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The existence of radial k-admissible solutions for

n-dimension system of k-Hessian equations

HE Xing-yue WANG Jing-jing GAO Cheng-hua*

Abstract. In this paper, we focus on a general n-dimension system of k-Hessian equations.
By introducing some new suitable growth conditions, the existence results of radial k-admissible
solutions of the k-Hessian system are obtained. Our approach is largely based on the well-known

fixed-point theorem.

81 Introduction

In this paper, we aim to investigate the existence of radial k-admissible solutions for the

n-dimensional system by k-Hessian equations like

SkMD?ur)) = fi(—ur, -, —up) in B,
Sk(M(D?uz)) = fo(—ur, -+, —un) in B,
(1)
SeA(D?up)) = ful—uy, -+, —un) in B,
ui(z) =0 on 0B,

where k = 1,2,--- ,n, B={z € R" : || < 1} is a unit ball, the nonlinearity f; satisfies the
condition:

(A) fi € C([0,+0) x [0, +00) X -+ X [0,400),[0,+0)) (i =1,2,--- ,n).

As we all known, the k-Hessian operator Si(A(D?u)) is a classical completely nonlinear
partial differential operator, which is defined as follows

Sp(N(D%w)) = > Ais iy - Aiy, k=1,2,--- ,n.
1<y <ip<--<ip<n

It is clear that Si(A(D?u)) is the sum of all k& x k principal minors Hessian matrix of D?u =

%a“xj, where \(D?u) = (A1, A2, -+, \n) is the vector of eigenvalues of D?u, and A1, A, -+, Ay
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are the eigenvalues of the Hessian matrix D?u.

It is interesting to see that the k-Hessian operator contains a family of operators: the classical
Laplace operator Sy(D?u) = Au for k = 1; the Monge-Ampere operator Sy (D?u) = det(A%u)
for £k = n and other well-known operators. On the study of these operators, several authors
paid more attention and obtained many excellent results, see, for instance [5,6,9,10] and the
references therein.

At the same time, we notice that the discussion of solutions for k-Hessian equation has
become a topic in the current study, see [1,3,4,6-15] and the references therein. In particular, Ma
et al. [7] showed the existence of three radially symmetric k-admissible solutions for k-Hessian
equation with 0-Dirichlet boundary condition under suitable conditions on the nonlinearity.
However, to the best of our knowledge, there are few literatures study the existence of systematic
solutions for the n-dimensional system by k-Hessian equations. In a recent study, Gao et al. [3]
obtained the existence, uniqueness and nonexistence of radial convex solutions for some suitable

constants o and 8 dealed for a coupled system of k-Hessian equations:

Sk(p(D?u1)) = (—u2)® in B,
Sk(u(D?ug)) = (—u1)” in B,
up <0, us <0 in B,
U =us =0 on 0B,

where B is a unit ball in R", n > 2, a and § are positive constants. Thus, it is inspired by the

recent works, we are interested in the existence of radial k-admissible solutions for the form (1).

The function v € C2(B) N C(B) is called k-admissible function if A(D?u) belongs to the set
I'y={XAeR"S;(N\) >0 j=1,2,--- k}.

We know that k-admissible solution is subharmonic by the maximum principle, it is negative

in B. Our research is an improvement and extension of [3].

o Fu(© Fu(o
ix |\ C . . ix \C
FY = liminf =222 F° = liminf —22;
— o0t % c—too M
— F*(c — F(c
FZ.*O = lim sup —* ( ), FZ.*C>O = lim sup —* ( )
c—0+ b c—+00 cPi

. . e —=0 -
Then under some different suitable conditions imposed on F,, F°, F and Fi*oo (here, we may

call them «; or B;-asymptotic growth condition, super-a; or §;-asymptotic growth condition,
and sub-q; or f;-asymptotic growth condition), and some inequalities properties imposed on «;
and B;, we obtain the existence of radial k-admissible solutions to the system (1). It is noted
that the k-asymptotic growth is the case that the constants a; = k and §; = k of a; or ;-
asymptotic growth. Therefore, our conditions here are more flexible than those existing results

and the results here are completely new. Meanwhile, we also make the following assumption:

(B) there exist two pairs of nonnegative continuous functions Fj., F;*(i = 1,2,--- ,n) such that
for any —u;o € {—Uj}, Uz0 7’5 UKo (Z 7é k),
Fiu(—ui0) < fi—ur, —ug, -+, —up) < F'(—ui).

The rest of the present paper is organized as follows. In section 2, we give some preliminary
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work for radial k-admissible solutions. In section 3, we attempt to obtain the existence results
of the radial k-admissible solutions to the n-dimensional system (1).

82 Preliminary results on radial solutions

For the radial solution v(7) with 7 = \/m’ the k-Hessian operator becomes
— —0)(1)\k—1 —o) () k
Sk(MD?v)) = {01]%11(_”)”(7)(()()) +COk (BT o< <,

CR((—v(0))")* =0, T=0.
Based on this, we pay attention to the following boundary value problem:
c— —v) (T)\k— —v1) (T)\ K
CE_1l<_U1)u(T)(w) 1+C’§,_1(%) = f1(v1,v0, -+ ,Un), 0<7<1,

Ch1 (—vg) () (ER2 )Pt ok (S22 ONE — f (009, 0n),  0<T <1,

(2)
Ok, (—vn)(r) (F2eda) Bt ok (S0 ONY — 0y, vg, -y 0,),  0<T <1,
v;(0) = v;(1) = 0.
Let E be the Banach space C[0,1] x --- x C[0, 1] with the norm || 7|| = 1@?<Xn{|vi|1}’ where

n
|vili = max |v;(7)|. Define an operator A: E — F as
0<r<1

A(T)(1) = (A(T) (1), Aa(T) (7)),

where

1 t SNfl
A@0 - [ <tNkk [ Gt ,vn<s>>ds>

Set a sub-cone K = K; X -+- x K,,, then K C FE, and K; := {Ui(T) : 1min3 vi(T) > i|%‘|1}-
<7<y

k

dt, 70,1, i=1,--,n.

