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Sharp power-type Heronian and Lehmer means

inequalities for the complete elliptic integrals

ZHAO Tie-hong1 CHU Yu-ming2,∗

Abstract. In the article, we prove that the inequalities

Hp(K (r), E (r)) >
π

2
, Lq(K (r), E (r)) >

π

2

hold for all r ∈ (0, 1) if and only if p ≥ −3/4 and q ≥ −3/4, where Hp(a, b) and Lq(a, b) are

respectively the p-th power-type Heronian mean and q-th Lehmer mean of a and b, and K (r)

and E (r) are respectively the complete elliptic integrals of the first and second kinds.

§1 Introduction

Let p, q ∈ R and a, b > 0. Then the p-th power-type Heronian mean Hp(a, b) [1] and q-th

Lehmer mean Lq(a, b) [2] of a and b are defined by

Hp(a, b) =


[
ap+(ab)p/2+bp

3

]1/p
, p ̸= 0,

√
ab, p = 0

(1)

and

Lq(a, b) =
aq+1 + bq+1

aq + bq
. (2)

It is well-known that both Hp(a, b) and Lq(a, b) are continuous and strictly increasing with

respect to p, q ∈ R for fixed a, b > 0 with a ̸= b. More properties for the p-th power-type

Heronian and q-th Lehmer means can be found in the literature [3-8].

For r ∈ (0, 1), Legendre’s complete elliptic integrals K (r) and E (r) of the first and second
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kinds [9] are defined by 
K (r) =

∫ π
2

0

(
1− r2 sin θ

)−1/2
dθ,

K ′(r) = K (r′),

K (0+) = π
2 , K (1−) = ∞

(3)

and 
E (r) =

∫ π
2

0

(
1− r2 sin θ

)1/2
dθ,

E ′(r) = E (r′),

E (0+) = π
2 , E (1−) = 1,

(4)

where and in what follows we denote r′ =
√
1− r2. In the sequel, we denote K (r) and E (r)

by K and E if no risk for confusion, respectively.

The complete elliptic integrals K and E play a very important role in many branches of

mathematics such as classical analysis, number theory, geometric function theory, and conformal

and quasi-conformal mappings [10-26]. Recently, the complete elliptic integrals K and E have

attracted the attention of many researchers, in particular, many remarkable properties and

inequalities for them can be found in the literature [27-34].

In 1990, Anderson, Vamanamurthy and Vuorinen [35, Theorem 3.31] proved that the in-

equality √
K (r)E (r) >

π

2
(5)

holds for all r ∈ (0, 1).

Later, Wang et al. [36] gave a generalization of inequality (5) and proved that the inequality

Mp(K (r),E (r)) >
π

2
(6)

holds for all r ∈ (0, 1) if and only if p ≥ −1/2, where

Mp(a, b) =

(
ap + bp

2

)1/p

(p ̸= 0), M0(a, b) =
√
ab

is the p-th power mean of two positive numbers a and b.

From (1) and (2) we clearly see that inequality (5) can be rewritten as

H0(K (r),E (r)) = L−1/2(K (r),E (r)) >
π

2
. (7)

Inequalities (6) and (7) together with the monotonicity of p 7→ Hp(a, b) and q 7→ Lq(a, b)

inspired us to ask what are the best possible parameters p and q such that the inequalities

Hp(K (r),E (r)) > π/2 and Lq(K (r),E (r)) > π/2 hold for all r ∈ (0, 1). The main purpose of

this paper is to answer this question. Our main result is the following.

Theorem 1.1. Let p, q ∈ R. Then the inequalities

Hp (K (r),E (r)) >
π

2
(8)

and

Lq (K (r),E (r)) >
π

2
(9)

hold for all r ∈ (0, 1) if and only if p ≥ −3/4 and q ≥ −3/4.
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§2 Lemmas

In order to prove our main result, we need several lemmas which we present in this section.

For 0 < r < 1, the following derivative formulas were presented in [35, Appendix E, pp.

474-475]:

dK

dr
=

E − r′2K

rr′2
,

dE

dr
=

E − K

r
,

d(E − r′2K )

dr
= rK ,

d(K − E )

dr
=

rE

r′2
.

