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The existence of radial k-admissible solutions for

n-dimension system of k-Hessian equations

HE Xing-yue WANG Jing-jing GAO Cheng-hua∗

Abstract. In this paper, we focus on a general n-dimension system of k-Hessian equations.

By introducing some new suitable growth conditions, the existence results of radial k-admissible

solutions of the k-Hessian system are obtained. Our approach is largely based on the well-known

fixed-point theorem.

§1 Introduction

In this paper, we aim to investigate the existence of radial k-admissible solutions for the

n-dimensional system by k-Hessian equations like

Sk(λ(D
2u1)) = f1(−u1, · · · ,−un) in B,

Sk(λ(D
2u2)) = f2(−u1, · · · ,−un) in B,

· · ·

Sk(λ(D
2un)) = fn(−u1, · · · ,−un) in B,

ui(x) = 0 on ∂B,

(1)

where k = 1, 2, · · · , n, B = {x ∈ Rn : |x| < 1} is a unit ball, the nonlinearity fi satisfies the

condition:

(A) fi ∈ C([0,+∞)× [0,+∞)× · · · × [0,+∞), [0,+∞)) (i = 1, 2, · · · , n).
As we all known, the k-Hessian operator Sk(λ(D

2u)) is a classical completely nonlinear

partial differential operator, which is defined as follows

Sk(λ(D
2u)) =

∑
1≤i1<i2<···<ik≤n

λi1λi2 · · ·λik , k = 1, 2, · · · , n.

It is clear that Sk(λ(D
2u)) is the sum of all k × k principal minors Hessian matrix of D2u =

∂2u
∂xi∂xj

, where λ(D2u) = (λ1, λ2, · · · , λn) is the vector of eigenvalues of D
2u, and λ1, λ2, · · · , λn
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are the eigenvalues of the Hessian matrix D2u.

It is interesting to see that the k-Hessian operator contains a family of operators: the classical

Laplace operator Sk(D
2u) = ∆u for k = 1; the Monge-Ampère operator Sk(D

2u) = det(∆2u)

for k = n and other well-known operators. On the study of these operators, several authors

paid more attention and obtained many excellent results, see, for instance [5,6,9,10] and the

references therein.

At the same time, we notice that the discussion of solutions for k-Hessian equation has

become a topic in the current study, see [1,3,4,6-15] and the references therein. In particular, Ma

et al. [7] showed the existence of three radially symmetric k-admissible solutions for k-Hessian

equation with 0-Dirichlet boundary condition under suitable conditions on the nonlinearity.

However, to the best of our knowledge, there are few literatures study the existence of systematic

solutions for the n-dimensional system by k-Hessian equations. In a recent study, Gao et al. [3]

obtained the existence, uniqueness and nonexistence of radial convex solutions for some suitable

constants α and β dealed for a coupled system of k-Hessian equations:

Sk(µ(D
2u1)) = (−u2)

α in B,

Sk(µ(D
2u2)) = (−u1)

β in B,

u1 < 0, u2 < 0 in B,

u1 = u2 = 0 on ∂B,

where B is a unit ball in Rn, n ≥ 2, α and β are positive constants. Thus, it is inspired by the

recent works, we are interested in the existence of radial k-admissible solutions for the form (1).

The function u ∈ C2(B) ∩ C(B̄) is called k-admissible function if λ(D2u) belongs to the set

Γk = {λ ∈ Rn|Sj(λ) > 0 j = 1, 2, · · · , k}.
We know that k-admissible solution is subharmonic by the maximum principle, it is negative

in B. Our research is an improvement and extension of [3].

Let

F 0
i∗ = lim inf

c→0+

Fi∗(c)

cαi
, F∞

i∗ = lim inf
c→+∞

Fi∗(c)

cαi
;

F ∗
i

0
= lim sup

c→0+

F ∗
i (c)

cβi
, F ∗

i

∞
= lim sup

c→+∞

F ∗
i (c)

cβi
.

