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Inhomogeneous Besov and Triebel-Lizorkin spaces
associated with a para-accretive function and their

applications

LIAO Fang-huil* LIU Zong-guang? ZHANG Xiao-jin®

Abstract. In this paper, using inhomogeneous Calderén’s reproducing formulas and the space
of test functions associated with a para-accretive function, the inhomogeneous Besov and Triebel-

Lizorkin spaces are established. As applications, pointwise multiplier theorems are also obtained.

81 Introduction

To study the L? boundedness of generalized Calderén-Zygmund singular integral operators,
David and Journé [2] discovered the T'1 theorem. However, the T'1 theorem cannot be directly
applied to the Cauchy integral on Lipschitz curves. If the function 1 in the T'1 theorem is
replaced by a bounded complex-valued function b which satisfies 0 < § < Re b(z) a.e., Meyer
obtained L? boundedness of the Cauchy integral on Lipschitz curves. McIntosh and Meyer [13]
verified the T'b theorem, where b is an accretive function.

Replacing the accretive function with a para-accretive function, David, Journé and Semmes
[3] proved a Th theorem. Han and Sawyer [9] got a characterization of para-accretivity in
terms of the weak boundedness property and proved a sharp Th theorem for the Besov and
Triebel-Lizorkin spaces. In [7], Han obtained Calderén’s reproducing formula associated with
a para-accretive function, introduced a class of Besov and Triebel-Lizokin spaces and verified a
Tb theorem of the Besov and Triebel-Lizorkin spaces with 70 = T*b = 0. For more results, see
[4], [11] and [12].

Yang [14] obtained the inhomogeneous Calderén’s reproducing formula associated with a
para-accretive function. As usual, using inhomogeneous Calderén’s reproducing formula and
the space of test functions, one can formally define the inhomogeneous Besov and Triebel-
Lizorkin spaces and obtain some properties of these spaces. A natural question arises: are
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these inhomogeneous Besov and Triebel-Lizorkin spaces well defined? And furthermore, do the
properties of classical Besov and Triebel-Lizorkin spaces still hold in this setting? The main
purpose of this paper is to answer these questions. More precisely, using the inhomogeneous
Calderon’s reproducing formula and the space of test functions, we establish a class of inhomo-
geneous Besov and Triebel-Lizorkin spaces. As applications, the pointwise multiplier theorems
on these spaces are also presented.

Throughout this paper, we use C to denote positive constants, whose value may change
from one occurrence to the next. f ~ g means that there exists a constant C' > 0 independent
of main parameters such that C~'g < f < Cg. For any 1 < q < oo, let ¢’ be its conjugate
index, that is, 1/¢+1/¢’ = 1. Let Z, = NU{0}. Denote by M the Hardy-Littlewood maximal
operator and by M, the multiplication operator: My(f) = bf.

The paper is organized as follows. In Section 2, we introduce the inhomogeneous Besov
and Triebel-Lizorkin spaces associated with a para-accretive function and verify that the spaces
are independent of the choice of approximations to the identity. Section 3 is devoted to the
pointwise multiplier theorems on these spaces.

82 Definitions of Inhomogeneous Besov and Triebel-Lizorkin Spaces

First, we recall definitions of spaces of homogeneous type. A quasi-metric d on a set X is a
function d: X x X — [0, 00) satisfying

(i) d(x,y) =0 if and only if x = y;
(i) d(z,y) = d(y,z) for z,y € X;

(iii) There exists a constant A € [1,00) such that
d(z,y) < Ald(x, 2) + d(z,y)] for z,y,z € X. (1)

A quasi-metric defines a topology for which the sets {B(z,r) : © € X,r > 0} form a basis,
where B(x,r) ={y € X : d(y,z) < r}.

The following definition of a space of homogeneous type was introduced by Coifman and
Weiss [1].

Definition 2.1. A space of homogeneous type (X, p, 1) is a non-empty set X with a quasi-
metric p and a nonnegative Borel regular measure 1 on X such that 0 < u(B(x,r)) < oo and
there exists a constant C' < co such that

w(B(z,2r)) < Cu(B(z,r)) (2)
for z € X and r > 0, where p is assumed to be defined on a o—algebra which contains all Borel
sets and all balls B(z,r).

