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q–differ-integral operator on p–valent functions associated

with operator on Hilbert space

Shahram Najafzadeh

Abstract. Making use of multivalent functions with negative coefficients of the type f(z) = zp−∑∞
k=p+1akz

k, which are analytic in the open unit disk and applying the q-derivative a q–differ-

integral operator is considered. Furthermore by using the familiar Riesz-Dunford integral, a

linear operator on Hilbert space H is introduced. A new subclass of p-valent functions related

to an operator on H is defined. Coefficient estimate, distortion bound and extreme points are

obtained. The convolution-preserving property is also investigated.

§1 Motivation and Introduction

The study of univalent and multivalent functions is one of the leading branches of geometric

function theory. One of the fundamental problems in this theory is coefficient estimates of such

functions. After solving this problem, we may find many interesting geometric properties. The

operator on Hilbert space related to multivalent functions was studied by many researchers. Al-

so, the q-derivative is introduced in 1909. In this paper, we define a new subclass of multivalent

functions associated with q-derivative. Furthermore, operators on Hilbert space is considered

and some geometric structures are investigated.

Let N be the class of analytic and multivalent functions defined in the open unit disk U = {z ∈
C : |z| < 1} is of the type:

f(z) = zp −
∞∑

k=p+1

akz
k. (1)

In the theory of q–calculus, the q–shifted factorial is introduced for w, q ∈ C, n ∈ N0 ≡ N∪{0}
as a product of n factors by:

(w, q)n =

1 , n = 0,

(1− w)(1− wq) · · · (1− wqn−1) , n ∈ N,
(2)
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and according to the basic analogue of the gamma function, we have

(qw, q)n =
Γq(w + n)(1− q)n

Γq(w)
, (n > 0), (3)

where the gamma function is defined by:

Γq(y) =
(q, q)∞(1− q)1−y

(qy, q)∞
, (0 < q < 1). (4)

If |q| < 1, the q–shifted factorial (w, q)n is meaningful for n = ∞ as a convergent product:

(w, q)∞ =
∞∏
t=0

(1− wqt). (5)

It is clear that Γq(y) → Γ(y) as q → 1, where Γ(y) is the ordinary Eular gamma function. Also

we have:

lim
q→1−

(qw, q)n
(1− q)n

= (w)n, (6)

where (w)n is the familiar Pochhammer symbol defined by:

(w)n = w(w − 1) · · · (w + n− 1). (7)

The Jachson’s q–derivative and q–integral of a function are respectively introduced by Gasper

and Rahman [1]:

Dq,zf(z) =
f(z)− f(qz)

z(1− q)
, (z ̸= 0, z ̸= 0), (8)

and ∫ z

0

f(t)dq(t) = z(1− q)
∞∑
k=0

qkf(zqk), (9)

see also [2].

From (8), we get:

Dqz
k = [k]qz

k−1, (10)

where

[k]q =
1− qk

1− q
, (11)

[k]q is called q–analogue of k.

Now, we recall some definitions of fractional q–calculus operators, which were considered

in [3].

Definition 1.1 (Fractional q–integral operator). If f(z) is analytic in a simply connected

domain D ⊂ C containing the origin, then the fractional q–integral of f of order γ (γ > 0), is

defined by:

Iγ
q,zf(z) = D−γ

q,z f(z) =
1

Γq(γ)

∫ z

0

(z − qs)γ−1f(s)dqs, (12)

where (z − qs)γ−1 is single valued when | arg(−sqγ

z )| < π, |sqγ | < 1 and | arg(z)| < π.

Definition 1.2 (Fractional q–derivative operator). The fractional q–derivative operator of f
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of order γ (0 6 γ < 1) is defined by:

Dγ
q,zf(z) = Dq,zI1−γ

q,z f(z) =
1

Γq(1− γ)
Dq,z

∫ z

0

(z − qs)−γdqs. (13)

Definition 1.3 (Extended fractional q–derivative operator). With the same hypothesis of

definition 1.2, the extended fractional q–derivative of order γ, is defined by:

Dγ
q,zf(z) = Dm

q,zIm−γ
q,z f(z), (m− 1 6 γ < m, m ∈ N0). (14)

Now, we consider the linear operator, see [4]:

Ωγ
q,pf(z) : N → N ,

Ωγ
q,pf(z) = zp −

∞∑
k=p+1

Γq(p+ 1− γ)Γq(k + 1)

Γq(p+ 1)Γq(k + 1− γ)
akz

k.
(15)

It is easy to show that Ω0
q,pf(z) = f(z).

