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A novel three-step implicit iteration process for three

finite family of asymptotically generalized

Φ-hemicontractive mapping in the intermediate sense

Godwin Amechi Okeke1 Austine Efut Ofem2,3

Abstract. In this paper, we introduce a three-step composite implicit iteration process for

approximating the common fixed point of three uniformly continuous and asymptotically gen-

eralized Φ-hemicontractive mappings in the intermediate sense. We prove that our proposed

iteration process converges to the common fixed point of three finite family of asymptotically

generalized Φ-hemicontractive mappings in the intermediate sense. Our results extends, im-

proves and complements several known results in literature.

§1 Introduction and Preliminaries

Let E be an arbitrary real Banach space with dual E∗. We denote by J the normalized

duality mapping from E into 2E
∗
defined by

J(x) = {f∗ ∈ E∗ : ⟨x, f∗⟩ = ∥x∥2 = ∥f∗∥2}, ∀x ∈ X, (1.1)

where ⟨., .⟩ denotes the generalized duality pairing. Let j denote the single-valued-normalized

duality mapping.

In the sequel, we give the following definitions which will be useful in this study.

Definition 1.1. Let K be a nonempty subset of real Banach space E. A mapping T : K → K

is said to be:

(1) strongly pseudocontractive (Kim et al. [13]) if for all x, y ∈ K, there exists a constant

k ∈ (0, 1) and j(x− y) ∈ J(x− y) satisfying

⟨Tx− Ty, j(x− y)⟩ ≤ k∥x− y∥2; (1.2)

(2) ϕ-strongly pseudocontractive (Kim et al. [13]) if for all x, y ∈ K, there exists a strictly

increasing function ϕ : [0,∞) → [0,∞) with ϕ(0) = 0 and j(x− y) ∈ J(x− y) satisfying

⟨Tx− Ty, j(x− y)⟩ ≤ ∥x− y∥2 − ϕ(∥x− y∥)∥x− y∥; (1.3)
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In [23], it was proved that the class of strongly pseudocontractive mappings is a proper

subclass of ϕ-strongly pseudocontractive mappings. By taking Φ(t) = tϕ(t), where ϕ :

[0,∞) → [0,∞) is a strictly increasing function with ϕ(0) = 0. However, the converse is

not true.

(3) generalized Φ-pseudocontractive (Albert et al. [1] , Chidume and Chidume [3]) if for all

x, y ∈ K, there exists a strictly increasing function Φ : [0,∞) → [0,∞) with Φ(0) = 0 and

j(x− y) ∈ J(x− y) satisfying

⟨Tx− Ty, j(x− y)⟩ ≤ ∥x− y∥2 − Φ(∥x− y∥). (1.4)

The class of generalized Φ-pseudocontractive mappings is also called uniformly pseu-

docontractive mappings (see [3]). Clearly, the class of generalized Φ-pseudocontractive

mappings properly contains the class of ϕ-pseudocontractive mappings;

(4) generalized Φ-hemicontractive if F (T ) = {x ∈ K : Tx = x} ̸= ∅, and there exists a strictly

increasing function Φ : [0,∞) → [0,∞) with Φ(0) = 0, such that for all x ∈ K, p ∈ F (T ),

there exists j(x− p) ∈ J(x− p) such that the following inequality holds:

⟨Tx− p, j(x− p)⟩ ≤ ∥x− p∥2 − Φ(∥x− p∥). (1.5)

Clearly, the class of generalized Φ-hemicontractive mappings includes the class of gener-

alized Φ-pseudocontractive mappings in which the fixed points set F (T ) is nonempty;

(5) asymptotically generalized Φ-pseudocontractive (Kim et al. [13]) with sequence {hn} ⊂
[1,∞) and lim

n→∞
hn = 1, if for each x, y ∈ K, there exist a strictly increasing function

Φ : [0,∞) → [0,∞) satisfying

⟨Tnx− Tny, j(x− y)⟩ ≤ hn∥x− y∥2 − Φ(∥x− y∥). (1.6)

