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Solutions for Schrodinger-Poisson system involving

nonlocal term and critical exponent

MO Xiu-ming? MAO An-min? WANG Xiang-xiang?

Abstract. In this paper, we consider the following Kirchhoff-Schrédinger-Poisson system:

—(a+b [ |Vu>)Au+u+ du=pQ(x)|ul" *u+ K(x)|ul*u, in R
R3
— N =, in R?,

the nonlinear growth of |u|*u reaches the Sobolev critical exponent. By combining the variational
method with the concentration-compactness principle of Lions, we establish the existence of a
positive solution and a positive radial solution to this problem under some suitable conditions.
The nonlinear term includes the nonlinearity f(u) ~ |u|9™2u for the well-studied case q € [4, 6),
and the less-studied case g € (2,3), we adopt two different strategies to handle these cases. Our

result improves and extends some related works in the literature.

81 Introduction

In this paper, we study the following Kirchhoff-Schrédinger-Poisson system

- (a—l—b/ |Vul ) Au+u + du = pQ(z)|u|? *u + K (x)|u*u, in R w1)
R3 1.1
— N¢ =u?, in R3,
where ¢ € (2,3) or g € [4,6), a,b are positive constants, u > 0 is a parameter. In recent years,
the following elliptic problem

—(a + b/RN |Vu|2)Au+ V)= f(z,u), ueH'RY) (1.2)

has been extensively studied by many researchers, where V : RY — R, f € C(RY x R,R),
N =1,2,3 and a,b > 0 are constants. Such problems are viewed as being nonlocal because
of the term [oy |Vu|?, which implies that (1.2) is not longer a pointwise identity and is very
different from classical elliptic equations. Similar nonlocal problems model several biological
systems where u describes a process that depends on the average of itself, for example, that of
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the population density. Problem (1.2) also arises in an interesting physical context, we refer
to [1,8,9,17] and the references therein. There have been many works about the existence of
nontrivial solutions to (1.2) by using variational methods only after Lions [13,14] introduced an
abstract framework to this problem. Ma and Rivera [16] proved the existence and nonexistence
of positive solutions of a class of Kirchhoff type system via variational methods. In [17], Mao
and Zhang proved the existence of at least a positive solution, a negative solution and a sign-
changing solution to (1.2) by using the method of invariant sets of descent flow. For the case of
an unbounded domain, by using the (symmetric) mountain pass theorem, Nie and Wu in [18]
studied the existence of infinitely many high-energy solutions for the following Kirchhoff type
problem on RY:

—(%a + bs/ \Vu|?)Au+V(z)u = f(z,u), in RY,
RN
u € H'(RY), in RV,
If a =1 and b =0, then (1.1) reduces to the following Schrodinger-Poisson systems
— Au+V(z)u+ ¢u= f(x,u), in R3,
— N =u?, in R3,

many authors studied (1.3) under various assumptions on V and f. If V =1 and f = |u[P~2u,

(1.3)

equation (1.3) has been studied sufficiently as p varies. In [3], Azzollini and Pomponio obtained
the existence of ground state solutions for the subcritical case 3 < p < 6 and the critical case
f = |u|P72u+u® with 4 < p < 6. We refer the readers to [2,11,23,26] and the references therein
for further related results.

Recently, a great deal of attention has been focused on nonlocal problems involving critical
exponent. Since Brezis and Nirenberg in [6] first studied a critical growth problem in a bounded
domain, many researchers considered kinds of critical problems by either pulling the energy level
down below some critical energy to recover certain compactness or using a combination of the
idea above with the concentration compactness principle of Lions [15]. In [22], Wang et al.
proved the existence of positive ground state solution for the following Kirchhoff problem with
critical growth

- (52a+bs/ Vul)Au+ V(@) = Af(u) +u°, in RP,
R3

ue HY(R?), u>0 in R?
by using the Nehari manifold and pulling the energy level down below the critical level
1 1
o 2 Las)t+ Litse (1.4)

For more related results, see [10,12,22,25].