Throughout this paper, let u(X) = oo and p({z}) = 0 for z € X. Further, suppose that
there exist constant C > 0 and 0 < # < 1 such that for 0 < 7 < oo and z,z',y € X,

/j,(B((E,T')) ~T, (3)
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and

o(x,y) = p(a’,y)| < Cp(x, ")’ [p(z,y) + p(a’, y)]' =7 (4)

Now we recall definitions of para-accretive functions and the space of test functions.

Definition 2.2.[14] A bounded complex-valued function b defined on X is said to be a para-
accretive if there exist constants C,r > 0, such that for any cube @ C X, there is subcube

Q' C Q with ru(Q) < u(Q') and

@‘ [ b du()] > € > 0.

Definition 2.3.[7] Fixed two exponents 0 < 8 < # and v > 0. A function f defined on X is
said to be a test function of type (8,7) centered at xp € X with width » > 0 if f satisfies

|f(z)] < O(T +d(z, 20)) T (5)
for all x € X, and
dlz,y) \° r
[f(@) = fF)l < C(r + d(a:,xo)) (r+d(z,zo)) (6)

for d(z,y) < 5% (r + d(z, z9)).

If fis a test function of type (5,7) center at o € X and with width » > 0, we write

f € G(xg,r,B,7) and the norm of f in G(xg,r,8,7) is defined by
Il fllg(zo,r.8,y) = inf{C : (5) and (6) hold}.

We denote G(8,v) = G(zo,1,8,7). It is easy to check that G(z1,7,5,v) = G(5,7) with
equivalent norms for any 27 € X and r > 0. Furthermore, G(8,7) is a Banach space with
respect to the norm on G(83,7). Also, let the dual space (G(8,7v))" be the set of all linear
functionals £ from G(8,v) to C with the property that there exists a constant C' such that

[£(N) < Clifllges
for all f € G(B,v). We denote by (h, f) the natural pairing of elements h € (G(3,7))" and
f €G(B,7). Clearly, for all h € (G(B,7)), (h, f) is well defined for all f € G(8,7).

For € € (0,0], let QN(ﬂ,’y) be the completion of the space G (e, €) in G(8,7) with 0 < 8,v <e.
Obviously, G(¢,€) = G(¢,¢€). Moreover, f € G(3,~) if and only if f € G(8,7) with 0 < 8,7 < ¢
and there exists {f;}jen C G(€,¢€) such that || f — fjllgs,) — 0 as j — oo. If f € G(B,7), we
define Hf||§(/3 = | fllg(s,)- Obviously, G(8,~) is a Banach space and we also have ||f|\§(ﬂ . =
Jlgr;o ||fj\|g(5ﬁ) for above {f;};en.

Define

bG(8,7) = {f: f =bg for some g€ G(8,7)},
where b is a para-accretive function. If f € bG(8,v) and f = bg for g € G(8,7), then the norm
~ / ~ /
of f is defined by |fllsg(s.1) = lgllaes)- For f € (bG(8.7)) . we define bf € (G(8,7)) by
(bf,g) = (f,bg) for g € g(ﬁ,fy). Then it is easy to see that

fe (bg(ﬂ,’y))/ if and only if bf € (5(577))/. (7)

The approximation to the identity associated with a para-accretive function is defined by
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Definition 2.4. [7] Let b be a para-accretive function. A sequence {Sy}rez, of linear oper-
ators is said to be an approximation to the identity of order € € (0, 8] associated with b if there
exists C' > 0 such that for all k¥ € Z; and all z,2’,y,y" € X, Sk(x,y), the kernel of S, is a
function from X x X into C satisfying
()

9—ke
@F 1 d(z, )t

1Sk(z,y)| < C
(i)

) d(z, x' € 27 ke
WM%w—SMIWHSC<2kiﬂiw)(2k+ﬂ%@ﬂﬁ

for d(z,2') < 55 (27" + d(,));
(ii)

/ d , , ¢ 2—ke
|Sk(z,y) — Sk(z,y")| < C(Q—k il_/dy(x)’y)) (27F +d(z,y))tte

for d(y,y') < 55 (27% + d(z,y));

(iv)
|[Sk($, y) - Sk(x7y/)] - [Sk(xl7y) - Sk(xl7y/)”
dlz,2’) N dly,y)  \e 2 ke
SC(?"f + d(x,y)) (2—’“ + d(z, y)) (27K 4+ d(z,y))1te
for d(z,2") < (2}‘)2 (27k + d(x,y)) and d(y,y’) < ﬁ@*k + d(x,y));
(v)

/smwwwwwz/smwwmwmzr
X X

The following lemmas are Calderén’s reproducing formulas.