Lemma 2.1. (See [35, Theorem 3.21(1), Exercise 3.43 (11) and (16)])

(1) The function r 7→ (E − r′2K )/r2 is strictly increasing from (0, 1) onto (π/4, 1);

(2) The function r 7→ (K − E )/r2 is strictly increasing from (0, 1) onto (π/4,∞);

(3) The function r 7→ (E 2 − r′2K 2)/r4 is strictly increasing from (0, 1) onto (π2/32, 1).

Lemma 2.2. (See [36, Lemma 2.5]) For p ∈ R, the function r 7→
(

K
E

)p−1 E−r′2K
r′2(K −E ) is strictly

increasing on (0, 1) if and only if p ≥ −1/2. In particular, the inequality

E − r′2K

r′2(K − E )
>

(
K

E

)3/2

holds for all r ∈ (0, 1).

§3 Proof of Theorem 1.1

Proof of Theorem 1.1. We first prove that inequality (8) holds for all r ∈ (0, 1) if and only

if p ≥ −3/4. If p = 0, then inequality (8) reduces to inequality (5), which gives a validity of

Theorem 1.1. Therefore, it suffices to show the inequality (8) for p ̸= 0.

Let

Fp(r) =
1

p
log

K (r)p +
[
K (r)E (r)

]p/2
+ E (r)p

3
− log

π

2
. (10)

Then differentiating (10) yields

F ′
p(r) =

K p−1 E−r′2K
rr′2 + 1

2 (K E )p/2−1(E−r′2K
rr′2 E − K K −E

r )− E p−1 K −E
r

K p +
(
K E

)p/2
+ E p

=
E p/2−1r′2(K − E )(2E p/2 + K p/2)

2rr′2
[
K p +

(
K E

)p/2
+ E p

] [
F̂p(r)− 1

]
, (11)

where

F̂p(r) =
K p/2−1(E − r′2K )(2K p/2 + E p/2)

E p/2−1r′2(K − E )(2E p/2 + K p/2)
.

For x ∈ (1,+∞), we define

fp(x) =
x(p+1)/2(2xp/2 + 1)

xp/2 + 2
.
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Then it follows from Lemma 2.2 that

F̂p(r) >

(
K

E

)(p+1)/2
2K p/2 + E p/2

K p/2 + 2E p/2
= fp

(
K

E

)
. (12)

Taking the logarithmic derivative of f− 3
4
(x), one has

f ′
− 3

4

(x)

f− 3
4
(x)

=
(x3/8 − 1)2

4x(2 + 5x3/8 + 2x3/4)
> 0 (13)

for x ∈ (1,+∞).

We clearly see from (13) that f− 3
4
(x) > f− 3

4
(1) = 1 for x ∈ (1,+∞). This in conjunction

with (12) and K /E > 1 yields F̂− 3
4
(r) > f− 3

4
(K /E ) > 1. Combining this with (11), we

conclude that F− 3
4
(r) is strictly increasing on (0, 1) and so F− 3

4
(r) > F− 3

4
(0) = 0 for r ∈ (0, 1).

It follows from (10) and the monotonicity of Hp(a, b) with respect to p that

Fp(r) ≥ F− 3
4
(r) > 0 (14)

for all r ∈ (0, 1) and p ≥ −3/4.

Therefore, if p ≥ −3/4, then inequality (8) holds for all r ∈ (0, 1) following from (10) and

(14).

Next, we prove that p = −3/4 is the best possible parameter such that the inequality (8)

holds for all r ∈ (0, 1). Several limit values as r → 0+ need to be used and presented as follows.

• It follows from Lemma 2.1 (1) and (2) that

lim
r→0+

logK /E

r2
=

1

2
lim

r→0+

[
E − r′2K

r2r′2K
+

K − E

r2E

]
=

1

2
. (15)

• It follows from Lemma 2.1 that

lim
r→0+

log(E − r′2K )/[r′2(K − E )]

r2
= lim

r→0+

[
K

2(E − r′2K )
+

1

r′2
− E

2r′2(K − E )

]
= −1

2
lim

r→0+

[
E 2 − r′2K 2

r4
· r2

K − E
· r2

E − r′2K

]
+ 1 =

3

4
. (16)