The class of asymptotically generalized Φ-pseudocontractive mappings is a generalization

of the class of strongly pseudocontractive maps and the class of ϕ-strongly peudocontrac-

tive maps. The class of asymptotically generalized Φ-pseudocontractive mappings was

introduced by Kim et al. [13] in 2009;

(6) asymptotically generalized Φ–hemicontractive with sequence {hn} ⊂ [1,∞) and lim
n→∞

hn =

1 if there exist a strictly increasing function Φ : [0,∞) → [0,∞) with Φ(0) = 0, such that

for each x ∈ K, p ∈ F (T ), there exists j(x − p) ∈ J(x − p) such that the following

inequality holds:

⟨Tn − p, j(x− p)⟩ ≤ hn∥x− p∥2 − Φ(∥x− p∥). (1.7)

Clearly, every asymptotically generalized Φ–pseudocontractive mapping with a nonempty

fixed point set is an asymptotically generalized Φ–hemicontractive mapping.

(7) asymptotically generalized Φ-hemicontractive in the intermediate sense with sequence

{hn} ⊂ [1,∞) and lim
n→∞

hn = 1 if F (T ) ̸= ∅ and for each n ∈ N, x ∈ K and p ∈ F (T ),

there exists a strictly increasing function Φ : [0,∞) → [0,∞) with Φ(0) = 0 and

j(x− p) ∈ J(x− p) satisfying

lim sup
n→∞

sup
(x,p)∈K×F (T )

(⟨Tnx− p, j(x− p)⟩ − hn∥x− p∥2 +Φ(∥x− p∥)) ≤ 0. (1.8)
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Set

τn = max

{
0, sup

(x,p)∈K×F (T )

(⟨Tnx− p, j(x− p)⟩ − hn∥x− p∥2 +Φ(∥x− p∥))

}
It follows that τn ≥ 0, τn → 0 as n → ∞. Hence, (1.8) yields the following inequality:

⟨Tnx− p, j(x− p)⟩ ≤ hn∥x− p∥2 + τn − Φ(∥x− p∥). (1.9)

This class of mapping was first introduced and studied by Okeke et al. [22]. Clearly, the

class of asymptotically generalized Φ-hemicontractive mapping in the intermediate sense

is more general than the class of asymptotically generalized Φ-hemicontractive mappings.

Hence, the class of asymptotically generalized Φ-hemicontractive mappings in the inter-

mediate sense is the most general so far introduced in literature since it includes the class

of asymptotically generalized Φ-hemicontractive maps.

For recent results on the approximation of fixed points of mappings which are asymptotically

generalized Φ-hemicontractive mappings (see for example, [2–4,9,25] and the references there in)

and for recent results on the approximation of fixed points of mappings which are asymptotically

generalized Φ-hemicontractive mappings in the intermediate sense, (see for example, Chidume

et al. [7], Okeke et al. [22], Olaleru and Okeke [20], Kaczor et al. [10], Qin et al. [24], and the

references contained therein). Also, there exist several other recent papers relating to this class

of mappings (see for example, [11, 12,15–18,21,30,32] and the references therein).

Recently, Okeke and Olaleru [19] introduced the following three-step explicit iterative scheme

with errors for the approximation of the unique common fixed point of a family of strongly

pseudocontractive maps as follows:
x0 ∈ K,

xn+1 = (1− αn − βn − en)xn + αnTyn + βnTzn + enun,

yn = (1− an − bn − e′n)xn + anSzn + bnSxn + e′nvn,

zn = (1− cn − e′′n)xn + cnHxn + e′′nwn,

∀n ≥ 1, (1.10)

where {αn}, {βn}, {en}, {an}, {bn}, {e′n}, {cn}, {e′′n} are real sequences in [0, 1], {un}, {vn}
and {wn} are bounded sequences in K.