If f(z) ∈ N , then the generalized Al. Oboudi [6] type differential operator Dγ,m
q,p,λ for γ >

0 and m ∈ N is defined by:

Dγ,0
q,p,λf(z) = f(z),

Dγ,1
q,p,λf(z) = (1− λ)Ωγ

q,pf(z) +
λz

[p]q
Dq(Ω

γ
q,pf(z)),

Dγ,m
q,p,λf(z) = Dγ,1

q,p,λ(D
γ,m−1
q,p,λ f(z)),

(16)

which was introduced by Selvakuman et al. [5].

We note that if f(z) is given by (1), then by (16), we get:

Dγ,m
q,p,λf(z) = zp −

∞∑
k=p+1

(Γq(p+ 1− γ)Γq(k + 1)

Γq(p+ 1)Γq(k + 1− γ)

[
1− λ+

[k]q
[p]q

λ
])m

akz
k. (17)

By specializing the parameters in the operator Dγ,m
q,p,λ, this operator reduces to some well-known

differential operators. For example, see [6, 7] and [8].

Definition 1.4. The function f ∈ N is said to be a member of the class ND(α, β, θ) if it

satisfies: ∣∣∣∣∣z2−p(Dγ,m
q,p,λf(z))

′′ + z1−p(Dγ,m
q,p,λf(z))

′ − p2

2z−pDγ,m
q,p,λf(z)− α(1 + β)

∣∣∣∣∣ < θ, (18)

where α, β and θ belong to [0, 1).

Let H be a Hilbert space on the C and T be a linear operator on H. Also f(T ) be the

operator on H defined by Riesz-Dunford integral [9]:

f(T ) =
1

2πi

∫
C

f(z)(zI − T )−1dz, (19)

where C is a positively oriented simple closed rectifiable counter lying in U, and containing the

spectrum of T in its interior domain and I is the identity operator on H. See [10], also [11].

Definition 1.5. A function given by (1) is in the class ND(T, α, β, θ) if for all operator T with
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∥T∥ < 1 and T ̸= 0 it satisfies the inequality:

L = ∥T 2−p[Dγ,m
q,p,λf(T )]

′′ + T 1−p[Dγ,m
q,p,λf(T )]

′ − p2∥

< θ∥2T−p[Dγ,m
q,p,λf(T )]− α(1 + β)∥ = R.

(20)

§2 Main Result

In this section, we obtain coefficient inequality and distortion bound for a function f ∈
ND(T, α, β, θ).

Theorem 2.1. A function f(z) given by (1) is in the class ND(T, α, β, θ) for all T ̸= 0 if and

only if:
∞∑

k=p+1

(k2 + 2θ)

θ(2− α(1 + β))

[Γq(p+ 1− γ)Γq(k + 1)

Γq(p+ 1)Γq(k + 1− γ)

(
1− λ+

[k]q
[p]q

λ
)]m

ak 6 1. (21)

Proof. Suppose that (21) is true. We have,

L−R =

∥∥∥∥∥∥−
∞∑

k=p+1

k2
[Γq(p+ 1− γ)Γq(k + 1)

Γq(p+ 1)Γq(k + 1− γ)

(
1− λ+

[k]q
[p]q

λ
)]m

akT
k−p

∥∥∥∥∥∥
− θ

∥∥∥∥∥∥2− α(1 + β)−
∞∑

k=p+1

2
[Γq(p+ 1− γ)Γq(k + 1)

Γq(p+ 1)Γq(k + 1− γ)

(
1− λ+

[k]q
[p]q

λ
)]m

akT
k−p

∥∥∥∥∥∥
6

∞∑
k=p+1

(k2 + 2θ)
[Γq(p+ 1− γ)Γq(k + 1)

Γq(p+ 1)Γq(k + 1− γ)

(
1− λ+

[k]q
[p]q

λ
)]m

ak − θ(2− α(1 + β))

6 0.

Hence, f is in the class ND(T, α, β, θ).