Lemma 2.5. [14] Let b be a para-accretive function, € € (0,0], {Sk}rez, be an approzimation
to the identity of order e. Set Dy, = Sy — Sp_1 when k € N and Dy = Sy. Then there

exist families of linear operators Dy and Dy, for k € Z4 such that for all f € 5(677) with
0<B,7<e¢

f=>_ DpMyDpMy(f) = DiMyDyMp(f), (8)
k=0 k=0
where the series converges in the norm of g(ﬁ’,v’) for0< B < B and 0 <+ <, and in the
norm of LP with 1 < p < co. When f € (bG(B,7)), the series (8) converges in the norm of
(bg’;(ﬂ’,’y’))' with B8 < B < 0,7 <+ < 6. Moreover, ﬁk(x,y), the kernel of Dy, satisfies (1)
and (i) in Definition 2.4 with € is replaced by €' for 0 < € < e,

/Bmwwwwwz/ﬁmwwmww:L (9)
X X
and for k € N

/Emwwmwwzfﬁmww@wm:a (10)
X X

Di(z,y), the kernel of Dy, satisfies (i) and (iii) in Definition 2.4 with € replaced by ¢ for
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0<€ <e (9) and (10).

Lemma 2.6. [1/] Suppose that all the notation as in Lemma 2.5, then for all f € bé(ﬂ,y),

[ =3 MDMD(f) = S MuDiMyDi(f). (11)
k=0 k=0

where the series converges in the norm of bg(ﬁ’,'y’) with 0 < B8/ < B, 0 < v <+, and in the
norm of LP with 1 < p < co. When f € (G(8,7))’, the series (11) converges in the norm of
(G(B",9") with B < B <8,y <y <0.

We now introduce the inhomogeneous Besov and Triebel-Lizorkin spaces associated with a
para-accretive function.

Definition 2.7.  Suppose that b is a para-accretive function. Let 1 < p,q < o0, |s| < € and
{Dy}rez . be defined as in Lemma, 2.5. The inhomogeneous Besov spaces B? ’b . and B p are
defined by

Byt =1 € (0G(8,)) : Ifllps , < oo}

and
Byy ={f€(G(B:) : I fllpzs < oo},
where
o0 . qy 1/q
7z, = IDoMy(F) o + { > (2 1M ) |
and
00 . qy 1/q
£l = 1Do(llzs + {Z CRLIA N
k=1
The inhomogeneous Triebel-Lizorkin spaces Fpg . and FS ! are defined by
Folo={f¢€ (G (8,7)) : || f] Fra < oo}
and
i ={fe(@GB.) [fllFzg < oo},
where
00 . qy 1/q
ez, = 1Dt + | { 3 (2100anin) } |
k=1 P
and

1llzss = 1Do(F) 1o + H{i (kamk ( f)>q}1/q

To see that the Besov and Triebel-Lizorkin spaces are well defined, we need to show that

Lp

definitions of the spaces B>?_,, B>, Fs’q . and F,3! are independent of the choice of approx-
P p,b— p,b ,b

imations to the identity. ThlS follows from

Theorem 2.8. Let b be a para-accretive function and 1 < p,q < co. Suppose that {Sy}rez, and
{Pr}rez, are two approximations to the identity associated with b. Let Dy = So, Dy, = Sk,—Sk—1
and Ey = Py, By, = Py — Py_1 for all k € N. Then
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(i) for all f € (6(5,7)) .

1B+ [{ 3 (2e1mann)
~ y (12)
~DoMy(F) e+ [{ 32 (2 1DeMe(0)1) |
k=1
and
1Bl + {3 (241ER )}
= y (13)
~1DoMy(P)ler -+ { D2 (2N D6My (1))}
k=1
(i) for all £ < (G(5,7))
1B+ {30 1mn) Y
= y (14)
~IDo(H)ler + | {32 (25 10etnn) F|
k=1
and
1B + {3 (1B}
1=1 (15)

e ay1/q
~|Do()l|zr + {Z(z’“npk |Lp)} .

k=

=

Noticing that [ b( y)Do(y, z)du(y) = 1, similar to the proof of [4] and [8], we get the
following almost orthogonality estimate. Here we omit the proof.

