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A novel three-step implicit iteration process for three
finite family of asymptotically generalized

d-hemicontractive mapping in the intermediate sense

Godwin Amechi Okeke! Austine Efut Ofem?3

Abstract. In this paper, we introduce a three-step composite implicit iteration process for
approximating the common fixed point of three uniformly continuous and asymptotically gen-
eralized ®-hemicontractive mappings in the intermediate sense. We prove that our proposed
iteration process converges to the common fixed point of three finite family of asymptotically
generalized ®-hemicontractive mappings in the intermediate sense. Our results extends, im-

proves and complements several known results in literature.

81 Introduction and Preliminaries

Let E be an arbitrary real Banach space with dual E*. We denote by J the normalized
duality mapping from F into 2F° defined by
J(@) ={f" € EB*: (z, ") = |z|* = | f*|I*}, Vo € X, (1.1)
where (.,.) denotes the generalized duality pairing. Let j denote the single-valued-normalized
duality mapping.
In the sequel, we give the following definitions which will be useful in this study.
Definition 1.1. Let K be a nonempty subset of real Banach space F. A mapping T : K — K

is said to be:

(1) strongly pseudocontractive (Kim et al. [13]) if for all x,y € K, there exists a constant
ke (0,1) and j(x —y) € J(z — y) satisfying
(Tz — Ty, j(x —y)) < kllz —yl|* (1.2)

(2) ¢-strongly pseudocontractive (Kim et al. [13]) if for all z,y € K, there exists a strictly
increasing function ¢ : [0, 00) — [0, 00) with ¢(0) = 0 and j(z — y) € J(x — y) satisfying
(Tz =Ty, j(x —y)) < |z —yl* = d(llz = yl)lz -yl (1.3)
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In [23], it was proved that the class of strongly pseudocontractive mappings is a proper
subclass of ¢-strongly pseudocontractive mappings. By taking ®(¢) = t¢(t), where ¢ :
[0,00) — [0,00) is a strictly increasing function with ¢(0) = 0. However, the converse is
not true.

generalized ®-pseudocontractive (Albert et al. [1] , Chidume and Chidume [3]) if for all
x,y € K, there exists a strictly increasing function @ : [0, 00) — [0, 00) with ®(0) = 0 and
jlx —y) € J(x — y) satisfying

(Tz — Ty, j(x —y)) < |lz —ylI” — @(|lz — yl)). (1.4)
The class of generalized ®-pseudocontractive mappings is also called uniformly pseu-
docontractive mappings (see [3]). Clearly, the class of generalized ®-pseudocontractive
mappings properly contains the class of ¢-pseudocontractive mappings;

generalized ®-hemicontractive if F(T) = {x € K : Tx =z} # 0, and there exists a strictly
increasing function ® : [0, 00) — [0, 00) with ®(0) = 0, such that for all z € K, p € F(T),
there exists j(x — p) € J(x — p) such that the following inequality holds:

(Tz —p,j(z —p)) < llz—pl* = @(|lz — pl). (1.5)
Clearly, the class of generalized ®-hemicontractive mappings includes the class of gener-
alized ®-pseudocontractive mappings in which the fixed points set F'(T") is nonempty;

asymptotically generalized ®-pseudocontractive (Kim et al. [13]) with sequence {h,} C
[1,00) and 7Lh_}ngo h, = 1, if for each z,y € K, there exist a strictly increasing function
® : [0,00) — [0, 00) satisfying

(T = T"y, j(x = y)) < hnllz =yl = 2|z - y])). (1.6)
The class of asymptotically generalized ®-pseudocontractive mappings is a generalization
of the class of strongly pseudocontractive maps and the class of ¢-strongly peudocontrac-

tive maps. The class of asymptotically generalized ®-pseudocontractive mappings was
introduced by Kim et al. [13] in 2009;

asymptotically generalized ®—hemicontractive with sequence {h,} C [1,00) and nh_{rgo hn =
1 if there exist a strictly increasing function @ : [0, 00) — [0, 00) with ®(0) = 0, such that
for each z € K, p € F(T), there exists j(z — p) € J(z — p) such that the following
inequality holds:

