
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Taking expectations and applying Dynkin’s formula to J(s, -, ), we have the approximation
B ol J(s,t 4+ h, Xifpiun)] = Bt o[ (s, 0+ by Xty
=J(s,t,x) + A“J(t,x) - h+ o(h),

where J*(t,x) = J(s,t,x) is viewed as a function of two variables ¢t and z for a fixed s. Note

that

(3.3)

t+h
o l / Cs, 2, X2 w)dz| = C(s, t,w,u) - b+ o(h), (3.4)
t

where C(s, z,z,u) = p(z — s)e~7*79) (v 4 u). Then by (3.3) and (3.4), we have

t+h
J(s,t,x;up) = By / C(s, 2, X u)dz | + Ey [ J(s,t + h, X )]
¢

(3.5)

= [C(s,t,z,u) + A*J*(t,z)] - h + J(s,t, z) + o(h).

By the definition of the equilibrium strategy, we have

ATt ) + C(t,t,z,u) <0, Yu € [0, M],

A8 Tt x) + C(t,t, x,a(t,z)) = 0.
That is, for a(t, z) = argmax, ¢ o a{A"J*(t, ) + C(t,t,x,u)},

A%JH(t, x) + C(t,t, z,a(t,z)) = 0.

For conveniently solving the equilibrium control problem, we strengthen the above condition
by assuming

AT (t x) + C(s,t,z,a(t,z)) =0, s <t.
Collecting all results, we arrive at the proposed equilibrium HJB-equation which is stated the
equilibrium HJB-equation in the following definition.

Definition 3.1. For a function c(s,t,z) € C%11(D[0,00) x [0,00)), we define the equilibrium
HJB-equation for the Nash equilibrium problem as follows

Abcs(t,x) + C(s,t,z,0(t,z)) =0, (s,t,z) € D[0,00) x (0,00) (3.6)
c(s,t,0) =0, VY(s,t) € D[0,0), '
where ¢*(t,z) = ¢(s,t,x) and
0(t, z) = argmax{A“c'(t,z) + C(t, t,z,u)}. (3.7)

u€e[0,M]

Theorem 3.1. (Verification Theorem) Assume that a nonnegative function c(s,t,z) € COH!
(D0, ) x [0,00)) is increasing and concave with respect to x, and solves the equilibrium HJB-
equation (3.6). If for any fized s < t, it holds that

lim ¢(s,t,2z) =0. (3.8)

t,x—00
Then 0 given by (3.7) is an equilibrium strategy, and the associated equilibrium value function
18

V(t,z) =V (¢t z;0) = c(t, t,x).

Proof. We first show that c(t, ¢, z) is the performance function corresponding to 0, i.e., c(t, ¢, ) =
V(t,x;0). Applying Dynkin’s formula and noting (3.6), we have

T, A )
¢ (t,2) = Eyale(s, T, X3 )] + By / s, 2, X2, 0z X2))dz | (3.9)
t
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where T, = T An forn >t n=1,2,---. By X%ﬂ =0 (a.s.) for T < oo, we have
t

Bua e (5. T8 X3 ) Trpany | = 0.
Noting that X2 < x + S,, — S; (a.s.) for the initial state (¢,z) and the increase of the function
c(s,t,-), we derive
Euale(s, Tus X3 = Bua [¢ (5 X8) Loy | + B [ (5,10 X80 ) Tizp |
< Eigzle(s,n,x+ S, —Si)].
By the concavity of ¢(s,t,-) and Jensen’s inequality, we obtain
Eyale(s, T, X2 )] < e(s,n,2 + By 5 [Sn — Si]) = c(s,n,z + Av(n —t)).