Motivated by the above works, this paper aims to study Kirchhoff-Schrédinger-Poisson
system (1.1) which is more general than the above-mentioned problems. To our best knowl-
edge, there are few results on the problem (1.1). In this paper, by combining the variational
method with the concentration-compactness principle of Lions, we focus on the critical case
and existence of positive solutions, what’s more, the nonlinear term includes the nonlinearity
f(u) ~ |u|?2u for the well-studied case ¢ € [4,6), and the less-studied case ¢ € (2, 3), we will
adopt two different strategies to handle these cases.
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Before state our main results, we make some assumptions on K and Q.
(H1)(@) K € C(Rg,R),‘ llim K(z) = K € (0,00) and K(x) > K, for x € R3,
Tr|—0o0

(17) Q € C’(R37R),| llim Q(z) = Qoo € (0,00) and Q(x) > Q for z € R3.
xT|—»0o0
(Hz) There exist xg € R3, § > 0 and p > 0 such that K(xg) = max K(z) and |K (z) — K (z0)| <
[AS
dlz — mo|® for |x — zo] < p with 1 < a < 3.

Our main results read as follows.
Theorem 1.1. Assume (Hiy) (Hz) hold. Then, for 4 < q < 6, problem (1.1) has at least a
positive solution (u,$) € H'(R?) x DV2(R3) for each u > 0; for ¢ = 4, problem (1.1) still
possesses a positive solution provided that p is sufficiently large.

Theorem 1.2. Assume (Hy)(Hz) hold, 2 < q < 3 and assume furthermore that K and Q are
radial functions, then problem (1.1) has at least a positive radial solution (u,¢) € H*(R3) x
DY2(R3) for p > 0 sufficiently large.

Remark 1.3. As mentioned above, our main results extend and improve the related works
in [4,7,18,22]. The main difficulty is the lack of compactness since the embedding H*!(R3) —
L#(R3)(2 < s < 6) is not compact. When 4 < g < 6, to overcome this difficulty, we make use of
the concentration-compactness principle of Lions [5] and the methods of Brezis and Nirenberg
[6], which allow us to determine the energy level of the functional for which the (PS) condition
holds. When 2 < ¢ < 3, we restrict ourselves to H}(R?) since K and @ are radial functions.
In this case, the embedding H}(R?) — L*(R3)(2 < s < 6) is compact. Moreover, a function in
H}(R?) has a decay like |z| ! for z € R? far away from the origin, this fact plays an important
role in for boundedness of the (PS) sequence, similar argument once appeared in [20].

Remark 1.4. It is not easy to see that I’ is weakly continuous by direct calculations since
equation (1.1) is no longer a pointwise identity. Indeed, in general, we do not know [is |Vu,|* —
Jgs [Vul? from u,, — u in H'(R?). We succeed in doing so by using the method used in [9],
which strongly relies on ¢ € [4,6). Considering the nonlocal effect, the critical level ¢* is given
as follows

*

Cc

__ab g [PS 4K aS]? | bS°

41Kl 24| K13, 24| K3
| K ||oo is the usual L> norm. When [|K|[|% < %, ¢* > ¢, which means that we can verify the
(PS) condition in a wider scope.

The rest of this paper is organized as follows. The variational framework of our problem
and some preliminaries are given in Section 2. Section 3 is devoted to the proof of Theorem

1.1. Finally, the proof of Theorem 1.2 is presented in Section 4.

82 Preliminaries and functional setting

Throughout this paper, we make use of the following notations

H'(R3) :={u e L*(R?) : Vu € L*(R®)}, |jul}: = /Rs(|Vu\2 + u?),

DY2(R3) :={ue L¥ (R?) : Vu e L2 (R®)}, ||ul%:2 = / |Vul|?.
R3
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1/2
For fixed a > 0, we also use the notation |jul|, = (fRs (a|Vul? + u2)) , which is a norm

equivalent to ||ul|g1. LP 2 LP(R®)(1 < p < +00) is the usual Lebesgue space with the standard
norm |ul,. B,(z) £ {y € R3||z — y| < r}. C will denote a positive constant unless specified.
The best Sobolev constant for the embedding of D12(R?) in L5(R?) is denoted by
i Jrs [Vu/?
ueD 2 (R3\{0}  |ul?
For u € H'(R?), the Lax-Milgram theorem implies that there exists a unique ¢, € DV2(R?)
such that —A¢, = u2. Moreover, ¢, can be expressed as

Y ()
qu(x)* 471_/]1§3 |ac—y\7

—(a+b [ |VuP)Au+u+ ¢uu = K(z)|u|*u + pQ(x)|u| *u. (2.1)
R3

S:

then

Thus we can define a smooth functional F : H!(R?) — R by setting

F(u) = /R3 bu(2)u? ().
It turns out that the functional
1) =yl + 3 ([ 1) 4 P - [ GER@HE +EQ@)ul)
2 4 R3 4 R3 6 q

is of class C'! and its critical points are classical solutions of (2.1); see for instance [3,13]. Define
the associated functional I, : H'(R?) — R by

Ioot) = glhal? + 3 ([ 1907) + 3P @) = [ GRulul® + 2 Quelul®),
Set
N :={uc H'R»\{0} : (I'(v),u) =0}, m:= ulgjt;f(u),

Noo = {u € H'(®\{0} : (I (), u) = 0}, oo i= inf Loo(u).

oo

The rest of this section is to estimate level sets of I for which the (PS) condition holds.