(T" = p,j(@ = p)) < hnllz = pl* = 2(||z — pl])- (L.7)
Clearly, every asymptotically generalized ®—pseudocontractive mapping with a nonempty
fixed point set is an asymptotically generalized ®—hemicontractive mapping.

asymptotically generalized ®-hemicontractive in the intermediate semse with sequence
{hn} C [1,00) and nh—{go hp, =11 F(T) # 0 and for each n € N, z € K and p € F(T),
there exists a strictly increasing function ® : [0,00) — [0,00) with ®(0) = 0 and
jlx —p) € J(x — p) satistying

limsup  sup  ((T"x—p,j(a—p)) — halle —pl? + Ol —pl) 0. (18)
n—oo (z,p)eKXF(T)
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Set
T, = max {0, sup  ((T"x —p,j(z = p)) = hallz = pl* + (|| pll))}
(z,p)EKXF(T)

It follows that 7, > 0, 7,, — 0 as n — co. Hence, (1.8) yields the following inequality:
(I"z —p,j(z = p)) < hallz = p|* + 70 — (|| — p])- (1.9)

This class of mapping was first introduced and studied by Okeke et al. [22]. Clearly, the

class of asymptotically generalized ®-hemicontractive mapping in the intermediate sense

is more general than the class of asymptotically generalized ®-hemicontractive mappings.

Hence, the class of asymptotically generalized ®-hemicontractive mappings in the inter-

mediate sense is the most general so far introduced in literature since it includes the class

of asymptotically generalized ®-hemicontractive maps.

For recent results on the approximation of fixed points of mappings which are asymptotically
generalized ®-hemicontractive mappings (see for example, [2—4,9,25] and the references there in)
and for recent results on the approximation of fixed points of mappings which are asymptotically
generalized ®-hemicontractive mappings in the intermediate sense, (see for example, Chidume
et al. [7], Okeke et al. [22], Olaleru and Okeke [20], Kaczor et al. [10], Qin et al. [24], and the
references contained therein). Also, there exist several other recent papers relating to this class
of mappings (see for example, [11,12,15-18,21,30,32] and the references therein).

Recently, Okeke and Olaleru [19] introduced the following three-step explicit iterative scheme
with errors for the approximation of the unique common fixed point of a family of strongly
pseudocontractive maps as follows:

o € K,
Tnt1 = (1 —ay — Bn — en)Tn + anTyn + BTz + eptin,
yn = (1 —an — by —€,)xn + anSzy + by Sxyy + €] vp,
zn=(1—cp—el)axn + cnHry + elwy,
where {an}, {Bn}, {en}, {an}, {bn}, {€,}, {cn}, {€} are real sequences in [0,1], {un}, {vn}
and {w,} are bounded sequences in K.

vn > 1, (1.10)

Motivated and inspired by Okeke and Olaleru [19] as well as the above results, we introduce
a modified three-step composite implicit iteration process for finite family of 3 asymptotically
generalized ®-hemicontractive mappings in the intermediate sense defined as follows:
o € K,
Tp=(1=ap—bp)Tn_1+ an,T;ES;)yn + bnTZES;
Yo =1 —al, =0 ))zn_1 + a;Sf((n"))zn + b;le((n"))xn,
zn=(1—a)x, + a;;Hf(ES)xn
where {a,}, {bn}, {al,}, {b,}, {al} are real sequences in [0, 1] satisfying a,+b, < 1, al, +b], <1
and n = (k—1)N+14,i=1in) € {1,2,..,N}, k = k(n) > 1 is some positive integers and
k(n) — o0 as n — 0.

)
Zns

vn > 1, (1.11)

In the sequel, we will need the following Lemmas.