Then we conclude

0< lim Eygle(s, Ty, X2 )] < lim (s, n,x + Av(n —t)) =0. (3.10)
By (3.2), we have, for the initial state (¢, x),

C(s, 2, X2, 0(2, X)) < p(z = 8)e 777 [M 4 qa + (5. — 50)].
By the dominated convergence theorem, we get

lim FE,
n—roo

T h X T ) )
/ s, 2, X2, 0z X2))dz | = B, / s, 2, X2, 0z X))z
t t

Letting n — oo in (3.9) and combining (3.10), we obtain

c (tv x) = Et,z

TR X R
/ C(s,z,X;‘,ﬁ(z,X;’))dz] = J(s,t,z;0),
t

where J(s,t,z;u) is defined in (3.1). Hence, c(t,t,x) = V (¢, z; Q).
Now we prove that @ in (3.7) is indeed an equilibrium control strategy. For any u € [0, M]
and uy, given by (2.7), we have, from (3.5),
V(t,z;up) = [C(t,t,z,u) + A% (8, 2)]h + c(t, t, z) + o(h).
By the HIB-equation (3.6), we obtain
c(t,t,x) = V(t,z;up) + o(h) = — [C(t, t,z,u) + A (t,2)| h > 0.
Therefore we get

c(t,t,x) — V(t,xz;up) V(t,z;0) — V(t,xz;up)

lim inf = lim inf > 0.
h—0 h h—0 h
The proof is completed. O

Remark 3.1. By (5.10), we can weaken the condition (3.8) by assuming
lim e(s,n,z+ Av(n—t)) =0.
n—oQ
When the killing rate v = 0, we have, by the above proof,
c(t,x) = Er g

Th R A
/ C(s,z, X}, u(z, X}))dz| = Ey
¢

o X
/ oz — s)ﬁ(z,X;‘)dz] .
t
Furthermore,

Alc(t,t,z) — A% (t, )| smy = —E;

/tTtu ¥z t)ﬁ(Z,Xf)dz] .

Combining Definition 3.1, we can derive Proposition 3.1 in [12] by the above theorem.
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84 Explicit Solution for a Mixture of Exponential Discount Function

In this section, we try to find a solution of the equilibrium HJB-equation in (3.6) for a
specific discount function. Since

At (t,x) + C(s, t,x,u) = Aocs(t,x) +y0(t — )z +u [Pt —s) — %(s,t,x) ,

where ¢(t) = ¢(t)e ", we have u(t,x) = 0 for %(t,t,x) > 1land a(t,z) = M for %(t,t,x) <1.
If there exists a constant b > 0 such that %(t,t,x) >1for 0 <z < band g—;(t,t,a:) <1 for
x > b, we obtain u(t,x) = 0 for 0 < x < b and G(t,z) = M for > b. Then the equilibrium
HJB-equation (3.6) becomes

A%cs(t,x) + C(s, t,2,0) = 0, (s,t,2) € D[0,00) x (0,b),
AMes(t,2) + C(s, t,z, M) =0, (s,t,z) € D[0,00) x [b,00), (4.1)
c(s,t,0) =0, (s,t) € D[0, 00).
We consider a discount function defined by
m
t)=> wie %, >0, (4.2)
i=1

where §; > 0, §; # 6, for i # j, w; > 0 and Y ;- w; = 1. Then the performance function
V (¢, z;u) becomes

txu ZEtx

which is viewed as the case Where dividends are proportionally paid to m shareholders who
have different discount rate.

/ wie” CFNEIR XY +u(z, XY)]dz |

We consider the following candidate function
(s, t,z) Zw e CANE=DY (1), (s,t,x) € D[0,0) X [0, 00), (4.3)

where the functions V;(z ), i=1,2,--- ,m, satisfy the following integro-differential equations

*uVZ(l’HA/ Vil +y)p(y)dy — (6 + v+ AVi(z) + 72 =0, 0<z <D,
0

—(p+ M)V, +>\/ Vile + y)p(y)dy — (0; + v+ NVi(z) + vy + M =0, x>0b.