It is easy to see that A : K — K is completely continuous. Then, v is the fixed-point of A
if and only if v is a negative solution to problem (2). Furthermore, v is a radially symmetric
k-admissible solution of system (1).

Our main tools depend on the following lemma as well as some suitable estimations.
Lemma 2.1.([2]) Let E be a real Banach space and K C E be a cone. Assume 21, are
bounded, open subsets of E with § € Q1,97 C Qp, and let A : KN (2 \ Q1) — K be a
completely continuous operator such that either

1) [|Av]| < |Jv]l,v € K NIy, and ||Av|| > ||v]|,v € K NOQy; or

(ii) |Av]| > |lvll,v € K N 0Dy, and ||Av|| < |jv||,v € K N ONs.

Then A has a fixed point in K N (Qy \ Q).

§3 Main results for system (1)

k /t SNfl ) &
[ _ds)| at.
(fN‘k 1 Onh

Let

—
I
..u\»a\

e
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We have the following results:

Theorem 3.1. Assume that (A), (B) hold and 0 < «a;, 8; < k,i =1,2,--- ,n. Ifiﬁ = 00,

FT*OO =0, then (1) has at least one radial k-admissible solution.

Proof. Since iﬁ = +400, there exist M > 0 and 0 < r; < 1 such that
Fii(vio) > Mug;, 0 <o <11,

where M satisfies

. 19\ %
=) F > > 1.
lrglrliléln{FMk(4)k}_l
Then for any ' € K N9, , we have

) 1 k tSN—l %
A = [ [ S o)is |
1 N-1
1 k tgN-1 k
i k bgN-t .
Z/}l (tNk/o CMM’%&dS) dt

i k b gN-1 k
> ﬁ W/ C,ki_lM(%inh)aids dt
i 0 UN-1

&4

>TM* ()%

=

24
k

Vi0
a;

> |vio| ® .
Furthermore, there exists an index v;, such that
A > max {valy’ } = r' >,
that is for any v € K N9Q,,, |A(D)|| > || 7]
In addition, it follows from F7 = 0 that there exist a sufficient small 4 > 0 and 75 > 0
such that for any v;p > 7o, we get F;*(vi) < ’yvl%'.
Let

M, = max F’(v).
! 0<v;0<B ' ( ZO)
Then we have

Fi(V) < Ff(vio) < vvfg + M;.
Moreover, we can get

1 t 5N71 k
Ai(ﬁ)(T):/ <tNk_k/0 Cklfi(vl(s),-u,vn(s))ds> dt
T N-—1

1 k t SN_l %
o \?! o On4

1/ 4 3 3
VALY G
<5 (ws o) (5dr)
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Combining this with 8; < k, then there exists a sufficient large constant

1
L NE( .\
> — i ey
w s {3 07 00) (k)|

such that for any ¥ € K N dQx, we have

1
1 | L g
JA(D)] < pax {2 (7|vio A 4 M;)* <Nclj’i,—11> }

By the Lemma 2.1, one can infer that A has at least one fixed point in K N (Qg \ Q). O

Theorem 3.2. Assume that (A), (B) hold and oy, 5; > k. If FT-*O =0 and Fj° = +oo, then
(1) has at least one radial k-admissible solution.

Proof. By the definition of FT»*O = 0, there exist r3 € (0,1) and a sufficient small 6 > 0 with
i ( ko ) < 1 such that

NCxTY
Ff(vio) < dulg, 0 <wi <rs.

For any ¥ € K N (99,,), we have

Ai(ﬁ)(r)=/ <tN k/ oh 1f1 (s), ,vn(s))ds> dt
1< k t N 1 8 >i
</ 7_/ dvjgds | dt
- tN k o C[k\:f 11
1 £ooom
<3 (et ual?

Bi
< |violf" -
Combining this with 8; > k, we have

AV :

; <
AN < max {loal } < ra
which implies that for any ¥ € K N (89,.), |A(Y)| < | 7]

=

Besides, by the definition of F;}° = 400, there exist M > 0 and r4 > 73 such that
Fii(vio) > Mugj, v > 1y,
where M satisfies

min {FMk(4) 3 } > 1.

Set R = 4ry + 1, and let

D,L' = min Fz*( lo)
0<v;0<p0
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If | 7] = |vio]s = R, then for ¥ € K N0Qg, we can get

1 N1 ®
A(T) (L) :/1 (tNkk/o C,ki,lfi(’l)l(:?),n- ’Un(s))d8> dt
1 N-—1

=

k t gN-1
1 N-1

i k baN=1
2/ 7,/ vaffd5> dt
I (tN g I (o)

=

1
_ &
k tSNl

— 7]/\4\1111- Yids | dt
tN—k %C]]i/__ll (4| 0|1) )

Moreover, we get that

max {Az(ﬁ)(i)} > max

1<i<n

—
=
K=
— R'L?
—
)

=

——

Combining this with Lemma 2.1, A has at least one fixed point in K N (Q5 \ Q).
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