Lemma 1.2. ( [2]). Let J : E — 2F" be the normalized duality mapping. Then for any
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z,y € F, one has
2 +yl1? < [lz|* + 2(y,j(x + y)), Vi(z+y) € J(z+y). (1.12)

Lemma 1.3. (see [2]). Let ® : [0,00] — [0,00) be a strictly increasing function with ®(0) =0
and let {pn},{ \},{ttn} be nonnegative real sequences such that >, A, = oo, lim u, = 0.
n— o0

n=1

Suppose that

pELJrl < P721 = An®@(pnt1) + Appin, n > 1. (1.13)
Then
lim p, = 0. (1.14)

n—oo

82 Main results

Theorem 2.1. Let K be a nonempty closed conver subset of a real Banach space E. Let N > 1
be a positive integer and I = {1,2,3,..., N}. Let T; : K — K be an asymptotically generalized ®-
hemicontractive mapping in the intermediate sense with sequence {n’} C [1,00), where ni — 1
as n — oo. Let S; : K — K be an asymptotically generalized ®-hemicontractive mapping in
the intermediate sense with sequence {C.} C [1,00), where ¢! — 1 asn — oo and H; : K —
K be an asymptotically generalized ®-hemicontractive mapping in the intermediate sense with
sequence {t'} C [1,00), where t!, — 1 as n — oo, for each i € I. Furthermore, let T;(K)
be bounded, T;, S; and H; be uniformly continuous for each i € I. Let h, = max{n,,(,,tn},
where n, = max{n®, :i € I}, ¢, = max{¢} :i € I} and t,, = max{t! : i € I}. Assume that
F = (% FT) O FS) O F) # 0. Tet {an}, (b}, {al}, {8} and {2}
be sequences in [0,1] such that an + b, < 1 and a], + b, < 1, for each n > 1. Let {x,} be a
sequence generated in (1.11). Put

@, =max{0, sup  (T7'z—p,j(x—p)—mlz—pl*+ ®i(|lz - pll))},
(z,p)EKXF(T)

%—maX{O, sup (<S?wp,j(xp)>CZIprler‘I’i(fﬂpl))} and
(xz,p)EKXF(T)

19%=ma><{0, sup ((H?w—p,j(w—p»—tilx—p|2+¢i(|w—p||))}'
(#:p)EK X F(T)

Let 1, = max{wy, ln,V,}, where @, = max{w! :i € I}, ¢, = max{{} :i € I} and VI, =
max{¥% :i € I'}. Let ®(p) = max{®;(p) : i € I}, for each p > 0. Assume that the following
conditions are satisfied:

.

(i) lim (a, +b,) =0= lim o), = lim b, = lim al;
n—0o0 oo

n— oo n—oo n—

(i) 3 (an +ba) = o0;

Then the sequence {x,} defined by (1.11) converges strongly to a point in F.
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Proof. Fixing p € F, since T; has a bounded range, we let
= llzo =PIl +sup IT05 g — |+ sup | TG 20 — o] (21)

i(n)

Obviously, M; < co. It is clear that ||ac0 —p| < M. Let ||xn,1 —p|| < M;. Next we prove that
Hxn _pH S M1~
Using (1.11) we obtain that

= ||(1fanfb ><xn_1—p>+an<T(z))ynfp>
+0n, ( Z(n) Zn_ pll

< (1= ap = b)|zas — pll + anl| TSy — pll
FTE 20 —
(1 —ay — by) My + an My + by M,y
= M.
So, from the the demonstration above, it follows that the sequence {|z, — p||} is bounded.

Since H; is uniformly continuous, it follows also that {||Hlk(7:;)

My = max{M;, sup{||Hk(,S)$n pll}}

—p||} is also bounded. Setting

thus, we obtain

2 =pl = (0= a")o+ " B,
= (1= a")(wn —p) +a" (H[ w0 = )]
< (1= a")an —pll + " | H D 2, )
< (1—d" )My +ad" M,
< (1—d")My+a"M,

M.

Again, from the above demonstration, we can conclude that the sequence {||z,, —p||} is bounded.