Proposition 2.9. Let b be a para-accretive function, € € (0,6]. Suppose that Ej, lN)k are defined
as in Theorem 2.8, Lemma 2.5, respectively. For any € € (0,€) and €’ € (0,€'), there exists a
constant C' > 0 such that

2—(kAl)e/

(2=AD + d(z,y))

|EyMy Dy, (2, y)| < €271kl (16)

1+¢€

forallz,y € X.

Using Calderén’s reproducing formula and the almost orthogonality estimate, we give the
Proof of Theorem 2.8. We first verify (12). By Lemma 2.5, we have

= - DMDIML() =3 [ Dula )b DM dito),
k=0 k=0"X
and thus

EiMy f(x Z / E0M, Dy (2, y)b(y) D M () (9) diy).
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From Proposition 2.9, then

EMyf () <CY / glh-ile”
k=0"X

< O 2 I M (DM (1)) 1),

27(k/\l)e/
(2=RAD 4 d(x, 2))

5o [0(y) D My (f) ()] dpa(y)
(17)

Using Minkowski’s inequality, Holder’s inequality, Fefferman-Stein’s vector-valued maximal in-
equality in [5] and (17), we have

|EsMufllr < C| iz—’“"M(Dka(f))HLp
k=0

< CIMDoM()llLr +C|| D 27K+ 25 M (DM ()|
k=1

Lr

< DMy ()l +C|[{ 32 3 (remroan)} "
k=1

Lp

<crant oS )}
k=1

Lp

and

£ Cermancnn)’} )

1=

Lpr

(i 2l52*|kfl|€”M(Dka(f)))q}l/q’

—_

M8

<C

Lr

1
1/4q

{
{ iQ (k—1)sg—|k—1€" <2ksM(Dka(f))>q}

k=0

NE

<C

Lr

Il
—

ay1/q

(2 M (e(1))" }

NE

<c|{

Lr

=
o

<elpun(Dle + {32 (2 1penin))'}
k=1

)

Lr

where
o0

sup 22—(k—l)52—\k—l|e” < o0,
k€EZ 4 =1 (18)

oo

sup Z 9~ (k=Dsg=lk=ll" ~ o
leN 1 =5

with |s| < €”.
We now consider (13). Applying Lemma 2.5, Minkowski’s inequality, Holder’s inequality
and (17) yields

| BoMy ()]l <€ 274 [|M (D My ()]s
k=0
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<C|DoMy(f)l|e + C > 27K H 02k DM, (£)]| 1o
k=1

<P + {3 (21D}

k=1
Consequently,

oo

(3 (2 1manie) '}

=1

SC{ i (zzs i 27|kfz|e”||M(Dka(f))lle)q}l/q

=1 k=0

{ii (I—k)sg—Ik=1¢" (2k8||M(Dka(f))HLp>q}1/q

<C||DoMy(f |Lp+c{i(2ké||Dka )HLp)q}l/q,

k=1
where s satisfies (18).

By Lemma 2.6 and Proposition 2.9, we can get the estimates (14) and (15) by an argument

similar to the estimate of (12) and (13). Here we omit the details. O

Remark 2.10. Let Dk,ﬁk be the same as in Lemma 2.5 for k € Z,. Since, in the proof of
Theorem 2.8, only the smoothness condition of Dy, for the second variable was used, we see

that Theorem 2.8 continues to hold when Dy is replaced by ﬁk. The proof of this result is
similar to the remark in [10].

The following result gives the relationship between different inhomogeneous Besov and
Triebel-Lizorkin spaces.

Proposition 2.11. Suppose that b is a para-accretive function. Let |s| < € and 1 < p,q < oo.
Then

(i) f € Bp i-1 if and only if bf € By Moreover,
I£llgea, ~ NofllBga-
(i) f € Fsb 1 if and only if bf € F,3. Moreover,
1£lleea,
Proof. We only verify (i), since the proof of (ii) is similar. Let f € Bsb 1, we get f €
(bg(ﬁ,7)>/. Thus, bf € (5(577))/ and

s ay1/q
1lses, ~ 1D0Mo(Dllr + {32 (2 1Dkdu(D)ller) | ~ 1M () 5

k=1

Ifbf € B, we have bf € (Gv(ﬁ77))/, So we have f € (b§(577)>’ and

> /
7525 ~ 1D e+ { 32 (2510600 0e) "} ~ s

k=1
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which finishes the proof of (i). O

We now show the density property of the space of test functions in the inhomogeneous Besov
and Triebel-Lizorkin spaces associated with a para-accretive function.