Furthermore, we assume that the income amount Y is exponential distributed, i.e., p(y)
= Be Y (y > 0). Applying the operator (7 — f3) to the above equations yields
pVi'(z) = (Bu—0; —v = N)V{'(z) — B(d; + 7)Vi(z) + 7Bz —y =0, 0 <z <b, (4.4)
and
(n+ MV () = [B(n+ M) = 6 —~v = AV/ (z) = B(8; + 7)Vi(z)
+B8(yx+M)—y=0, x >0
We assume that one particular solution of the inhomogeneous differential equation (4.4) is
Ajox + Bjo. Substituting this solution into (4.4), we obtain
Y gl A 70
Ai = > 0, Bijg= ———=(= —
"= AR OE R
where 6 > 0 is defined by (1.2). Combining the homogenous and particular solutions, we get

(4.5)

>0, (4.6)
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the general solution of (4.4)
Vi(z) = Aj1e51% + Ajpe52® + Aoz + By, 0<x <D, (4.7)
where £;1 < 0 and &;2 > 0 are the solutions to the following equation
pE® — (B — 6 — v — A& — B(6; +7) = 0.
Similarly, the general solution of (4.5) is

0
‘/Z(x) = Bl.lefiSCE + Bizegma? + AiO(E + B’iO + WM7 T 2 b,
K]

where &;3 < 0 and &;4 > 0 are the solutions to the following equation

(1 + M)E — [B(u+ M) = 6; — 7 = A€ = B(3i +7) = 0.
By Proposition 2.1, we know that V;(x) is linearly bounded. Letting B; = B;1, we have

Y
Vi(z) = B;e5#% + Aoz + Byg + ———— M,
() 0 ot G )

According to the principle of smooth fitting and the boundary condition, we derive the following
equations

x >b. (4.8)

‘/7,/([)_) = Vll(b+)7 1= 1727 s, My
V;(O):Ov i:1a2,"'am;

We rewrite the above equations as

5
. pSitb pbi2b — . J&isb v
Azle +A126 Bze + (5z+7)2M7
A& e + Apinet?® = Bi€zetiat, (4.9)
A1+ Ajo + By = 0,
and .
Z wi(An&in et + Aip&inet’ + Ay) = 1. (4.10)
i=1
By (4.9), we get A;1, A2 and B; in the expression of b
1 0
A (b) = Bio(&i3 — Ei)et2 + —— €M 4.11
) = 5 | Pl — e + 5. (a.11)
Ain(B) = ——— [ B — €)™ + — g1 (4.12)
12 - El(b) 10\S23 11 (51 + 7)2 3 ) .
1 ) )
B;i(b) = Gt (A (b)&i1e5? + App(b)€ine?] (4.13)
where
E;i(b) = egﬂb(&s —&i1) — eém(fis —&i2)- (4.14)

Lemma 4.1. Let I = {1,2,--- ,m}. If0 <~ < minieﬂ{%}, we have, for any b > 0
and all i €1,
All(b) <0, Azg(b) >0, Bl(b) < 0.

Proof. Due to &1 < &3 < 0 < &2, we have E;(b) > 0. Furthermore, we get

) 0;
Byo(&iz — &in)et " + W&BM <0
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Then we know A;1(b) < 0 for i =1,2,--- ,m. Since
0; 0;
Bio(&is — &1)e? + ———5&isM < Big(&i3 — &i1) + ———5 &M
0(&iz — &in)e (52‘4—7)253 0(&iz — &i1) <6i+7)2§3
1
=———[~0 i3 — & +5iiM<07
(§i+7)2h (&iz — &in) + 8:&iz M|
we obtain A;3(b) > 0 for i = 1,2,--- ,m. Furthermore,
A1 ()€1 €510 + A (D)Ei2e52" > 0.
Hence B;(b) < 0 fori=1,2,--- ,m. O
Let
sz i1 (D)€ el + A (b)Eiaet2b + Ayp) (4.15)

Lemma 4.2. If > " w; [511'7 @, +7)2(

untque positive solution b > 0.

v0 4+ 0;M)| > 1, then the equation F(b) = 1 has a

Proof. Letting
Ai(b) = Ail(b)gilegilb + Aiz(b)figegizb

1 &35 M .
= —— | Bio&is(&n — Lip)e S Te) i1 — &)
Ez(b) |: 053(51 §2) ((5 ¥+ ) (€ 626 )
where E;(b) is defined by (4.14), we have
&is : &2 §iz0i M
A;(0) = ————=(0+ M), 1 A;(b) = . .
©) (0i +7)? g ) broo ®) Eiz — &2 (i +7)?