Since S; is uniformly continuous, it follows that {HS:“(:) z, — pl|} and {HS,((:) — pl|} are
bounded.
Denote

M = su Sk(n)zn —p|| + su Sk(n)xn —p|| + M.
Using (1.11), Lemma 1.2 and (1.9) we obtain
|z — pH2 = (1 =an—bp)rp_1+ anTl(El) Yn + by T Zn — Dl

||(]- — Qp — bn)(xnfl - p) + a’n(T (( ))yn - p)
b (T2, — )2
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where

IN

IN

IN

IA

(1= an = bp)?|wn—1 — plI* + 2(an (T4 yn — p)

(T3 20 = ). (e — D)
(1= an = bn)*|2 1 — |
+2a, (T} Yy — p, i (20 — p))

+2bu (T} 2 = p, j(@n — P))

(1= an = bn)*|20 1 — |

+2ay,( :z(r)b)yn - le(g)xn + T(g))xn P, j(xn — D))
+2b, (T ]zg)zn —T’z( ))xn —l—T(SL))xn D, J(zn — D))
(1= an = bn)?|z 1 — |

+2a, (T} y = Ty 2, (0 — )

+2an (T3 — p, (20 — p))

+2b (T 2 — T, (0 — )

+2bn (T, (,29 n =P (@0 = D))

(1= an — bn)?|2 1 — |

+2a, | Ty = T 2|2 — pll

+2nl| T3 20— T wallln — ol
+2an{ () |20 = DII* + 7o) — Pl — pl)}
+2b { ooy 2 = PII + Ty — (|l — pI)}

(1= an = ba)?|2n-1 — plI* + 2an€l + 26,57,

+2a o |70 — D12 + 2007y — 200 @2 — pl)
+2bn iy 1 = DI + 2607y — 260 @ (|22 — pl))
(1= @ — ba)?||20—1 = p|* = 2(an + ) @(||2, — p])
+2(an + b 10 — pI? + 2(an€l, + badl)
+2(an + bp) T(n)

(1= an = ba)?||2n—1 = p|* = 2(an + b)) (|| — p|)
+2(an + bn)hi(y 2 — plI* + 2(an + b,) max{g},, 6;,}
+2(an + bp) Ti(n)

7 k(n
3 = MHT(TL) Yn — T‘(El))xn”

3

o = M|TY s — T,
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(2.2)
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From (1.11) we have

Hyn 71’71”

<

IN
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lyn — Tn—1+ Tn—1 — Tn|

[y = -1l + [Tn—1 — zn]
(1 —al, =0 )xHn_1+ anSl(n)
b, S, — |

llzn_1 = [(1 = ap — bn)Tn_1
—I—anTi]zS;)yn + b, T.k(n)z |

lar, (S 2n = 1) + B (SE 20 — 21|

lan(zn_1 — T.(< ))yn) + by (Tt — Tﬁi’i’zn)”

Vol. 38, No. 2

(HSz(n) Zn = pll + | Tn—1 — pll) + b (Hsl(n) Tp = pll + |01 —pll)

k(n)

Fllzn—1 = pl) + an(l ;) yn = pll + 1201 = pll)

k(n
+on (175 20 = pll + 121 = pII) + l2n—1 — pI)

2a;, M + 2b), M + 2a, M + 2b, M
2M (al, + b, + an + by).

From the condition (i) and (2.3), we obtain

n—00

and the uniform continuity of T; leads to

thus, we have

Again from (1.11) we have

hm ]\4||TZ () Yn — Tl(fz Zn|| =0,
lim & = 0.
n—oo
lzn = zall = [(1 = a")an + al) H W), —

k(n
lag (H 20 = 20)]

i (B = p+p = @)

From the condition (i) and (2.6), we obtain

and the uniform continuity of T; leads to

thus, we have

k(n
< a1 H w0 — pll + [l — pl)
< a'(M+ M)
= 2aZM.
lim ||Zn - xn” = 07
n—oo
lim MHT - Tk(n)a:nH =0,
n— oo i(n)
lim &% = 0.

n—oo
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From (2.2) we obtain

O(||lzn —pl)