Proposition 2.12. Suppose that b is a para-accretive function. Let 0 < 8,y < € and |s| < e.
Then

(i) bG(0, 0) is dense in B and F, with |s| < o <.

(it) G(o, ) is dense in B, and Fsb L with |s| < o <e.

Proof. (i) Let f € B,j. For N € N, we put

N =

fx = MyDpM,Dy(f).

k=0
Similar to the proof of Proposition 2.9, for any o € (0, ¢), we have the following almost orthog-
onality estimate

27(1{}/\[)6

(- + d(z, )+
where E; and Dy, are defined as in Theorem 2.8 for k,l € Z,. By the definition of test functions,

|Ey My Dy (z,y)| < 271kt

(19)

we see that fy € bG(o, o), and repeating the proof of the Theorem 2.8, we obtain HfNHBS a <

171l pea. It follows from the almost orthogonality estimate (19), Minkowski’s mequahty and
P,

Holder’s inequality that

:H i Mkabe)k(f)‘

k=N+1

(215

$,q9
BP,b

NE

/
Bha

El( i MkaMka(f)N

=0 k=N+1
{3 (2 S 1EMDIL D)}
=0 k= N+1
s e b l|U ) ay1/q
<o{X (2 k%z D))"}
<o > (1Bunle)'} "

k=N+1
where [s| < o < e. This implies that fy tends to f in B} as N tends to infinity. In the same
way, we can prove that bG(o,0) is dense in F,3 with |s| < o < e. And proof of (ii) is similar
to the proof of (i). Here we omit the details. O

83 Pointwise Multiplier Theorems

In this section, we study the pointwise multiplier theory on the inhomogeneous Besov and
Triebel-Lizorkin spaces associated with a para-accretive function b. When b = 1, the results in
this section are the related results in [15], [16] and [6].
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We first recall definitions of Holder-Zygmund spaces.

Definition 3.1. The Holder-Zygmund space C%, a > 0, consists of all bounded continuous
functions f such that

1w = 11+ s LT < (20)

Now we present the definitions of pointwise multipliers for the inhomogeneous Besov and
Triebel-Lizorkin spaces associated with a para-accretive function.

Definition 3.2. A function g on X is called a pointwise multiplier for B;’g,l if f — gf admits
a bounded linear mapping from B;’Z,l into itself. Similarly, g is called a pointwise multiplier
for B)'}if f — gf admits a bounded linear mapping from B} into itself.

Definition 3.3. A function g defined on X is called a pointwise multiplier for szf_l iff—gf

admits a bounded linear mapping from F;’f,l into itself. Similarly, g is called a pointwise

multiplier for 73 if f — gf admits a bounded linear mapping from F}}' into itself.
The main results in this section are as follows.

Theorem 3.4. Let |s| < ¢,1 < p,q < oo, then g € C% is a multiplier for B;’b,l with
max(s,—s) < a < €. Moreover, f — gf yields a bounded linear mapping from B;’b_l into
itself and there exists a positive constant C such that

lgfll=a_, < Cllgllea ]
p,b

BS,q
p,b—1

forallg e C* and f € B;:Z_l.

Theorem 3.5. Let all the notation be the same as in Theorem 3.4. Then the conclusion of

Theorem 3.4 continues to hold when B;:b,l is replaced by B;:g (or F;”g,l, or F;:;f .

Before presenting the proof of these main results, we first give the following technical version
of Theorems 3.4 and 3.5.

Proposition 3.6. Let |s| < €,1 < p,q < 0o and max(s,—s) < 8 < €,0 < v < e. Suppose that
g € C* with max(s,—s) < a < €.