• It follows from Lemma 2.1 (1) and (2) that

lim
r→0+

log(2K p/2 + E p/2)/(K p/2 + 2E p/2)

r2
=

3p

4
lim

r→0+

(E K )p/2−1(E 2 − 2r′2E K + r′2K 2)

r2r′2(2K p/2 + E p/2)(K p/2 + 2E p/2)

=
p

3π2
lim

r→0+

[
E (E − r′2K )

r2
+

r′2K (K − E )

r2

]
=

p

12
. (17)

For p < −3/4, we clearly see from (15)-(17) that

lim
r→0+

log F̂p(r)

r2
=

(p
2
− 1

)
lim

r→0+

logK /E

r2
+ lim

r→0+

log(E − r′2K )/[r′2(K − E )]

r2

+ lim
r→0+

log(2K p/2 + E p/2)/(K p/2 + 2E p/2)

r2
=

1

3

(
p+

3

4

)
< 0,

which implies that there exists a small δ1 ∈ (0, 1) such that F̂p(r) < 1 for r ∈ (0, δ1). Combining

this with (11) and Fp(0) = 0, we conclude that Fp(r) < 0 for r ∈ (0, δ1) and p < −3/4. This in

conjunction with (10) yields Hp(K (r),E (r)) < π/2 for r ∈ (0, δ1) if p < −3/4.

Secondly, we prove the inequality (9).
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Let

Gq(r) = log
K (r)q+1 + E (r)q+1

K (r)q + E (r)q
− log

π

2
. (18)

Differentiation of (18) gives rise to

G′
q(r) =

(q + 1)K q E−r′2K
rr′2 − (q + 1)E q K −E

r

K q+1 + E q+1
−

qK q−1 E−r′2K
rr′2 − qE q−1 K −E

r

K q + E q

=
E q−1(K − E )

[
E q+1 + (q + 1)E K q − qK q+1

]
r(K q+1 + E q+1)(K q + E q)

[
Ĝq(r)− 1

]
, (19)

where

Ĝq(r) =
K q−1(E − r′2K )

[
K q+1 + (q + 1)K E q − qE q+1

]
E q−1r′2(K − E )

[
E q+1 + (q + 1)E K q − qK q+1

] .

It follows from Lemma 2.2 that

Ĝq(r) >

(
K

E

)q+1/2 [
(K /E )q+1 + (q + 1)(K /E )− q

][
1 + (q + 1)(K /E )q − q(K /E )q+1

] = gp

(
K

E

)
, (20)

where

gq(x) =
xq+1/2[xq+1 + (q + 1)x− q]

1 + (q + 1)xq − qxq+1

for x ∈ (1,+∞).

The logarithmic derivative of g− 3
4
(x) yields

g′− 3
4

(x)

g− 3
4
(x)

=
3(x1/4 − 1)2(1 +

√
x)

2x
[
3(x1/4 − 1)4 + 4x1/4(1− x1/4 +

√
x)
] > 0

for x ∈ (1,+∞). This in conjunction with (20) and K /E > 1 implies that Ĝ− 3
4
(r) >

g− 3
4
(K /E ) > g− 3

4
(1) = 1. Combining this with (18) and (19), we clearly see that G− 3

4
(r) >

G− 3
4
(0) = 0, that is,

L− 3
4
(K (r),E (r)) >

π

2
(21)

for r ∈ (0, 1).

Therefore, the inequality (9) holds for all r ∈ (0, 1) if q ≥ −3/4 following from (21) together

with the monotonicity of Lq(a, b) with respect to q.

We now prove p = −3/4 is sharp for the inequality (9).

It follows from Lemma 2.1 (1) and (2) that

lim
r→0+

log
[
K q+1 + (q + 1)K E q − qE q+1

]
/
[
E q+1 + (q + 1)E K q − qK q+1

]
r2

=
q + 1

2
lim

r→0+

(E 2 − 2r′2E K + r′2K 2)
[
(E q + K q)2 + q2(E K )q−1(K − E )2

]
r2r′2

[
K q+1 + (q + 1)K E q − qE q+1

][
E q+1 + (q + 1)E K q − qK q+1

]
=

2(q + 1)