Lemma 2.1.([25]) (i) F : HY(R3) — R is weakly continuous in H*(R3).
(ii) F(u(- +vy)) = F(u), fory € R3, u € HY(R3).
(iii) Let u, — u in H*(R3) and u,, — u a.e. in R3, then
F(up, —u) = F(uy) — F(u) + o(1) as n — oo.

Lemma 2.2.([24]) Let r > 0 and 2 < q < 2*. If {u,} is bounded in H*(RY) and

sup / |unl? — 0, n — +00,
y€ERN J B,.(y)

then u, — 0 in L¥(RY) for 2 < s < 2*.
Lemma 2.3. Fort,s >0 and X is a positive constant, the following system
flt,s) &2t — aS)f%(t + s)% =0,
{g(t,s) 25— bSPATE(t+5)5 =0,
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has a unique solution (to, so). Moreover,

f(t73)207 tZth

=
g(t,s) >0, 5 > sg.
3
Proof. If f(to,so) = g(to, So) = 0, then ty + s = a’\g% It is enough to solve the following
(/\tg - a353t0>3 _ bsngﬁ( At )2

a383 a3S3
then
B abS® + a/12S6 + 4a)\S3
0 2)
and
b3S6 + 2XabS? + b2S3\/b2S6 + 4aS3
So = 2/\2 .

If f(t,s) > 0 and g(t,s) > 0, then
t+s>aS(t+s)s +bS>(t+s)3,
hence,
t+s > to+ so,
where we have used the fact that the function h(l) £ [ — aSA™313 — bS2A\~313, 1 > 0 has a
unique zero point Iy > 0 and A(l) > 0, then [ > ly. Suppose that ¢ < tg, then

ft,s) =t —aSA75(t+5)3 <ty —aSA 5 (to+ s0)% =0,
which is impossible, so t > ty. Similarly, s > sg. The proof is completed.
Lemma 2.4. Assume (Hy) holds and 4 < q < 6, then the following statements hold.
(i) For every u € HY(R3)\ {0}, there exists a unique t,, = t(u) > 0 such that t,u € N and

I(tyu) = max I(tu).

(i) Let {un} C H'(R?) be a sequence such that (I (un), tn) — 0 and [oo (K (2)|un|®+Q(2)|un]?)
—a >0 asn — oco. Then up to a subsequence there exists t, > 0 such that (I' (t,uy,), thuy,) =0,
and t, — 1 as n — oo.

Proof. (i) For every u € H*(R3)\ {O} define g( ) := I(tu) and

70 = ulP + 02 ([ 190P) + 2P () -2 / Qalful —t* [ K@)
Then we have ¢'(t) = tf(t), and for ¢t > 0,
g (t) = (I'(tu),u) =0 < tu € N. (2.2)
Since sup,~.q g(t) is achieved at some ¢, = t(u) > 0, one gets ¢'(t,) = 0, by (2.2), t,u € N. It’s
easy to check that ¢, is unique and

I(tyu) = max I(tw).

(#4) The proof is standard, see e.g. [244]. We omit it here.

The following concentration-compactness principle is due to P.Lions.

Lemma 2.5.([15]) Let {p,} be a sequence of nonnegative L' functions on RN satisfying
fRN pn = 1, where | > 0 is fized. There exists a subsequence, still denoted by {pn}, satisfy-
ing one of the following three possibilities:
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(1) (Vanishing) for all R > 0, it holds

lim sup / pn = 0;
n—+ooyeRY J Br(y)

(ii) (Dichotomy) there exist a € (0,1) and {y,} C RN such that for every e > 0, IR > 0, for

allt > R and v’ > r, it holds
lim sup a—/ Pn +‘(l—a)—/ pn| <€
n—+o0 By (yn) RN\B, (yn)

(iii) (Compactness) there exists {y,} C RY such that, for all e > 0, there exists R > 0 satisfying

liminf/ pn =1 —c.
no+oo Br(yn)

)

Lemma 2.6. Assume (Hy) — (Hz2) hold and q € [4,6). If ¢ < min{me,c*}, then I satisfies

3
. : b25* +4|| K| 0 aS] 2 b3 56
the (P condition, where ¢* = 4 34 1 - .
(PS)e : eg el AT, AR

Proof. Let {u,} C H! be a (PS), sequence of I at the level ¢, i.e.
I(up) = ¢, I(up)—=0 in HL (2.3)
Then, for n large enough,
1 1
ctl+ ”unH > I(un) - ZI/<un)un > Z”unHQv
which implies that {u,} is bounded in H®.