(i) If f € G(B,7), then

1fgllza, < Clalles s, (21)
and
1fgllea < Cllglicall flleea s (22)
(ii) If f € bG(B,7), then
Il < Clglleallf a2 (23)
and
1f9llrzg < CliglealI£llpz- (24)

In order to prove Proposition 3.6, we need the following almost orthogonality estimate.
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Lemma 3.7. Let 0 < 0 < € and Dy, E; be defined as in Theorem 2.8 for k,l € Z. For any
€ €(0,0] and g € C* with 0 < o < €, we have
27(k/\l)e

DAL o b < L9~ lk=ll(ana) .
| D MygEy(x,5)b(y)| < Cllglle (2= (AD 4 d(, y)) 1t

(25)

Proof. We first consider the case k =1 = 0. By definitions of Hélder-Zygmund spaces and the
size conditions of Dy and Ey, we get

|DoMygEo(, y)by)| = / Do(, 2)b(2)9(2) Eo (2, 9)b(y) du(z)

1 1
<Cllles /X A+ de, ) (L1 d(z gy 1

1
SCHQIICaW.
When [ > k > 1, since fX 2)Ey(z,y)du(z) = 0, we have

Dk Mg i )b(0)] =| [ Do (B, ) di(2)

< / IDi (2, 2) — Dy, )| 1b(2)9(2) || E1 (2, 9)b() | dia(2)
X
4 / 1Dx (. 9)]19(2) — 9()|[b()| Bz, 9)b()]| dpz)
X

Z:Ll + LQ.
We now estimate L; by dividing it into

Ly S/W | Dk (2, 2) — Di(z, y)||b(2)g(2)[| Ei (2, y)b(y)| dp(z)
+/ | Dk (2, 2)|lg(2)b(2)|| Ei(z, y)b(y)| dp(2)
Wa
+/ | Dk (2, 9)l19(2)b(2)|| Ev(2, y)b(y)] dpu(2)
Wa

:=L11+ Li2+ L1,
where Wi = {z € X 1 d(2,y) < 55(27% +d(z,y))} and Wy = X\Wj.

For Lq 1, we have

d(Z y) o 2 ke 2 le
L =<Cllglle- /m (2—k + d(;v,y)) (277 +d(x, y))tFe (271 + d(z, )1+ )

—ke ) l(e—0o)
<Cllgllce 2‘“"“)"/ d
<Clole: G aa gy x @ T gy W)
2—ke
(27F + d(x,y))t e’

<Clgll-27="

where 0 < 0 <e.
To estimate Lj.2, noticing that d(z,y) > 7% (27% + d(x,y)), we then have
27](56 27l6
L, <C o d
1.2 <C|glle /W1 (27F + d(z, z))1Fe (271 + d(z,y)) 1+ (z)
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27le 27ke
< o
<Cldler iy [ G gy

27}(}6
27k +d(z,y)) e

<C|lgllca2” 7R

As for L 3, we have

27](76 2*l6
< « .
Ly 3 <Clglle 2% 1 d(z,9))+ /W2 (21 +d(z,y)) L+ dp(z)

Denote a = 55 (27% + d(,y)). Then

2 le > / 2 le
du(z
/Wz (271 + d(z,v)) 1+E J;J 27a<d(z,y)<27tta (270 +d(z,y)) Tt (2)

o0

92— le /
< dp(z)
;o 2a)¢ Jay)<aiia

21+l
<C o7le =
< jgo (27a)1+e

<2~ (=ke,
Thus
9—ke
277 +d(z,y)tte
Combining the above estimates for L1 1, L1.2 and Ly 3, we have

Li3 < Cllg|lea2™ (7P

—(-k)o 2 ke
(27F + d(z,y)) e’

L1 <Clg

)

where 0 < 0 < e.

We turn now to estimate Lo. From the size condition of Dy, E; and the definition of C%, we

have X z
9-ke 2-le
L2 <Cldler Gy e [ 49" ey ()
92— ke
<Cllgllc27" @ T d(z, )
27k:e
<C||g|l¢a2~ =R

(27F +d(x,y))+e’
where 0 < a < €.

Hence
27’{76
(27F +d(z,y))t e’

Li+ Lo <C||g||ca (I—k)(ano)

where 0 < a,0 < €.