π2
lim

r→0+

[
E (E − r′2K )

r2
+

r′2K (K − E )

r2

]
=

q + 1

2
. (22)
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If q < −3/4, we clearly see from (15), (16) and (22) that

lim
r→0+

log Ĝq(r)

r2
= (q − 1) lim

r→0+

logK /E

r2
+ lim

r→0+

log(E − r′2K )/[r′2(K − E )]

r2

+ lim
r→0+

log
[
K q+1 + (q + 1)K E q − qE q+1

]
/
[
E q+1 + (q + 1)E K q − qK q+1

]
r2

= q +
3

4
< 0,

which yields that there exists a small δ2 ∈ (0, 1) such that Ĝq(r) < 1 for r ∈ (0, δ2). Combining

this with (18) and (19), we conclude that Gq(r) < Gq(0) = 0 for r ∈ (0, δ2) and q < −3/4. This

in conjunction with (18) yields Lp(K (r),E (r)) < π/2 for r ∈ (0, δ2) if q < −3/4.

Remark 3.1. For p ̸= 0, it is easy to verify by (1) that

Hp(a, b) =

[
ap + bp

2
− (ap/2 − bp/2)2

6

]1/p ≤ Mp(a, b), p > 0,

≥ Mp(a, b), p < 0.

This in conjunction with (6) yields H−1/2(K (r),E (r)) > π/2 for all r ∈ (0, 1). Theorem 1.1

enables us to know that p = −1/2 is not the optimal value to make the inequality (8) valid.

On the other hand, Liu [5] studied the inequalities between the power and Lehmer means

and established the inequality M2λ+1 ≤ Lλ(x, y) for all x, y > 0 if λ ∈ (−1,−1/2) ∪ (0,+∞)

and the reverse inequality M2λ+1 ≥ Lλ(x, y) for all x, y > 0 if λ ∈ (−∞,−1) ∪ (−1/2, 0).

Combining this with (6), we clearly see that

L−3/4(K (r),E (r)) ≥ M−1/2(K (r),E (r)) >
π

2
for all r ∈ (0, 1), which gives the sufficient condition of the second inequality in Theorem 1.1.

Remark 3.2. From (10) and (18), we clearly see that

lim
r→1−

Fp(r) = log
2

π
− log 3

p
, (23)

if p < −3/4 and

lim
r→1−

Gq(r) =


+∞, −1 < q < −3

4 ,

log 4
π , q = −1,

log 2
π , q < −1.

(24)

The necessary conditions for the reverse inequalities of (8) and (9) are lim
r→1−

Fp(r) ≤ 0 and

lim
r→1−

Gq(r) ≤ 0, which are equivalent to p ≤ − log 3/ log(π/2) and q < −1 from (23) and (24).

By numerical experiments, it enables us to present the following open problem.

Open Problem. Inequalities

Hp(K (r),E (r)) <
π

2
and Lq(K (r),E (r)) <

π

2
hold for all r ∈ (0, 1) if and only if p ≤ − log 3/ log(π/2) and q < −1.
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generalized complete elliptic integrals, Comput Methods Funct Theory, 2020, 21: 413-426.

[9] M Abramowitz, I A Stegun. Handbook of Mathematical Functions with Formulas, Graphs, and

Mathematical Tables, US Government Printing Office, Washington, 1964.

[10] S Ponnusamy, M Vuorinen. Asymptotic expansions and inequalities for hypergeometric functions,

Mathematika, 1997, 44(2): 278-301.

[11] R Balasubramanian, S Ponnusamy, M Vuorinen. Functional inequalities for the quotients of

hypergeometric functions, J Math Anal Appl, 1998, 218(1): 256-268.

[12] R Balasubramanian, S Ponnusamy. On Ramanujan’s asymptotic expansions and inequalities for

hypergeometric functions, Proc Indian Acad Sci (Math Sci), 1998, 10(2): 895-108.

[13] S Ponnusamy. Close-to-convexity properties of Gaussian hypergeometric functions, J Comput

Appl Math, 1998, 88(2): 327-337.

[14] W Becken, P Schmelcher. The analytic continuation of the Gaussian hypergeometric function

2F1(a, b; c; z) for arbitrary parameters, J Comput Appl Math, 2000, 126(1-2): 449-478.

[15] R Balasubramanian, S Naik, S Ponnusamy, M Vuorinen. Elliotts identity and hypergeometric

functions, J Math Anal Appl, 2002, 271(1): 232-256.