Set
a 1
pule) = §IVua P+ o+ E @Il + (§ = D)@l
Then {p,} is bounded in L'(R?) and, we may assume
D(up) :=|lpnll1 = ¢, as n— oo.

Now, we will apply Lemma 2.5 to {p,,}. To get the compactness of {p,}, it is sufficient to
show that neither vanishing nor dichotomy occurs. If {p,,} vanishes, then {u2} also vanishes,
i.e. there exists R > 0 such that

lim sup / |un|? = 0.
n—ooy€R3 J Br(y)
In view of Lemma 2.2, one has u,, — 0 in L*(R3), 2 < s < 6. Thus,

[, @@t < @l [ funl? 0.

F(’U,n) < O”’Lbn” 12 — 0,
as n — oo. Furthermore,

1 b 2 1
) = 5l + 7 ( [ 1902) = 5 [ K@hual® +o(0), (2.4)
P = el +5( [ 1VanP) = [ K@)l +o01). (2:5)
We may therefore assume that there exist [; > 0 (i = 1,2, 3) such that
lun? = L, b / V| ) 1, / K(@)|un|® = 13, as n— oo,
RS R3
then by I3 + lo = I3, it is easy to see that [; > 0 and hence that l5,l3 > 0. By the Sobolev
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inequality, we have

3
@ [ K@l <o IK o [l <@ IK o (57 [ Fun)” < (K]S
R3 R3 R3

and s . ) . )
o( [ Katual®)" <ok (57 [ 9u?) = vieids2( [ 1vuk)

and so . .
I > aS|K|E (h+1)5 and Iy > bS?||K|2 (I + 1o)3.
By Lemma 2.3, we have

11 l 1abS3+a\/b256+4a||K||ooS3
31T 1" 73 2|/ K| oo
1 <b253\/b256 +4a[[ K053 + 255 + 2||K||ooab53> (2.6)
12 2[| K12, '
2 Q4 4| K % 3 Q6
ab S3+[bS + 4||K || 0o aS] LS

4K 24| K[|, 24| K[|
Hence, it follows from (2.3) — (2.5) that

1 1 b 2 *
¢ =1I(un) = I (un)tin + 0(1) = Zlun|* + ﬁ</R3 \VunIQ) +o(l) = gh + 12l <

which contradicts with ¢ < ¢*. Hence, vanishing does not occur.

Now, we show that dichotomy does not occur. Suppose by contradiction that there exist
a € (0,¢) and {y,} C R? such that for &, — 0, we can choose {R,} C R* with R, — +o0

satisfying
lim sup a—/ Pn +’(C—0¢)—/ "
n—+00 BRn, (yn) RS\BQR»” (yw)

Let £ : RT — [0,1] be a cut-off function satisfying £(s) = 1 for s < 1, £(s) = 0 for s > 2 and
|€'(s)| < 2. Set

on@) = (T2 un@), v = (1= () Yt

n
then by (2.7), we see that
liminf ®(v,) > a and liminf ®(w,) > c— a. (2.8)

n—-+oo n—-+oo

2.7)

In fact,
Plen) = /]RS (§170aF + ” - 12K( Dlonl® + (5 = 2)Q(@) )

q
BRn (yn) RB\BRn (yn)

lim inf ®(v,,) > lim inf Pn + liminf C Pn > Q.

n— oo n—oo BR” (yn) n—oo ]Rg\BRn (yn)

Similarly, one has liminf ®(w,) > ¢ — a.
n—+o00

>

3

Y

then by (2.7),

Denote €, := Bar, (yn) \ Br, (yn), then [, p, — 0 as n — 4oco. Therefore, by direct
computations, we have

/ (a|Vu,|? +02) =0 and / (a|Vw,|* +w?) =0,
Q

n n
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as n — +oo. Hence, we conclude that

a/ |Vun|2:a/ |an|2+a/ |Vw,|? + o(1),

R3
/u /U—i—/w—i—o (2.9)
R3 R3

[ @t = [ Qs+ | Qg o

R3

_— . K(z)ul = . K(z)v8 + /]1{{3 K(z)wS + o(1).
d (/R \Vun|2)2 > (/Rg |wn|2)2 + (/M |an|2>2 +o(1) (2.10)
Fup) > F(on) + Flwn) + o(1). (2.11)