Conversely, suppose that L < R, so:∥∥∥∥∥∥−
∞∑

k=p+1

[Γq(p+ 1− γ)Γq(k + 1)

Γq(p+ 1)Γq(k + 1− γ)

(
1− λ+

[k]q
[p]q

λ
)]m

akT
k−p

∥∥∥∥∥∥
< θ

∥∥∥∥∥∥2− α(1 + β)−
∞∑

k=p+1

2
[Γq(p+ 1− γ)Γq(k + 1)

Γq(p+ 1)Γq(k + 1− γ)

(
1− λ+

[k]q
[p]q

λ
)]m

akT
k−p

∥∥∥∥∥∥ .
Setting T = rI (0 < r < 1) in the above inequality, we get:

θ >

∞∑
k=p+1

k2
[
Γq(p+1−γ)Γq(k+1)
Γq(p+1)Γq(k+1−γ)

(
1− λ+

[k]q
[p]q

λ
)]m

akr
k−p

(2− α(1 + β))−
∞∑

k=p+1

2
[
Γq(p+1−γ)Γq(k+1)
Γq(p+1)Γq(k+1−γ)

(
1− λ+

[k]q
[p]q

λ
)]m

akrk−p

. (22)

Upon clearing denominator in (22) and letting r → 1, we obtain the required result. So the

proof is complete.
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Remark 1. We note that the result (21) is sharp for the function F (z) given by:

F (z) = zp − θ(2− α(1 + β))zp+1

((p+ 1)2 + 2θ)
[
Γq(p+1−γ)Γq(p+2)
Γq(p+1)Γq(p+2−γ)

(
1− λ+

[p+1]q
[p]q

λ
)]m . (23)

Also, according to the Theorem 2.1, we get:
∞∑

k=p+1

ak 6 θ(2− α(1 + β))

(k2 + 2θ)
[
Γq(p+1−γ)Γq(k+1)
Γq(p+1)Γq(k+1−γ)

(
1− λ+

[k]q
[p]q

λ
)]m . (24)

Theorem 2.2. If f(z) of the form (1) be in the class ND(T, α, β, θ) with ∥T∥ < 1 and ∥T∥ ̸= 0,

then:

∥T∥p
1− ∥T∥k−p θ(2− α(1 + β))

(k2 + 2θ)
[
Γq(p+1−γ)Γq(k+1)
Γq(p+1)Γq(k+1−γ)

(
1− λ+

[k]q
[p]q

λ
)]m


6 ∥f(T )∥ 6 ∥T∥p

1 + ∥T∥k−p θ(2− α(1 + β))

(k2 + 2θ)
[
Γq(p+1−γ)Γq(k+1)
Γq(p+1)Γq(k+1−γ)

(
1− λ+

[k]q
[p]q

λ
)]m

 .

(25)

Proof. Since f(z) = zp −
∞∑

k=p+1

akz
k, so by (24) we have:

∥f(T )∥ =

∥∥∥∥∥∥T p −
∞∑

k=p+1

akT
k

∥∥∥∥∥∥
> ∥T p∥ − ∥T∥k

∞∑
k=p+1

ak

> ∥T∥p
1− ∥T∥k−p θ(2− α(1 + β))

(k2 + 2θ)
[
Γq(p+1−γ)Γq(k+1)
Γq(p+1)Γq(k+1−γ)

(
1− λ+

[k]q
[p]q

λ
)]m

 ,

and similarly:

∥f(T )∥ 6 ∥T∥p
1 + ∥T∥k−p θ(2− α(1 + β))

(k2 + 2θ)
[
Γq(p+1−γ)Γq(k+1)
Γq(p+1)Γq(k+1−γ)

(
1− λ+

[k]q
[p]q

λ
)]m

 .

Hence, the proof is complete.

§3 Extreme Points

In this section, we introduce the extreme points of the class ND(T, α, β, θ) and show that

this class is closed under convolution with respect to the parameters α and β.

Theorem 3.1. Let fp(z) = zp and

fk(z) = zp +
θ(2− α(1 + β)

(k2 + 2θ)
[
Γq(p+1−γ)Γq(k+1)
Γq(p+1)Γq(k+1−γ)

(
1− λ+

[k]q
[p]q

λ
)]m zk, (k = p+ 1, p+ 2, . . .).