1—a, —b,)? 2(a, + by,
lon—pl? < — ) (an + bn)
1-— 2(an + bn)hk(n) 1-— (an +b )hk(n)
2(an + b”)Tk(”) 2(0"” + b ) max{fn, n}
11— 2(an + bn)hk(n) 1- 2(a'n + bn)hk(n
1—a, —b,)?—{1—2(ay +bn)him
1-— Q(G,n + bn)hk-(n)

2(an + bp)Ti(n)

2(a, + by,
11— 2((an + bn))hk( )@(Hﬁtn - p||) * 1 —2(an + bn)hk(n)
2(an + bn) max{§&;,, o, }
1 —2(an + bn)hin)
[1 N 1 —2(an 4+ by) + (an +b,)% — 14+ 2(apn + by)hy,
1—-2(a, + bn)hk‘(n)

lzn—1 = pII* =

] T

(a’n +b )Tk(n
1-— (an + bn)hk(n)

2(ap, + by)
1-— 2(an + bn)hk(n)
2(an + bn) max{¢}, 9, }
1- 2((1" + bn)hk(n)
(an +b,)? + 2(an + by)(hy — 1) 5
[#n—1 — pll
1-2(a, + bn)hk(n)
2(ay, + by)

®(||zn — pll) +

_ {H

2(an =+ bn) ()

1= 2(an + bo)hre) ®lllen =rl) + 150 =300,
e 210
Since (an + bn) —+ 0, hyy) — 1 as n — 0o, there exists a positive integer ng such that
% <1 —2(an + bp)hym) <1 Vn > nyg. (2.11)
Therefore, it follows from (2.10) that
lzn =Pl < L4 2(an + ba){(an +bn) + 2(hkem) — DY llzn-1 - pl®
—2(an + bn)@([|zn = pll) + 4(an + bn)T(n)
+4(ay, + by) max{¢’, 6%
< zn—r = pl® = 2(an +ba) ([l — pl)
+2(an + bn){(an + by) + 2(hyn) — 1)IM? + 4(an + by) i)
+4(ay + by) max{¢’, 55}
= |lwa—1 = pl* = 2(an +ba)@(|[zn — pl) + 2(an + by)[M*{(an +by)
F2(hgn) — 1)} + 27 + 2max{&’, 0% }]
= |lza1 = pl* = 2(an +b2) @ (|2 — pl) + 2(an + bn)Jn, (2.12)

where
In = [M*{(an + by) 4 2(hyny — 1)} + 275(n) + 2max{¢},, 6.} — (2.13)
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as n — o0o.
For all n > 1, put

pn = |z -0l
A = 2(an +by)
Hn = 2(an + bn).]n~

Now, with the help of (i)-(ii), lim 7, = 0, (2.5), (2.9), (2.13) and Lemma 1.3, we obtain
n—oo
from (2.12) that
lim ||z, —pl| = 0.
n—oo

This completes the proof of Theorem 2.1. 0

Remark 2.2. Theorem 2.1 extends and improves the corresponding results of Ofoedu [14], Kim
[13], Rafiq [25], Tan and Xu [29], Zeng [33], Chang [2], Cho et al. [8], Chidume [5]- [6], Schu [27],
Saluja [26], Gu [9], Thakur [31], Sun [28].

Using the method of proof in Theorem 2.1, we have the following results.

Corollary 2.3. Let K be a nonempty closed convex subset of a real Banach space E. Let
N > 1 be a positive integer and I = {1,2,3,...,N}. Let T, : K — K be an asymptotically
generalized ®-hemicontractive mapping in the intermediate sense with sequence {nt} C [1,0),
where n', — 1 asn — oo. Let S; : K — K be an asymptotically generalized ®-hemicontractive
mapping in the intermediate sense with sequence {Ct} C [1,00), where (& — 1 as n — oo, for
each i € I. Furthermore, let T;(K) be bounded, T; and S; be uniformly continuous for each
i €1. Let h, = max{n,,(,}, where n, = max{n, :i € I} and {, = max{¢’ :i € I}. Assume
that F = (ﬂf\il F(Ty)) ﬂ(ﬂil F(S;)) #0. Let{an}, {al,} be sequences in [0,1], for eachn > 1.
Put