Hence, from (2.9), we deduce that
O (up) = ®(vy) + O(wy) + o(1).
It follows from (2.8) that
c= lim ®(uy,) > liminf ®(v,) + liminf ®(w,) > a+c—a=c.

n—-+oo n—-+oo n—-+oo
Furthermore,
nll}r_sr_loo D(v,) = «, nglfoo O (wy,) =c— a. (2.12)
y (2.3) and (2.9) — (2.11),
0= I"(up)un +o(1) > I'(vp)vy + I'(wy )wy, + o(1). (2.13)

Now, we distinguish two cases.
Case 1. Up to a subsequence, we may assume that either I'(v,)v, < 0 or I'(w,)w, < 0.
Without loss of generality, suppose that I'(v,,)v, < 0, then

a/Rs|an|2+/R3v,2L+F(vn)+b(/ Vo) —u/ Qx /K D08 <0, (214)

By Lemma 2.4, for each n € N; there exists ¢, > 0 such that t,v, € N and I'(t,v,)tpv, = 0,

ie.,

atg/ |vv,,,\2+t3/ v3+t;§F(vn)+bt§L(/ |V, 2 _tqu/ Qo —t, | K(@)eh, =0.
R3 R3 R3

(2.15)
Combining (2.14) and (2.15), we have

2
(8 = )l + (th — ) F () + btk — e ([ [90nf?) 4 6118 [ K@l =0,
R3 R3

which implies that ¢, < 1. Then, by (2.12)
1
c < I(tpvn) = I(tyoy) — ZI’(tnvn)tnvn

R G IR R
gnlin 1 )" e " T12 o n

<O(v,) v a<c
which is a contradiction.
Case 2. Up to a subsequence, we may assume that I'(v,)v, > 0 and I'(w,)w, > 0. By
(2.13), we see that I'(v,)v, — 0 and I'(w,)w, — 0 as n — +o00. In view of (2.9) — (2.11), we
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have
I(up) > I(vy) + I(wy) +o(1). (2.16)

If {y,} C R? is bounded. we deduce a contradiction by comparing I(w,) and m... In this
case,

/]R (Q2) = Qoo)lwnl” < sup |Q(2) = Quollwnlz = sup  [Q@)=Quclfwnlg =0 as n— oo,
3 z€R3

‘1_yn ‘ >R,
and

/‘ (K(2) — Koo)|wn|® =0, as n— oo.
It follows that .
I(wy) = Io(wy) +0(1)  and  o(1) = I'(wy)w, = I (wy)wy, + o(1).

Then by Lemma 2.4, there exist two sequence positive constants t,, — 1 and s,, — 1, such that
tnwWn € Noo, Snv, € N. Thus,

Iwy) = Io(wy) + 0(1) = Ino(tnwy) + 0(1) > meo + 0(1) (2.17)
and

I(vy) = I(spvp) +0(1) > m+ o(1). (2.18)

Therefore, from (2.16) — (2.18), we have ¢ > my + m > Mmoo, a contradiction.

If {y,} C R3 is unbounded, in a similar way, we are led to a contradiction by comparing
I(v,,) and mso. Thus, dichotomy does not happen.

So far, by Lemma 2.5, we know that the sequence {p, } is compact, i.e., there exist {y, } C R3
such that for every € > 0, there exists R > 0, we have fBC (yn) P (z) < &, which implies that
R n

/ (K (@) un | + Q(a)[un?) < e.
B}%(yn)

That is to say, the sequence {K (z)|un|® + Q(x)|u,|?} is also compact. Then {y,} must be
bounded. Otherwise,

@) - Kolul* = [ Q@) - Qulunl? = o(1)
R3 R3
and thus I(u,) = Ioo(un) + o(1) and (I (un),u,) = o(1). By Lemma 2.4, there exist ¢, — 1
such that t,u, € Ns. Hence,
¢ =TI(up) +0(1) = Ino(un) + 0(1) = Ino(tntn) + 0(1) > Mmoo + o(1),

a contradiction. Let u,, — u in H'(R3). Since {y,} is bounded, it is easy to see that u, — u
in L4(R3).