(26)
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Then, f(z) ∈ ND(T, α, β, θ) if and only if it can be expressed by:

f(z) =
∞∑
k=p

xkfk(z),

where, xk > 0 and
∞∑
k=p

xk = 1.

Proof. Let f(z) ∈ ND(T, α, β, θ), then from (21), we have:

ak ≤
∞∑

k=p+1

ak 6 θ(2− α(1 + β)

(k2 + 2θ)
[
Γq(p+1−γ)Γq(k+1)
Γq(p+1)Γq(k+1−γ)

(
1− λ+

[k]q
[p]q

λ
)]m , (k = p+ 1, p+ 2, . . .).

Therefore by letting:

xk =
(k2 + 2θ)

[
Γq(p+1−γ)Γq(k+1)
Γq(p+1)Γq(k+1−γ)

(
1− λ+

[k]q
[p]q

λ
)]m

θ(2− α(1 + β))
ak, (k = p+ 1, p+ 2, . . .),

and xp = 1−
∞∑

k=p+1

xk, we conclude the required result.

Conversely, let f(z) =
∞∑
k=p

xkfk(z), then:

f(z) = xpz
p +

∞∑
k=p+1

xk

zp +
θ(2− α(1 + β))zk

(k2 + 2θ)
[
Γq(p+1−γ)Γq(k+1)
Γq(p+1)Γq(k+1−γ)

(
1− λ+

[k]q
[p]q

λ
)]m


= zp +

∞∑
k=p+1

θ(2− α(1 + β))xk

(k2 + 2θ)
[
Γq(p+1−γ)Γq(k+1)
Γq(p+1)Γq(k+1−γ)

(
1− λ+

[k]q
[p]q

λ
)]m zk

= zp +
∞∑

k=p+1

wkz
k,

where

wk =
θ(2− α(1 + β))xk

(k2 + 2θ)
[
Γq(p+1−γ)Γq(k+1)
Γq(p+1)Γq(k+1−γ)

(
1− λ+

[k]q
[p]q

λ
)]m .

But
∞∑

k=p+1

wk =
k2 + 2θ

θ(2− α(1 + β))

[Γq(p+ 1− γ)Γq(k + 1)

Γq(p+ 1)Γq(k + 1− γ)

(
1− λ+

[k]q
[p]q

λ
)]m

=
∞∑

k=p+1

xk = 1− xp 6 1.

So, by Theorem 2.1, we get f(z) ∈ ND(T, α, β, θ).

Remark 2. The extreme points of the class ND(T, α, β, θ) are the functions fp(z) = zp and

fk(z) (k > p+ 1) defined by (26).

Theorem 3.2. Let f(z) = zp −
∞∑

k=p+1

akz
k and g(z) = zp −

∞∑
k=p+1

bkz
k be in the class
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ND(T, α, β, θ), then (f ∗ g)(z) defined by:

(f ∗ g)(z) = zp −
∞∑

k=p+1

akbkz
k,

belongs to ND(T, α, β∗, θ), where:

β∗ 6 2

α
−

1 +
θ(2− α(1 + β))2

α(k2 + 2θ)
[
Γq(p+1−γ)Γq(k+1)
Γq(p+1)Γq(k+1−γ)

(
1− λ+

[k]q
[p]q

λ
)]m

 .

Proof. By Theorem 2.1, it is sufficient to show that:
∞∑

k=p+1

(k2 + 2θ)

θ(2− α(1 + β∗))

[Γq(p+ 1− γ)Γq(k + 1)

Γq(p+ 1)Γq(k + 1− γ)

(
1− λ+

[k]q
[p]q

λ
)]m

akbk 6 1.

By using Cauchy-Schwarz inequality from (21), we obtain:
∞∑

k=p+1

(k2 + 2θ)

θ(2− α(1 + β))

[Γq(p+ 1− γ)Γq(k + 1)

Γq(p+ 1)Γq(k + 1− γ)

(
1− λ+

[k]q
[p]q

λ
)]m√

akbk 6 1.