[16] A Baricz, S Ponnusamy, M Vuorinen. Functional inequalities for modified Bessel functions,

Expo Math, 2011, 29(3): 399-414.

[17] S Ponnusamy, M Vuorinen. Univalence and convexity properties for Gaussian hypergeometric

functions, Rocky Mountain J Math, 2001, 31(1): 327-353.

[18] J H Choi, Y C Kim, M Saigo. Geometric properties of convolution operators defined by Gaussian

hypergeometric functions, Integral Transforms Spec Funct, 2002, 13(2): 117-130.

[19] T H Zhao, Z Y He, Y M Chu. On some refinements for inequalities involving zero-balanced

hypergeometric function, AIMS Mathematics, 2020, 5(6): 6479-6495.



474 Appl. Math. J. Chinese Univ. Vol. 38, No. 3

[20] M K Wang, Y M Chu, Y Q Song. Asymptotical formulas for Gaussian and generalized hyper-

geometric functions, Appl Math Comput, 2016, 276: 44-60.

[21] M K Wang, Y M Chu, Y P Jiang. Ramanujan’s cubic transformation inequalities for zero-

balanced hypergeometric functions, Rocky Mountain J Math, 2016, 46(2): 679-691.

[22] M K Wang, Y M Chu. Refinements of transformation inequalities for zero-balanced hypergeo-

metric functions, Acta Math Sci, 2017, 37B(3): 607-622.

[23] M K Wang, Y M Chu. Landen inequalities for a class of hypergeometric functions with appli-

cations, Math Inequal Appl, 2018, 21(2): 521-537.

[24] S L Qiu, X Y Ma, Y M Chu. Sharp Landen transformation inequalities for hypergeometric

functions, with applications, J Math Anal Appl, 2019, 474(2): 1306-1337.

[25] M K Wang, Y M Chu, W Zhang. Monotonicity and inequalities involving zero-balanced hyper-

geometric function, Math Inequal Appl, 2019, 22(2): 601-617.

[26] T H Zhao, M K Wang, W Zhang, Y M Chu. Quadratic transformation inequalities for Gaus-

sian hypergeometric function, J Inequal Appl, 2018, 2018: 251.

[27] H Alzer. Sharp inequalities for the complete elliptic integral of the first kind, Math Proc Cam-

bridge Philos Soc, 1998, 124(2): 309-314.

[28] H Alzer, K Richards. A note on a function involving complete elliptic integrals: monotonicity,

convexity, inequalities, Anal Math, 2015, 41(3): 133-139.

[29] Z H Yang, J F Tian, Convexity and monotonicity for elliptic integrals of the first kind and

applications, Appl Anal Discrete Math, 2019, 13(1): 240-260.

[30] T H Zhao, M K Wang, Y M Chu. Monotonicity and convexity involving generalized elliptic

integral of the first kind, Rev R Acad Cienc Exactas F́ıs Nat Ser A Mat RACSAM, 2021, 115(2).

[31] Y M Chu, M K Wang. Optimal Lehmer mean bounds for the Toader mean, Results Math, 2012,

61(3-4): 223-229.

[32] Z H Yang, Y M Chu, W Zhang. High accuracy asymptotic bounds for the complete elliptic

integral of the second kind, Appl Math Comput, 2019, 348: 552-564.

[33] Z H Yang, W M Qian, Y M Chu, W Zhang. On approximating the arithmetic-geometric mean

and complete elliptic integral of the first kind, J Math Anal Appl, 2018, 462(2): 1714-1726.

[34] Z H Yang. Sharp approximations for the complete elliptic integrals of the second kind by one-

parameter means, J Math Anal Appl, 2018, 467(1): 446-461.

[35] G D Anderson, M K Vamanamurthy, M Vuorinen. Conformal Invariants, Inequalities, and

Quasiconformal Maps, John Wiley & Sons, New York, 1997.

[36] M K Wang, Y M Chu, Y F Qiu, S L Qiu. An optimal power mean inequality for the complete

elliptic integrals, Appl Math Letters, 2011, 24(6): 887-890.

1School of Mathematics, Hangzhou Normal University, Hangzhou 311121, China.

Email: tiehong.zhao@hznu.edu.cn
2Department of Mathematics, Huzhou University, Huzhou 313000, China.

Email: chuyuming2005@126.com