Motivated and inspired by Okeke and Olaleru [19] as well as the above results, we introduce

a modified three-step composite implicit iteration process for finite family of 3 asymptotically

generalized Φ-hemicontractive mappings in the intermediate sense defined as follows:
x0 ∈ K,

xn = (1− an − bn)xn−1 + anT
k(n)
i(n) yn + bnT

k(n)
i(n) zn,

yn = (1− a′n − b′n)xn−1 + a′nS
k(n)
i(n) zn + b′nS

k(n)
i(n) xn,

zn = (1− a′′n)xn + a′′nH
k(n)
i(n) xn

∀n ≥ 1, (1.11)

where {an}, {bn}, {a′n}, {b′n}, {a′′n} are real sequences in [0, 1] satisfying an+bn ≤ 1, a′n+b′n ≤ 1

and n = (k − 1)N + i, i = i(n) ∈ {1, 2, ..., N}, k = k(n) ≥ 1 is some positive integers and

k(n) → ∞ as n → ∞.

In the sequel, we will need the following Lemmas.

Lemma 1.2. ( [2]). Let J : E → 2E
∗
be the normalized duality mapping. Then for any
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x, y ∈ E, one has

∥x+ y∥2 ≤ ∥x∥2 + 2⟨y, j(x+ y)⟩, ∀j(x+ y) ∈ J(x+ y). (1.12)

Lemma 1.3. (see [2]). Let Φ : [0,∞] → [0,∞) be a strictly increasing function with Φ(0) = 0

and let {ρn}, {λn}, {µn} be nonnegative real sequences such that
∞∑

n=1
λn = ∞, lim

n→∞
µn = 0.

Suppose that

ρ2n+1 ≤ ρ2n − λnΦ(ρn+1) + λnµn, n ≥ 1. (1.13)

Then

lim
n→∞

ρn = 0. (1.14)

§2 Main results

Theorem 2.1. Let K be a nonempty closed convex subset of a real Banach space E. Let N ≥ 1

be a positive integer and I = {1, 2, 3, ..., N}. Let Ti : K → K be an asymptotically generalized Φ-

hemicontractive mapping in the intermediate sense with sequence {ηin} ⊂ [1,∞), where ηin → 1

as n → ∞. Let Si : K → K be an asymptotically generalized Φ-hemicontractive mapping in

the intermediate sense with sequence {ζin} ⊂ [1,∞), where ζin → 1 as n → ∞ and Hi : K →
K be an asymptotically generalized Φ-hemicontractive mapping in the intermediate sense with

sequence {tin} ⊂ [1,∞), where tin → 1 as n → ∞, for each i ∈ I. Furthermore, let Ti(K)

be bounded, Ti, Si and Hi be uniformly continuous for each i ∈ I. Let hn = max{ηn, ζn, tn},
where ηn = max{ηin : i ∈ I}, ζn = max{ζin : i ∈ I} and tn = max{tin : i ∈ I}. Assume that

F = (
∩N

i=1 F (Ti))
∩
(
∩N

i=1 F (Si))
∩
(
∩N

i=1 F (Hi)) ̸= ∅. Let {an}, {bn}, {a′n}, {b′n} and {a′′n}
be sequences in [0,1] such that an + bn ≤ 1 and a′n + b′n ≤ 1, for each n ≥ 1. Let {xn} be a

sequence generated in (1.11). Put

ϖi
n = max

{
0, sup

(x,p)∈K×F (T )

(⟨Tn
i x− p, j(x− p)⟩ − ηin∥x− p∥2 +Φi(∥x− p∥))

}
,

ℓin = max

{
0, sup

(x,p)∈K×F (T )

(⟨Sn
i x− p, j(x− p)⟩ − ζin∥x− p∥2 +Φi(∥x− p∥))

}
and

ϑi
n = max

{
0, sup

(x,p)∈K×F (T )

(⟨Hn
i x− p, j(x− p)⟩ − tin∥x− p∥2 +Φi(∥x− p∥))

}
.