When k£ > 1 > 1, the above estimate continues to hold by symmetry. The cases k =0, > 1
and [ = 0,k > 1 can be handled similarly. We thus complete the proof of Lemma 3.7. O

Now we can give the

Proof of Proposition 3.6. We only prove (22) and (23), since the proof of (21) and (24) are
similar. For any g € C* with 0 < o < ¢, f € G(8,7) with max(s,—s) < 8 < ¢€,0 <y < ¢, we



LIAO Fang-hui, et al. Inhomogeneous Besov and Triebel-Lizorkin spaces associated with... 505

have

1791l

o, =|DoMi(fg) ||Lp+H{i<2kS|Dka fg)|)q}1/q‘

k=1

Lp
I:Y1 + }/2
Applying Lemma 2.5, Minkowski’s inequality, Holder’s inequality, Fefferman-Stein’s vector-

valued maximal inequality in [5], Lemma 3.7 and Remark 2.10, we have

Y gHDOMbg< i EleEsz(fD ’
=0

Lr

<||PorgEst Eorty(h)|| 4[| D2 DoMugE ML EM(1)|
=1

Lr

~ o0 ~
) —l(aNno) )
<Cllller |, +Cllgle- | 322 M(EM(F)|
<Cllglle|Eor (] |+ Cllgles | S22 nr(Eay ()|
=1
x > ay1/q
<Cllgle- | Bodt(1)]| |+ Cllgle= | { 3 (2| Edn)])} |
=1
<Cllglicallfllzsa,
where (¢ Ao)+ s> 0.
By an analogous argument, we obtain
> > = ay1/q
v <|[{ 30 (2 petng (L Ean M)},
o= 1=0
<C||glce {i (Qk(s (ano) EOMb(f)))q}l/q‘
< .
k=1
+Clglce {i (i2(kfl)527\szl|(a/\cr)2lsM(§le(f)))q}1/q
Lr

k=1 =0

{3 (e iEnn) "

=0

<CligllcllEoMy(f)l|r + Cllgllc

Lp

<Cllgllce

where we have used

sup Z 2 (k— l52 |k—1|(aAo) < o0,
kENl€Z+

sup 22(]6 l)s2 |[k—I|(ano) < 50
€2+ en

(26)

with |s| < (a A o).
Hence we obtain

Y1 +Ys < Cllgllea

which finishes the proof of (22).
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We turn to prove (23). For any g € C* with 0 < a <e, f € bg(ﬁ,’y) with max(s,—s) < 8
<60 < v <e, we have

> ay1/q
1fgllmze = 1Do(FDe +{ D (2ID:(fler) } = 21+ 2.
k=1
Applying Lemma 2.6, Minkowski’s inequality, Holder’s inequality, Lemma 3.7 and Remark 2.10,
we conclude that

7 SHDOQ( i MbEleEl(fD ’
1=0

Lp

SHDogMonMon(f)H +ZHD09MbEleEl(f)H
N Lr

<l [, + ot 5210 ]

<Cliglic~ Eo(f)HLp+C||g||ca(i2—1<(am)+s>q/> {2(215 B ‘ p>q}1/q
=1 =1

<Cliglic-

where s + (a A o) > 0. Similarly,

Z g{ i (2’“ Dkg(iMbEleEZ(f)ﬂ

<Cllglle-{ 3 (2o (@)
k=1

1/

B
1/

B

[Bo(h)|

+ Cllgllca{z (22(1@4)527\197”(%0)215 Ez(f)‘ Lp>q}1/q
k=1 =1
= > ay 1/q
<Clgle-|| Bo)|| +Clgle-{ 3 (2| Ber)] )"}
=1
<Cliglle=llf 522,
where s satisfies (26) with |s| < (a A o). This concludes the proof of (23). O

For f € B;:Z,l(B;:Z) or f € F;f,l(F;f), f could be, in general, a distribution. Thus, the
multiplication of ¢gf may not make sense even for g € C*. In the following lemmas, we define
gf as a distribution acting on test functions.

Lemma 3.8. Let [s] < 6,0 < ¢ <eand 1 < p,qg < oo. ForcmyfeBsg1 O’I"fEF;gl

and g € C* with max(s, —s) < « < €, there exists a sequence {f;}jen such that f; € g(e €),

1fillgza, S Wz, orlifillpsa S Ufllpea, and lim (gf;, h) converges for any h € G(B,)
p,b p,b J—o0

with B, satisfying max(s, —s) < 5 <, 0<y<eé.