Hence, F(0) = >, w; (Ai(O) + ﬁ) > 1. By % — é + 5% < 0 in Lemma 4.2 of [12], we

1=

have

. o . d;
bgn;O(F(b) -1) —;wi(blggo Ai(b) = 5+ 7)
~ 0ilio &is ( M 1 1 )
= wy : +—] <0.
; Si+v &3—Ea \&i+7 &2 &3

Differentiating A;(b) and after some simplification, we obtain Af(b) = % where

D;(b) =Bio&is(€in — &i2)e ST [€15(&i5 — €i1)e51 — &1 (Eis — Ein)e™2?)]
56 2 (511+§12)b

(5 ¥ ) (§21 52)
Due to &2(&is — &i1) > 0, ebitd < 1, —&i1(&s — &i2) < 0 and €42 > 1. we have

Gin(&is — &1)e™? — &1 (s — &io)et 2

< &ia(&iz — i) — & (&iz — &i2) = &iz(&iz — &) < 0.
Hence, we obtain Aj(b) < 0, and so F'(b) = >", w;Al(b) < 0. Therefore, the equation
F(b) =1 admits a unique solution on (0, 00). O

Lemma 4.3. Given the discount function (4.2) and the killing rate 0 < v < min;eg (%),

there exits a function c(s,t,z) € CHHY(D[0, 00) x [0, 00) satisfying the equilibrium HJB-equation

(3.6).
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(i) If o0 w; [ﬁ l preey +7 s (v + 6; M)} < 1, then the function c(s,t,xz) is given by, for
(s,t,z) € D[0,00) % [0,00),

0+ o;M y vy
t i€ (37 (t—s) | TV T Ol 1 — ebis® ) 4.1
ls:t,) Zw {(5#7)2( ‘ Héﬁrvx (4.16)

(i) If Y0 w; {ﬁ — ﬁ(’yﬁ + 6,>M)] > 1, then the function c(s,t,x) is given by, for
(s,t) € D[0, 00),
(5.1.7) Sy wie” OIS T4 (b)etn® 4 gy (b)e2” + Ajox + Byo] , @ € [0,b),
s, T) = m (5, _ ) )
Zi:l w;e (51+’Y)(t S) [Bz(b)e‘r;-wm + Aiol’ “+ BiO + %} , L (S [b, OO),

(4.17)
where A;1(b), Aia(b), B;(b) (i =1,2,---,m) are given respectively by (4.11)-(4.13), b > 0 is
determined by F(b) = 1, and Ao, Bip (1 =1,2,--- ,m) are given by (4.6).

Proof. (i) Letting b =0 in (4.11)-(4.13) and combining (4.8), we obtain (4.16). Since

dc = Y &is
e =Y w, M
0z i:l“’l[ém <6+ SRR )]
82
82ttx Ewl 79+5M)5‘3“3<0

we have %(t, t,0) <1 for x > 0. Hence, c(s, t, m) in (4.16) solves the equilibrium HJB-equation
(3.6).

(ii) By Lemma 4.2, there exists a unique b > 0 such that F(b) = 0. It is sufficient to show
2¢(t,t,x) > 1if 0 <z <band 95(¢,t,2) < 1if z > b.

For x > b, since

82
ttx sz 3 ( 2 f"3”'f<0,

we obtain @(t tix) < 3 dc < (t,t, b+) =1. By (4 4) and (4.5), we get

0?%c 0?%c
u@(tﬂf,b ) = (quM)a 2(t t,b+) < 0.
For 0 < = < b, we have

PBe
ox3

Hence, for 0 < z < b,

(t.t,x) Zwi(Aﬂ(b)gflegﬂx + App(b)Ehet") > 0.
i=1

2, 2,
, 6x(ttm) 82(ttb)
Furthermore, %(t,t,x) > %(Lt, b—) = 1. The results are proved. O

By the above proof, we know that the functions ¢(s,,z) in (4.16) and (4.17) are increasing
and concave with respective to z, and lim, o ¢(s,n,x + Av(n —t)) = 0. By Theorem 3.1 and
Remark 3.1, we obtain the following theorem.