Hence, we find the largest β∗ such that:
∞∑

k=p+1

(k2 + 2θ)

θ(2− α(1 + β∗))

[Γq(p+ 1− γ)Γq(k + 1)

Γq(p+ 1)Γq(k + 1− γ)

(
1− λ+

[k]q
[p]q

λ
)]m

akbk

6
∞∑

k=p+1

(k2 + 2θ)

θ(2− α(1 + β))

[Γq(p+ 1− γ)Γq(k + 1)

Γq(p+ 1)Γq(k + 1− γ)

(
1− λ+

[k]q
[p]q

λ
)]m√

akbk 6 1,

or equivalently √
akbk 6 2− α(1 + β∗)

2− α(1 + β)
, (k > p+ 1).

This inequality holds if

θ(2− α(1 + β))

(k2 + 2θ)
[
Γq(p+1−γ)Γq(k+1)
Γq(p+1)Γq(k+1−γ)

(
1− λ+

[k]q
[p]q

λ
)]m 6 2− α(1 + β∗)

2− α(1 + β)
,

or equivalently

β∗ 6 2

α
−

1 +
θ(2− α(1 + β))2

α(k2 + 2θ)
[
Γq(p+1−γ)Γq(k+1)
Γq(p+1)Γq(k+1−γ)

(
1− λ+

[k]q
[p]q

λ
)]m

 .

Theorem 3.3. With the same assumptions of Theorem 3.2, (f ∗ g)(z) belongs to ND(T, α∗,

β, θ), where:

α∗ 6 2

1 + β
− θ(2− α(1 + β))2

(k2 + 2θ)(1 + β)
[
Γq(p+1−γ)Γq(k+1)
Γq(p+1)Γq(k+1−γ)

(
1− λ+

[k]q
[p]q

λ
)]m .

Proof. It is sufficient to show that:
∞∑

k=p+1

(k2 + 2θ)

θ(2− α∗(1 + β))

[Γq(p+ 1− γ)Γq(k + 1)

Γq(p+ 1)Γq(k + 1− γ)

(
1− λ+

[k]q
[p]q

λ
)]m

akbk 6 1.

By using Cauchy-Schwarz inequality from (21) we get:
∞∑

k=p+1

(k2 + 2θ)

θ(2− α(1 + β))

[Γq(p+ 1− γ)Γq(k + 1)

Γq(p+ 1)Γq(k + 1− γ)

(
1− λ+

[k]q
[p]q

λ
)]m√

akbk 6 1.
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Hence, we find the largest α∗ such that:
∞∑

k=p+1

(k2 + 2θ)

θ(2− α∗(1 + β))

[Γq(p+ 1− γ)Γq(k + 1)

Γq(p+ 1)Γq(k + 1− γ)

(
1− λ+

[k]q
[p]q

λ
)]m

akbk

6
∞∑

k=p+1

(k2 + 2θ)

θ(2− α(1 + β))

[Γq(p+ 1− γ)Γq(k + 1)

Γq(p+ 1)Γq(k + 1− γ)

(
1− λ+

[k]q
[p]q

λ
)]m√

akbk 6 1,

or equivalently √
akbk 6 2− α∗(1 + β)

2− α(1 + β)
, (k > p+ 1).

This inequality holds if

θ(2− α(1 + β))

(k2 + 2θ)
[
Γq(p+1−γ)Γq(k+1)
Γq(p+1)Γq(k+1−γ)

(
1− λ+

[k]q
[p]q

λ
)]m 6 2− α∗(1 + β)

2− α(1 + β)
,

or equivalently

α∗ 6 2

1 + β
− θ(2− α(1 + β))2

(k2 + 2θ)(1 + β)
[
Γq(p+1−γ)Γq(k+1)
Γq(p+1)Γq(k+1−γ)

(
1− λ+

[k]q
[p]q

λ
)]m .

So the proof is complete.

§4 Conclusion

Studying the theory of analytic functions has been a area of concern for many authors.

A more specific field is the study of operator on Hilbert space in complex plane. Literature

review indicates lots of researches on the classes of p-valent analytic functions. The interplay

of geometric structures are very important aspect in complex analysis.This work will lead pos-

sibility to define new subclasses of p-valent functions by using q-analogue of the well-known

operators or even conclude some geometric properties such as radii of starlikeness, convexity ,

close-to-convexity and so on. Also neighborhood and partial sum properties will be investigate.

This idea could be topics for next researches.
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