@, =maX{0, sup (<Ti"ff—p,j(w—p)>—kflllx—pllg+¢¢(||w—p|l))} and
(z,p)e KX F(T)

e;:max{o, sup  ((Sf'z —p,j(z —p)) = Gllz —pl> + @iz —pll)) ¢ -
(z,p)EK X F(T)

Let 7, = max{wy,,l,}, where w, = max{w! :i € I}, ¢, = max{¢! :i € I}. Let ®(p) =

max{®;(p) : i € I}, for each p > 0. Assume that the following conditions are satisfied:

R T

) . on = 5,0 =0

(i) Y ap = oo.

n=1
Let {x,} be a sequence generated by

xg € K,
o= (1= an)zn 1+ 0Ty, Yn>1, (2.14)
Y = (1= al)zn 1 + al, Sk,

Then the sequence {x,} converges strongly to a point in F.

Proof. Set b, =b], = a, =0 in Theorem 2.1. O
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Corollary 2.4. Let K be a nonempty closed convex subset of a real Banach space E. Let
N > 1 be a positive integer and I = {1,2,3,...,N}. Let T, : K — K be an asymptotically
generalized ®-hemicontractive mapping in the intermediate sense with sequence {n’} C [1,00),
where i, — 1 asn — oo, for eachi € I. Furthermore, let T;(K) be bounded and T; be uniformly
continuous for each i € I. Let h, = max{n’, :i € I'}. Assume that F =\, F(T;) # 0. Let
{an} and {a]} be sequences in [0,1] for each n > 1. Put

w;, =max{0, sup  (T]z —p,jx—p) —klz—pl*+@:(l|lz —pl)) ;-
(z,p)EK X F(T)

Let 7, = max{w? : i € I}. Let ®(p) = max{®;(p) : i € I}, for each p > 0. Assume that the
following conditions are satisfied:

(i) lim a, = lim a/, =0;

(i) i::l ap = 00.

Let {z,,} be a sequence generated by
xo € K,
o= (1= an)tn 1 +an T yn,  V¥n>1, (2.15)
Yn = (1 —al)xn_1 + a;LT;ES;)xn

Then the sequence {x,} converges strongly to a point in F.
Proof. Set T; = S; in Corollary 2.3. O

Corollary 2.5. Let K be a monempty closed convex subset of a real Banach space E. Let
N > 1 be a positive integer and I = {1,2,3,...,N}. Let T, : K — K be an asymptotically
generalized ®-hemicontractive mapping in the intermediate sense with sequence {nt} C [1,0),
where !, — 1 asn — oo, for eachi € I. Furthermore, let T;(K) be bounded and T; be uniformly
continuous for each i € I. Let h,, = max{n}, :i € I}. Assume that F = ﬂivzl F(T;) # 0. Let
{un} be bounded in K and {a,} be a sequence in [0,1], for each n > 1. Put

@, =max{0, sup  ((T7'w —p,j(z —p)) — kplle — plI* + @i(llz — pl)) ¢-
(z,p)EKXF(T)

Let 7, = max{w! :i € I}. Let ®(p) = max{®;(p) : i € I}, for each p > 0. Assume that the
following conditions are satisfied:

(i) nl;néo an =0;
(i) Y an = o0;.
n=1

Let {x,} be a sequence generated by

T € K,
’ () vn > 1. (2.16)
Tn = (1 - an)l'n—l + anTi(n) Tn—-1

Then the sequence {x,} converges strongly to a point in F.
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Proof. Set a), = 0 in Corollary 2.4. O