Theorem 4.1. Consider the discount function (4.2) and the killing rate

0 < v < min;ep (%)
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() IF iy wi |52 = iy (00 + iD)| <1, then
a(t,x) =M, (t,z) € [0,00) x [0,00),
is an equilibrium strategy and for (t,x) € [0,00) x [0, 00),
Vit,x) =c(t,t,x) = Wi | ——o
(o) =ctto) =3 Rt
s the corresponding equilibrium value function.

(i6) T S0y wi 5735 = i (00 + 6| > 1, then

at.2) = {0, (t, ) € [0,00) x [0,b),

5
0+

(1 — ebis®) + z|. (4.18)

M, (t,z) € [0,00) x [b,00),
18 an equilibrium strategy and the corresponding equilibrium value function is
21‘11 w; [All(b)egllm + Aig(b)eﬁi” + Aiox + Blo] , T € [0, b),
Sy wi [ Bib)eSs® + Aigw + Bio + 25 | @ € [b,00),
where A;1(b), Ai(b), Bi(b) (i = 1,2,--- ,m) are given respectively by (4.11)-(4.13), b > 0 is
determined by F(b) = 1, and A0, By (i =1,2,--- ,m) are given by (4.6).

V(t,z) = c(t, t,x) =

Example Let m=2, u=1, A=2, =15, M =0.5, vy =0.1, 6 = 0.2 and § = 0.5. We can
verify that v < min;—; o (‘5‘5’73”[> holds and obtain

(&i1—&i3)0
2 §13
= — - (v0 + 61 M) = 1.1698,
fl 01+ Y ((51 + ’7)2 ('}/ o )
A — b3 (40 + 6, M) = 0.8750.

S a2ty (624 7)?
Therefore, the equilibrium dividend threshold b > 0 if and only if wq f1 +ws fo > 1. For example,
for w; = %,% , we have the threshold b = 0 and b = 0.1393, respectively. The corresponding
equilibrium value functions are, respectively,

V(t,z) = —0.4938¢ 056462 _ (0. 5247¢0-99002 4 (299224 4+ 1.0185, = >0,

and
Zi(x) +0.2778(x + 1), = € [0,0.1393),
Zs(x) + 0.2778zx + 1.2500, x € [0.1393, 00),
where Z; (z) = —0.4371e~ 118102 4 0.1902¢0-38102 — (),1191e~1:64667 4 0.0882¢0-5466% and Zy(z) =
—0.9855¢ 05646z _ () 2618¢ 09000z

Finally, we discuss the impact of the killing rate v to the control problem by some numerical
examples. We stilllet m =2, p =1, A =2, § =15, M = 0.5, 61 = 0.2 and 6 = 0.5. Fig.1
shows the equilibrium dividend threshold b as a function of the killing rate « for different values
of wi. We find that the larger w; leads to the higher threshold. Specially, in the case of

Vt,z) =

wy = 1, the dividend problem is time-consistent. With the increase of v, the level of b rises.
Large v means that it is earlier to kill the surplus process. Hence, it is better to enhance the
dividend threshold in order to increase the surplus at the stopping time. In other words, it is
advisable to retain more surplus at the stopping time rather than paying early out dividend.
Accordingly, the equilibrium value function is larger as it is earlier to kill the surplus process,
which is illustrated in Fig.2. When w; = 0.6, the dividend threshold are 0, 0.0292, 0.0983 and
0.1503 for the associated killing rate 0, 0.05, 0.1 and 0.15, respectively. Fig.2 implies that the
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Fig. 1. Influence of v on threshold b. Fig. 2. Influence of v on value function V.

equilibrium value function is increasing and concave with the initial surplus.
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