Then under some different suitable conditions imposed on F 0
i∗, F

∞
i∗ , F

∗
i

0
and F ∗

i

∞
(here, we may

call them αi or βi-asymptotic growth condition, super-αi or βi-asymptotic growth condition,

and sub-αi or βi-asymptotic growth condition), and some inequalities properties imposed on αi

and βi, we obtain the existence of radial k-admissible solutions to the system (1). It is noted

that the k-asymptotic growth is the case that the constants αi = k and βi = k of αi or βi-

asymptotic growth. Therefore, our conditions here are more flexible than those existing results

and the results here are completely new. Meanwhile, we also make the following assumption:

(B) there exist two pairs of nonnegative continuous functions Fi∗, F
∗
i (i = 1, 2, · · · , n) such that

for any −ui0 ∈ {−uj}, ui0 ̸= uk0 (i ̸= k),

Fi∗(−ui0) ≤ fi(−u1,−u2, · · · ,−un) ≤ F ∗
i (−ui0).

The rest of the present paper is organized as follows. In section 2, we give some preliminary
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work for radial k-admissible solutions. In section 3, we attempt to obtain the existence results

of the radial k-admissible solutions to the n-dimensional system (1).

§2 Preliminary results on radial solutions

For the radial solution v(τ) with τ =
√∑n

i=1 x
2
i , the k-Hessian operator becomes

Sk(λ(D
2v)) =

{
Ck−1

N−1(−v)′′(τ)
( (−v)′(τ)

τ

)k−1
+ Ck

N−1

( (−v)′(τ)
τ

)k
, 0 < τ < 1,

Ck
N ((−v(0))′′)k = 0, τ = 0.

Based on this, we pay attention to the following boundary value problem:

Ck−1
N−1(−v1)

′′(τ)
( (−v1)

′(τ)
τ

)k−1
+ Ck

N−1

( (−v1)
′(τ)

τ

)k
= f1(v1, v2, · · · , vn), 0 < τ < 1,

Ck−1
N−1(−v2)

′′(τ)
( (−v2)

′(τ)
τ

)k−1
+ Ck

N−1

( (−v2)
′(τ)

τ

)k
= f2(v1, v2, · · · , vn), 0 < τ < 1,

· · ·

Ck−1
N−1(−vn)

′′(τ)
( (−vn)

′
n(τ)

τ

)k−1
+ Ck

N−1

( (−vn)
′(τ)

τ

)k
= fn(v1, v2, · · · , vn), 0 < τ < 1,

v′i(0) = vi(1) = 0.

(2)

Let E be the Banach space C[0, 1]× · · · × C[0, 1]︸ ︷︷ ︸
n

with the norm ∥−→v ∥ = max
1≤i≤n

{|vi|1}, where

|vi|1 = max
0≤τ≤1

|vi(τ)|. Define an operator A : E → E as

A(−→v )(τ) = (A1(
−→v )(τ), · · · , An(

−→v )(τ)),

where

Ai(
−→v )(τ) =

∫ 1

τ

(
k

tN−k

∫ t

0

sN−1

Ck−1
N−1

fi(v1(s), · · · , vn(s))ds

) 1
k

dt, τ ∈ [0, 1], i = 1, · · · , n.

Set a sub-cone K = K1 × · · · ×Kn, then K ⊂ E, and Ki :=
{
vi(τ) : min

1
4≤τ≤ 3

4

vi(τ) ≥ 1
4 |vi|1

}
.

It is easy to see that A : K → K is completely continuous. Then, v is the fixed-point of A

if and only if v is a negative solution to problem (2). Furthermore, v is a radially symmetric

k-admissible solution of system (1).

Our main tools depend on the following lemma as well as some suitable estimations.

Lemma 2.1.([2]) Let E be a real Banach space and K ⊂ E be a cone. Assume Ω1,Ω2 are

bounded, open subsets of E with θ ∈ Ω1,Ω1 ⊂ Ω2, and let A : K ∩ (Ω2 \ Ω1) → K be a

completely continuous operator such that either

(i) ∥Av∥ ≤ ∥v∥, v ∈ K ∩ ∂Ω1, and ∥Av∥ ≥ ∥v∥, v ∈ K ∩ ∂Ω2; or

(ii) ∥Av∥ ≥ ∥v∥, v ∈ K ∩ ∂Ω1, and ∥Av∥ ≤ ∥v∥, v ∈ K ∩ ∂Ω2.