Set h, = u, — u, then
F(hy) < C”hn”% — 0.
By the Brezis-Lieb Lemma [28] and Lemma 2.1, we have
lunll = llull + [[hall + o(1),

K(z)ul = /3 K(z)u® + /3 K (2)hS + o(1),

n

R3 R R
F(hy) = F(un) — F(u) + o(1).
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Therefore, we have

1 b 2
Iun) — I(u) :§||hn||2+1((43|th|2) +2/sth”|2/w|w2)

1 K(z)hS 4 o(1)
6 Jgs

(2.19)

and
o(1) = I' (up)uy — I'(w)u

2 (2.20)
=0 [ VRaP) w20 [ (b [ 9up - [ K@ 4 o1),
R3 R3 R3 R3

[al? — 1, / Vhy, | +2b/ |V, |2/ Vul? = I, / K (2)hS — 1.
then Iy 4 I = I3. If [; > 0, then Iy, I3 > 0. It follows from (2.19), (2.20) and I(u) > 0 that

b
> —||h H2 12((/]R3|wln| ) +2/RS|th|2/RS|Vu| )+o(1)

Let

then like in the proof of (2.6), we have ¢ > cx, a contradiction. Thus l~1 =0, that is u,, = v in
H(R3).

83 Proof of Theorem 1.1

First of all, it is easy to verify that the functional I possesses the mountain pass geometry,
that is, I(0) = 0 and
(i) there exists p’ > 0 such that inf), =, I(u) > 0,
(ii) there exists e € H(R?) such that |le|| > p’ and I(e) < 0.

Now we define

= inf I
T R

where I' = {y € C([0, 1], H'(R?))|4(0) = 0,7(1) = e}.
We will estimate the mountain pass value ¢. For this purpose, we introduce the function
Ue zy € DV2(R?) defined by

c1/4
u =C )
o (e + [z — w0 /e]?)!/?
where C' is normalizing constant and z¢ is given in (Hz). Set v. := @(x — xo/€)Ue 4,, Where

o € C§°(R3) satisfies 0 < p(z) < 1 and ¢(z) = 1 on B,(0), suppp C BQT(O), where 7 is a
174

positive constant. It is well known that S is attained by the functions W Direct
calculation shows that
/ Vo2 = K1+ 0(eh), / 0.8 = K + O(c),. (3.1)
R3 R3
O(e1), te2,3),
/ v |t = s4|ln{—:\) t =3, (3.2)

O ™), te(3,6),
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(3.1) and (3.2), we have

where K7, K are positive constants. Moreover, S = &

K
3v62 1
IR|7U|1=S+O(6§).

(Jes tl?)”

Lemma 3.1. Let 4 < g < 6, then for any pu > 0,
ab g, (0254 + 4]| K| s0aS] 2 b3 S0
4 Klso 24]| K13, 24| K2,

c<cti=

Moreover, if 2 < q < 4, the above inequality still holds provided p is sufficient large.

Proof. It is easy to know that ¢ = ¢; :=  inf maxI(tu) > 0, see for instance [10,24], we
we H\{0} >0

infer that ¢ < max I(tv.). Define function
t=>

t* bt t°
o) = ol + 70 ([ 1veR) =% [ Kol
2 6 Jus

It is clear that g(t) attains its maximum at

, (b(fRa [Vve]?)? + \/bZ(fRs [Vve|2)2 + 4] Koo [|vel1? [ga vsl6)§
0 f—
2| Koo [ga |vel®
and 2 Q4 3 3 g6
ab [62S* + 4|| K ||caS] 2 b3S 1
g(ty) = S3 ¢ + +O(e?).
4 Kl 24| KI% 24| K 1%
By (HQ)a
|K(z) — K(x0)| <8l —xzo|*,  for |z —x0] <p,
thus ‘ '
|z — ao|%e2 €3
| K (z x)\|v| <Cé ———+C —_
/ 0)11Ve B, (w0) (5 + |$ — x0|2)3 B&(wo) (5 + |a7 — x0|2)3
3 P 7“2+a 3 o
< C’éaf/ 723d7“+(1€§/ r~4dr
o (e+71?) P (3.3)

< Coe? + Ces < O(E%).
where we use the fact that 1 < a < 3. Thus, for v, there exists t. > 0, such that t.v. € N and

I(t0.) < supg(®) + =P (0) - 2 / Qo] + / (K (0) — K (2))ve]°

t>0
ab [b254 + 4||K||oca5] 2 b356 N
< SS 0 o . C/ .
T A[Ko * 24| K2, 24||K||go+ (e2) + 3||Ue||1?2 uCy | |uel?,

where C;(i = 3,4) are positive constants, independent from e. Thus to complete the proof, it
suffice to show that