Proof. Let A;’,Z_l = B;:Z_l or A;:Z_l = F:g_l. For any f € A;:Z—l with 1 < p,q < oo, |s] < o,
denote

M
M= Z MDDy MyDy(f).
k=0
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By Proposition 2.12 and the definitions of test functions, we can show that fy; € G(€,¢/) and

<7l

-1 —

[ Falace Ao,
p,b p,b -
Now we claim that lim (gf,,h) converges for any h € G(8,~) with max(s,—s) < 8 < ¢€,0 <
n—oo
v < €. For n,m € N,m < n, by Propositions 3.6 and duality spaces properties of Besov and

Triebel-Lizorkin spaces (see Propositions 3.10 and 3.11 below), we have
|<fn - fm7gh>| San - fml A% thHAfsyq’
p,b p/,b_l

<Cllgllee1fs = Fullazy 1Ml o—e,-

Notcing that [|b[| ;..o < Cl|hllg 5., and || fn = fmlla=a | tends to zero as n, m tend to infinity.
» b1 > p,b—1

This implies that |<fn — fm,gh)| = 0 as n,m — oco. The proof of Lemma 3.8 is concluded. O

Lemma 3.9. Let |s| < 6,0 < ¢ < e and 1 < p,q < oco. Forany f € B} or f € F}3l and

g € C* with max(s,—s) < « < €, there exists a sequence {f;};en such that f; € bg(e’,e/),

1fills2e S 1 lszs or I fslless S I fllese and Y (gf;, k) converges for any h € bG(8,7) with
, , , . j—00

B, satisfying max(s, —s) < f < €,0 <y <€.

Proof. The proof is similar to that of Lemma 3.8. We leave the details to the interested
reader. O

We are ready to give the
Proof of Theorems 3.4 and 3.5. For any g € C® with max(—s,s) < ¢, f € B;’b,l with
1 < p,q < 0o, by Lemma 3.8, lim (gf,,h) exists. We thus define
n—oo

(9, h) = lim (gfn,h)
for h € C?(ﬂ,fy) with 3,7 satisfying max(s, —s) < 8 < €/,0 < v < € for 0 < € < ¢, and the limit
is independent of the choice of f,. From Fatou’s lemma and Proposition 3.6, we have
lgfllpea, <liminfllgfullpee | < lglle=[lf]
which concludes the proof of Theorem 3.4. Theorem 3.5 can be verified similarly. We omit the
details. 0
In the last part of this section, we identify the dual spaces of the inhomogeneous Besov and

s,q
Bp,b717

Triebel-Lizorkin spaces. Using Proposition 2.12, the proof is similar to that of Theorem 7.1 in
[10] and the details are omitted.

Proposition 3.10. Let |s| <¢,1 < p,q < 0o with % + z% = % + % =1.

(i) (B;:Z_l)* = B;fégll. More precisely, given g € B;iﬂll, then £,(f) = (f,g) defines a linear
functional on B . N G(€',€') with |s| <€ < e such that

[£4(NI < ClIf

and this linear functional can be extended to B;’b,l with norm at most C||g| 53—« -
’ p’,b*l

g Ngllp=ca
pb~ p/ b1

Conversely, if £ is a linear functional on B;:Z,l, then there exists a unique g € B;iﬂll such
that

Ly(f) = (1. 9)
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defines a linear functional on B;’b,l NG(e,€) with |s| < € <€, and £ is the extension of £,
with ||gll g0 < ClI£].
p’,bil

(i1) (B;:g)* = Bl;fl;ql. More precisely, given g € B;fl;q/, then £4(f) = (f,g) defines a linear

functional on Byl NbG(', ') with |s| < € < e such that
|£g(NI < CllflBzellgll g0

p’,b

and this linear functional can be extended to By} with norm at most C||g|| ;... -
: o

Conversely, if £ is a linear functional on B;:Z, then there exists a unique g € B;,sl;q, such
that

L4(f) = (1. 9)
defines a linear functional on Byl NbG(e',€') with |s| < € < ¢, and £ is the extension of £,
s < O L]

b

with ||g||B,

p/
Proposition 3.11. Let all notation be the same as in Proposition 3.10, then Proposition 3.10

/ !’ / ’
5,9 —s,q 8,9 —5,q 5,9 —8,q 5,4 =84
also holds when prb,l, Bp,yb,l, Bp7b, Bp,7b are replaced by Fp,bfl’ Fp/7b71, Fp,w Fp,,b )

respectively.
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