Then A has a fixed point in K ∩ (Ω2 \ Ω1).

§3 Main results for system (1)

Let

Γ =

∫ 3
4

1
4

(
k

tN−k

∫ t

1
4

sN−1

Ck−1
N−1

ds

) 1
k

dt.
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We have the following results:

Theorem 3.1. Assume that (A), (B) hold and 0 < αi, βi < k, i = 1, 2, · · · , n. If F 0
i∗ = +∞,

F ∗
i

∞
= 0, then (1) has at least one radial k-admissible solution.

Proof. Since F 0
i∗ = +∞, there exist M > 0 and 0 < r1 < 1 such that

Fi∗(vi0) ≥ Mvαi
i0 , 0 ≤ vi0 ≤ r1,

where M satisfies

min
1≤i≤n

{
ΓM

1
k ( 14 )

αi
k

}
≥ 1.

Then for any −→v ∈ K ∩ ∂Ωr1 , we have

Ai(
−→v )(14 ) =

∫ 1

1
4

(
k

tN−k

∫ t

0

sN−1

Ck−1
N−1

fi(v1(s), · · · , vn(s))ds

) 1
k

dt

≥
∫ 3

4

1
4

(
k

tN−k

∫ t

0

sN−1

Ck−1
N−1

Fi∗(vi0)ds

) 1
k

dt

≥
∫ 3

4

1
4

(
k

tN−k

∫ t

0

sN−1

Ck−1
N−1

Mvαi
i0 ds

) 1
k

dt

≥
∫ 3

4

1
4

(
k

tN−k

∫ t

0

sN−1

Ck−1
N−1

M( 14 |vi0|1)
αids

) 1
k

dt

≥ ΓM
1
k ( 14 )

αi
k |vi0|

αi
k

≥ |vi0|
αi
k .

Furthermore, there exists an index vi0 such that

∥A(−→v )∥ > max
1≤i≤n

{
|vi0|

αi
k
1

}
= r

αi
k
1 ≥ r1,

that is for any −→v ∈ K ∩ ∂Ωr1 , ∥A(−→v )∥ > ∥−→v ∥.

In addition, it follows from F ∗
i

∞
= 0 that there exist a sufficient small γ > 0 and r2 > 0

such that for any vi0 > r2, we get F ∗
i (vi0) ≤ γvβi

i0 .

Let

Mi = max
0≤vi0≤ϱ

F ∗
i (vi0).

Then we have

fi(
−→v ) ≤ F ∗

i (vi0) ≤ γvβi

i0 +Mi.

Moreover, we can get

Ai(
−→v )(τ) =

∫ 1

τ

(
k

tN−k

∫ t

0

sN−1

Ck−1
N−1

fi(v1(s), · · · , vn(s))ds

) 1
k

dt

≤
∫ 1

0

(
k

tN−k

∫ t

0

sN−1

Ck−1
N−1

(γvβi

i0 +Mi)ds

) 1
k

dt

≤ 1

2

(
γvβi

i0 +Mi

) 1
k

(
k

NCk−1
N−1

) 1
k

.
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Combining this with βi ≤ k, then there exists a sufficient large constant

R :≥ max
1≤i≤n

{
1

2

(
γR

βi
+Mi

) 1
k

(
k

NCk−1
N−1

) 1
k

}
such that for any −→v ∈ K ∩ ∂ΩR, we have

∥A(−→v )∥ ≤ max
1≤i≤n

{
1

2

(
γ|vi0|βi +Mi

) 1
k

(
k

NCk−1
N−1

) 1
k

}

≤ max
1≤i≤n

{
1

2

(
γR

βi
+Mi

) 1
k

(
k

NCk−1
N−1

) 1
k

}
≤ R = ∥−→v ∥.