1
iy < ([ =+ el ) =~ (3.4)
R3 5

e—=0 g2
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In fact, the following estimate holds as € — 0 :
) —C1M€6%4q+025, 3<q<6,
/ —pvd + (/ Ivs\%)S < —Cipet|lng| + Coe, ¢ =3, (3.5)
R3 R3 .
— Crue? 4+ Cae, 2<qg<3,
where C;(i = 1,2) are positive constants independent from e. If 4 < ¢ < 6, (3.4) follows from

(3.5) for any p > 0. If 2 < ¢ < 4, in the above inequality one can stress the parameter choosing
pw=¢e7 0>0, to obtain (3.4).

Lemma 3.2. If4 < ¢ < 6, then ¢ < my for any p > 0. If ¢ = 4, then ¢ < myo provided p is
sufficiently large.

Proof. It is easy to check that I, has the mountain pass geometry. Let
L= {7 € (0,1, H' () : 4(0) = 0, L (+(1)) < 0}

and

= inf I (v(1)).
Coo = Inf max, (v(t))

Since 4 < ¢ < 6, it is easy to verify that

Moo = Inf  max I (tu) > 0.
weH(R3) >0

and then using an argument like that in [18], we have
Coo = Moo- (3.6)
As a consequence of mountain pass principle [23], there exists a sequence {u,} C H'(R?) such
that
Ino(up) = oo I (up) — 0.
It is easy to see that {uy} is bounded since 4 < ¢ < 6.

Define wy,(x) := up(x + yn), for y, € R®. We claim that there exists y, € R3 such that
w, — w # 0 in H'(R3). Suppose, on the contrary, that for any y,, € R3, w, — 0 in H*(R?).
We will get a contradiction by proving u,, — 0 in L*(R3), 2 < s < 6. In this case, we claim for
all s € [2,6),

lim sup / |un|® = 0. (3.7)
B1(y)

n—o0,yER3

If this is not true, then there exists s € [2,6), § > 0, such that

limsup / |un|S > ) > 0.
B1(y)

n—o0,y€R3

. 3 . s 5 .
Thus there exists y,, € R” such that 7}1_{1;0 fBl(yn) [un|® > § > 0. Therefore we have lim fBl(O)

n—oo

|wp|® > % > 0, that is w,, — w # 0, a contradiction. Thus (3.7) holds. By Lemma 2.2, we get
u, — 0 in L¥(R3), 2 < s < 6. In particular, we have u, — 0 in LY(R?) and in L (R3). By the

ab g3, [PS'+4|K|caS]? | b2st
. . , 2 kS R HIRTL
which contradicts Lemma 3.1, thus the claim holds. Since Ioo(wy) = Ioo(Un) = Cooy L5 (wn) =

same argument as in the proof of Lemma 2.6, we have ¢ >
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I' (upn) +o(1) — 0, it is standard to show that I’ (w) = 0, which implies
. 1
Coo = lim inf (Ioo(wn) i (wn),wn>)

:hminf[ ||wn||2+—/ Koo|w,|® + %—H)/ Qoo|wn‘q:|
q/ Jrs

> ol + g5 [ Kl (5 =2) [ Qufur
q/ Jgrs

= I (w).
Since w # 0, Ioo(w) > Meoo. From (3.6), Ioo(w) = Meo. Let uy, be the minimizer of my, then
Io(tueo) = max I (tuso). Thus there exists ¢* > 0 such that

¢ <sup I (tuse) = It too) < Too(t oo) < Too(Uoo) = Moo-

>0
The proof is finished.
Now we are in a position to give the proof of Theorem 1.1.

Proof of Theorem 1.1. It follows from Lemma 2.6, 3.1 and 3.2 that I has a nontrivial critical
point u € H(R3). If we replace I by the following functional

1 b 2 1 1 1
Fotw) = ghl? + 3 ([ 1908) + 37 = [ GRIT + Eopt

* = max{#u,0}, then we see that all the above calculations can be repeated word by

where u
word, so I has a nontrivial critical point v € H'(R3). Hence,

0= () = [+ [ 9l [ VP [ o
which implies © > 0, and u is not identically zero, the maximum principle yield u > 0. Thus
(u, ¢, is a positive solution of (1.1).