Corollary 2.6. Let K be a nonempty closed convex subset of a real Banach space E. Let
N > 1 be a positive integer and I = {1,2,3,....N}. Let T; : K — K be an asymptotically
generalized ®-hemicontractive mapping in the intermediate sense with sequence {0} C [1,0),
where n', — 1 asn — oo and H; : K — K an asymptotically generalized ®-hemicontractive
mapping in the intermediate sense with sequence {t\} C [1,00), where t{, — 1 as n — oo, for
each i € I. Furthermore, let T;(K) be bounded, T; and H; be uniformly continuous for each
i€ 1. Let h, = max{n,,t,}, where n, = max{n’, :i € I} and t, = max{t! :i € I}. Assume
that F = (ﬂfil F(Ty)) ﬂ(ﬂfil F(H;)) # 0. Let {b,} and {al'} be sequences in [0,1] for each
n>1. Put

w, =max{0, sup  ((T/'z—p,j(z—p)) —kZHx—PHQ+‘I’z‘(||$—P||))} and
(z,p)EKXF(T)

ﬁizmaX{Oa sup ((H?w—p,j(x—l)»—t%|$—p|2+q’i(|$—p||))}-
(z,p) EKXF(T)

Let 7, = max{w,,¥,}, where w, = max{w!, : i € I} and ¥, = max{¥® : i € I}. Let

D(p) = max{P;(p) : i € I}, for each p > 0. Assume that the following conditions are satisfied:

(i) lim b, =a] =0;
n— 00

(i) ni; b = o0,

Let {x,} be a sequence generated by
xo € K,
o= (1= b)Tn 1+ b Ty 2n,  Yn>1, (2.17)
zn = (1—a)x, + a;{Hik((nT;)xn

Then the sequence {x,} converges strongly to a point in F.
Proof. Set a, =b,, = ¢, =0 in Theorem 2.1. O

Corollary 2.7. Let K be a nonempty closed convex subset of a real Banach space E. Let
N > 1 be a positive integer and I = {1,2,3,...,N}. Let T, : K — K be an asymptotically
generalized ®-hemicontractive mapping in the intermediate sense with sequence {nt} C [1,0),
where n', — 1 asn — oo, for each i € I. Furthermore, let T;(K) be bounded and T; be uniformly
continuous for each i € I. Let h,, = max{n. :i € I} . Assume that F = ﬂj\il F(T;) # 0. Let
{bn} and {a!} be sequences in [0,1], for each n > 1. Put
w, =max{0, sup  (T7'z —p,j(x —p)) = kyllz = pl> + @i([l2 - pl]) ;-

(z,p)EKXF(T)
Let 1, = max{w}, : i € I}. Let ®(p) = max{P;(p) : ¢ € I}, for each p > 0. Assume that the
following conditions are satisfied:

b - T a0
() . be = 120,00 =0,



Godwin Amechi Okeke, Austine Efut Ofem. A novel three-step implicit iteration process... 259

(i) i I~

Let {x,,} be a sequence generated by
xg € K,
T = (1= bp)an 1 + b Ty Von, W0 > 1, (2.18)
zn = (1—al)x, +al ﬁg;ga:n

Then the sequence {x,} converges strongly to a point in F.
Proof. Set T; = H; in Corollary 2.6. O

Corollary 2.8. Let K be a nonempty closed convex subset of a real Banach space E. Let
N > 1 be a positive integer and I = {1,2,3,...,N}. Let T, : K — K be an asymptotically
generalized ®-hemicontractive mapping in the intermediate sense with sequence {nt} C [1,0),
where %, — 1 asn — oo, for eachi € I. Furthermore, let T;(K) be bounded and T; be uniformly
continuous for each i € I. Let h,, = max{n. :i € I} . Assume that F = ﬂf;l F(T;) #0. Let
{bn} be a sequence in [0,1] ,for each n > 1. Put

@, =max{0, sup  ((T7'w—p,j(z —p)) — kplle — plI* + ([l — pl)) ¢-
(z,p)EKXF(T)

Let 7, = max{w’ :i € I}. Let ®(p) = max{®;(p) : i € I}, for each p > 0. Assume that the
following conditions are satisfied:

(i) nh_}ngo by, = 0;
(oo}
(1) > by =00
n=1
Let {z,} be a sequence generated by

o € K, Vi > 1 (2.19)
Tn =1 =by)rp_1+ bnTik(n)mn e '

Then the sequence {x,} converges strongly to a point in F.