By the Lemma 2.1, one can infer that A has at least one fixed point in K ∩ (ΩR \ Ωr1). �

Theorem 3.2. Assume that (A), (B) hold and αi, βi ≥ k. If F ∗
i

0
= 0 and F∞

i∗ = +∞, then

(1) has at least one radial k-admissible solution.

Proof. By the definition of F ∗
i

0
= 0, there exist r3 ∈ (0, 1) and a sufficient small δ > 0 with

1
2

(
kδ

NCk−1
N−1

)
≤ 1 such that

F ∗
i (vi0) ≤ δvβi

i0 , 0 ≤ vi0 ≤ r3.

For any −→v ∈ K ∩ (∂Ωr3), we have

Ai(
−→v )(τ) =

∫ 1

τ

(
k

tN−k

∫ t

0

sN−1

Ck−1
N−1

fi(v1(s), · · · , vn(s))ds

) 1
k

dt

≤
∫ 1

τ

(
k

tN−k

∫ t

0

sN−1

Ck−1
N−1

δvβi

i0 ds

) 1
k

dt

≤ 1

2

(
kδ

NCk−1
N−1

) 1
k

|vi0|
βi
k
1

≤ |vi0|
βi
k
1 .

Combining this with βi ≥ k, we have

∥A(−→v )∥ < max
1≤i≤n

{
|vi0|

βi
k
1

}
≤ r3,

which implies that for any −→v ∈ K ∩ (∂Ωr3), ∥A(−→v )∥ < ∥−→v ∥.

Besides, by the definition of F∞
i∗ = +∞, there exist M̂ > 0 and r4 > r3 such that

Fi∗(vi0) ≥ M̂vαi
i0 , vi0 ≥ r4,

where M̂ satisfies

min
1≤i≤n

{
ΓM̂

1
k ( 14 )

αi
k

}
≥ 1.

Set R̃ = 4r4 + 1, and let

Di = min
0≤vi0≤ϱ̃

Fi∗(vi0).
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If ∥−→v ∥ = |vi0|1 = R̃, then for −→v ∈ K ∩ ∂ΩR̃, we can get

Ai(
−→v )(14 ) =

∫ 1

1
4

(
k

tN−k

∫ t

0

sN−1

Ck−1
N−1

fi(v1(s), · · · , vn(s))ds

) 1
k

dt

≥
∫ 3

4

1
4

(
k

tN−k

∫ t

1
4

sN−1

Ck−1
N−1

Fi∗(vi0)ds

) 1
k

dt

≥
∫ 3

4

1
4

(
k

tN−k

∫ t

1
4

sN−1

Ck−1
N−1

M̂vαi
i0 ds

) 1
k

dt

≥
∫ 3

4

1
4

(
k

tN−k

∫ t

1
4

sN−1

Ck−1
N−1

M̂( 14 |vi0|1)
αids

) 1
k

dt

≥ ΓM̂
1
k ( 14 )

αi
k |vi0|

αi
k
1

≥ |vi0|
αi
k
1

and for i ̸= j, we also have

Aj(
−→v )(14 ) =

∫ 1

1
4

(
k

tN−k

∫ t

0

sN−1

Ck−1
N−1

fj(v1(s), · · · , vn(s))ds

) 1
k

dt

≥
∫ 3

4

1
4

(
k

tN−k

∫ t

1
4

sN−1

Ck−1
N−1

Fj∗(vj0)ds

) 1
k

dt

≥
∫ 3

4

1
4

(
k

tN−k

∫ t

1
4

sN−1

Ck−1
N−1

Djds

) 1
k

dt

≥ ΓD̂j

1
k
.

Moreover, we get that

max
1≤i≤n

{
Ai(

−→v )( 14 )
}
> max

{
|−→v i0|

αi
k
1 ,ΓD̂j

1
k

}
≥ |−→v i0|

αi
k
1 = R̃

αi
k ≥ R̃ = ∥v∥.

Combining this with Lemma 2.1, A has at least one fixed point in K ∩ (ΩR̃ \ Ωr4). �
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