84 Proof of Theorem 1.2

When 2 < ¢ < 3, the structure of the Nehari manifold N, is delicate, so it seems to be
impossible to compare co, and ms,, which is important to overcome the lack of compactness.
Thus we restrict ourselves to radial functions space H}(R?). As shown in [3], I is invariant
under the group action of O(3), the orthogonal transform in R3, since we assume K and Q are
radial symmetric. By the symmetry critical principle in [24], a critical point u € H}!(R3) for
I‘Hﬁ (r3) is also a critical point for I.

Lemma 4.1. Assume (Hy), (Hz) hold and K, Q are radial functions. If I has a bounded (PS),
sequence with ¢ € (0,¢*), then I has a nontrivial critical point u € H}(R?), for 2 < ¢ < 3, and
w >0 large.
Proof. Let {u,} C H!(R3) be a bounded (PS). sequence of I. Since H}(R?) is compactly
embedded in L*(R3)(2 < s < 6), we may therefore assume that there exists u € H}(R?) such
that

up, —u in HYR?), wu, »u in L°(R?).
Plainly, I’(u) = 0. In this case, we only show that u # 0. Suppose, on the contrary, that u = 0.
Then u,, — 0 in LY(R3?), and F(uy) — 0. Thus

Iun) = 5 lunll + /|wn| ”/K J[ud ° + o(1),
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(un)en) = P45 [ V) = [ K@t o+ 001,
we also assume that as n — oo, there exist [; > 0(2 =1,2,3) such that
l|unl|? = 11, / \Vun| —> la, / K(z)|uf|® — 1.
then l; + I3 = I3. It is clear that [; > 0 and hence that I5,l3 > 0. then

¢ = I(uy) — é[’(un)un +o(1)

1 2 b 2 2
=z — 1
ol + 55 ([ V) o)

1 1

=l + = 1).

3[1 + 1212 +0(1)

Similarly to the proof of (2.6), ¢ > ¢*, a contradiction. Thus u # 0.

Proof of Theorem 1.2. By Lemma 4.1, it is sufficient to construct a bounded (P.S). sequence
{u,} with ¢ # 0 for I. It is easy to see that I has the mountain pass geometry, then there
exists a (PS), sequence {uy} with ¢ > 0 for I, that is

I(u,) = ¢>0, I'(u,)—0, in H ' (R3).
Multiplying —A¢, = u? by |u,| and integrating by parts, we have

1
/ | = / A, un] < / Viun? + / b 2.
R3 R3 R3 4 R3

Thus we deduce that
1
c+ 1+ ||unl > I(u,) — 6<Il(u”)7u”>

1 1
> Sl + 5 [ ud +atwn)

1 1 1
- —HunnZ g+ g [ duud+ gl

for g( =3 f]RS |u|3 + 5 fRS — (£~ %)|Q|00 f]R?» ‘“+|q-
We claim that {u,} is bounded in H!(R?). If not, the following inequality must hold for n
large enough:

glnt? + 55 [ 6 + () <o
Similar to the idea of [19]. Define m = min g, clearly, m < 0. Then, the set {u > 0: g(u) < 0}
is of the form («, 8), with @ > 0. Note that «, 3, m are constants depending only on g. For each
function wu,,, define A, = {z € R?® : u,(z) € (a,3)}. Note that A, is spherically symmetric,
and define p,, = sup{|z| : ¢ € A,}. Since

1 1
0> n2 N u 2 n
> S+ 57 [ duud + glen)

1 1
> = 2, 2

1 1
> < n 2 y u 2 An
> Sl + 57 [ o+ mia,l

one has 1
[mlAnl > < llunll?, (4.2)
which, in particular, implies that |A, | — +oo.
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We now recall the following general result due to Strauss [21]
Ju(z)] < col| ™ ||u] Yu € H,. (4.3)
for some ¢y > 0. Take z € R3, |z| = p,,. Clearly, u,(z) = o > 0. We use inequalities (4.2), (4.3)
to obtain
0 < o =un() < copy, Junll < V8eop, ' (Iml|4a))? = 1Pn <AV (44)
for some ¢; > 0. On the other hand, by (4.1), we have that |m||A \ > o Jas Gu,ul, then

24\m A >/ (bun n = / / )
1] 47T R% R¥ |33—’U|

/ / Uy (@) (y) 70447

- 477 |a? —y\ “Ar o 2p,

= Copn > |An|
for some ¢y > 0, which is a contradiction with (4.4). Thus {u,} is a bounded (PS). sequence
with ¢ > 0 for I, by Lemma 3.1, 4.1 and the symmetry critical principle [23], I has a nontrivial
critical point u, and as in the proof of Theorem 1.1, (u, ¢,,) is a positive solution to problem
(1.1). The proof is completed.
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