n)

Proof. Set a!! =0 in Corollary 2.7. O

Remark 2.9. Under suitable conditions, the sequence {z,} defined by (1.11) can also be gener-
alized to the iterative sequences with errors. Thus all the results proved in this paper can also
be proved for the iterative process with errors. In this case our main iterative process (1.11)
looks like

xg € K,
Tn=01—an—byp—cp)Tp_1+ anTi’zin)yn + bnTi’E%)zn + Cp iy,

=(1—d, —b, —c)x +a Sk(") + Sk(”) + ¢ Vn > 1, (2.20)
Yn = n n n n—1 an z(n) Zn n 1(n) T Cn’Un,

zn = (1—al’! = b)), + aZHZ.k(E:;)xn + b w,

where {a,}, {b.}, {cn}, {a,,}, {.}, {c.}, {al'}, {bl} are real sequences in [0,1] satisfying
an+bp+c, <1,a,+b,+c, <landal +b! <1, {u,}, {v,} and {w,} are bounded sequences

= n —



260 Appl. Math. J. Chinese Univ. Vol. 38, No. 2

in Kandn=(k—1)N+4,i=1i(n) € {1,2,...N}, k= k(n) > 1 is some positive integers and
k(n) — oo as n — oo.

Next, we give the following example to support our results.

Example 2.10. Let E = (—o0, +00) with the usual norm and K = [0,4+00). Let @ : [0,00) —
[0, 00) be a strictly increasing function with ®(0) = 0. For N = 2, let {T;}2_,,{S:}7_1, {Hi}2_; :

K — K be defined by:
3

z s
T - = c o d &
1T 2(1+x),x [0,00) an (s) = T
$3
Tox = ) x € [0,00) and ®(s) = e
fi 2
Sz = Tiaz, for z €0,00) and ©(s) = s 7
x, for z € (—00,0) 1+ 2s
x 3
Sex = TF oz’ x €]0,00) and « is closing to zero, Vn € N and ®(s) = T
23 2
Hixz = W,ze[(),oo) and ®(s) = T
x 2
Hyx = T LE [0,00) and ®(s) = T
Set an:ﬁ,bn:%aa/n:mabkfﬁvaﬁzm,f@allnzl.

Clearly, {T;}7_,,{S;}?_, and {H;}?_, are asymptotically generalized ®-hemicontractive map-
pings with constant sequence {k,} = {1} for all n > 1 and also uniformly continuous mappings
on [0, +o0) and hence, they are asymptotically generalized ®-hemicontractive mappings in the
intermediate sense with 7, = 0. Furthermore, R(T}) = [0, ) and R(Tg) [0,1). This follows
that 77 and T have bounded ranges. Obviously, F (ﬂZ L F(Ty)) ﬂ(ﬂZ 1 F(Sy) ﬂ(ﬂl , F(H;

)) = {0} = p # (). For arbitrary z¢ € K, the sequence {z,,}32 ; € K defined by (1.11) converges
strongly to the common fixed point of 7T; and S; and H; (i = 1,2) which is {0}, satisfying
Theorem 2.1. This means that Theorem 2.1 is applicable.

Remark 2.11. All of the above results are also valid for Lipschitz asymptotically generalized
®-hemicontractive mappings in the intermediate sense.

83 Conclusion

In this paper, we proposed a three-step composite implicit iteration process for approxi-
mating the common fixed point of three uniformly continuous and asymptotically generalized
®-hemicontractive mappings in the intermediate. Our new three-step composite implicit itera-
tion process (1.11) properly includes several iteration processes in literature and also the class
of asymptotically generalized ®-hemicontractive mappings in the intermediate sense is the most
general of those mentioned the literature. Hence, our result extends, generalizes and improves
the corresponding results of Ofoedu [14], Kim [13], Rafiq [25], Tan and Xu [29], Zeng [33],
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Chang [2], Cho et al. [8], Chidume [5]- [6], Schu [27], Saluja [26], Gu [9], Thahur [31], Sun [28§]
since their results are special cases of our result.
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