Let τn = max{ϖn, ℓn, ϑn}, where ϖn = max{ϖi
n : i ∈ I}, ℓn = max{ℓin : i ∈ I} and ϑn =

max{ϑi
n : i ∈ I}. Let Φ(℘) = max{Φi(℘) : i ∈ I}, for each ℘ ≥ 0. Assume that the following

conditions are satisfied:

(i) lim
n→∞

(an + bn) = 0 = lim
n→∞

a′n = lim
n→∞

b′n = lim
n→∞

a′′n;

(ii)
∞∑

n=1
(an + bn) = ∞;

Then the sequence {xn} defined by (1.11) converges strongly to a point in F.
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Proof. Fixing p ∈ F, since Ti has a bounded range, we let

M1 = ∥x0 − p∥+ sup
n≥1

∥T k(n)
i(n) yn − p∥+ sup

n≥1
∥T k(n)

i(n) zn − p∥. (2.1)

Obviously, M1 < ∞. It is clear that ∥x0 − p∥ ≤ M1. Let ∥xn−1 − p∥ ≤ M1. Next we prove that

∥xn − p∥ ≤ M1.

Using (1.11) we obtain that

∥xn − p∥ = ∥(1− an − bn)xn−1 + anT
k(n)
i(n) yn + bnT

k(n)
i(n) zn − p∥

= ∥(1− an − bn)(xn−1 − p) + an(T
k(n)
i(n) yn − p)

+bn(T
k(n)
i(n) zn − p)∥

≤ (1− an − bn)∥xn−1 − p∥+ an∥T k(n)
i(n) yn − p∥

+bn∥T k(n)
i(n) zn − p∥

≤ (1− an − bn)M1 + anM1 + bnM1

= M1.

So, from the the demonstration above, it follows that the sequence {∥xn − p∥} is bounded.

Since Hi is uniformly continuous, it follows also that {∥Hk(n)
i(n) xn − p∥} is also bounded. Setting

M2 = max{M1, sup
n≥1

{∥Hk(n)
i(n) xn − p∥}}

thus, we obtain

∥zn − p∥ = ∥(1− a′′)xn + a′′H
k(n)
i(n) xn − p∥

= ∥(1− a′′)(xn − p) + a′′(H
k(n)
i(n) xn − p)∥

≤ (1− a′′)∥xn − p∥+ a′′∥Hk(n)
i(n) xn − p∥

≤ (1− a′′)M1 + a′′M2

≤ (1− a′′)M2 + a′′M2

= M2.

Again, from the above demonstration, we can conclude that the sequence {∥zn−p∥} is bounded.

Since Si is uniformly continuous, it follows that {∥Sk(n)
i(n) xn − p∥} and {∥Sk(n)

i(n) zn − p∥} are

bounded.

Denote

M = sup
n≥1

∥Sk(n)
i(n) zn − p∥+ sup

n≥1
∥Sk(n)

i(n) xn − p∥+M2.

Using (1.11), Lemma 1.2 and (1.9) we obtain

∥xn − p∥2 = ∥(1− an − bn)xn−1 + anT
k(n)
i(n) yn + bnT

k(n)
i(n) zn − p∥

= ∥(1− an − bn)(xn−1 − p) + an(T
k(n)
i(n) yn − p)

+bn(T
k(n)
i(n) zn − p)∥2
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≤ (1− an − bn)
2∥xn−1 − p∥2 + 2⟨an(T k(n)

i(n) yn − p)

+bn(T
k(n)
i(n) zn − p), j(xn − p)⟩

= (1− an − bn)
2∥xn−1 − p∥2

+2an⟨T k(n)
i(n) yn − p, j(xn − p)⟩

+2bn⟨T k(n)
i(n) zn − p, j(xn − p)⟩

= (1− an − bn)
2∥xn−1 − p∥2

+2an⟨T k(n)
i(n) yn − T

k(n)
i(n) xn + T

k(n)
i(n) xn − p, j(xn − p)⟩

+2bn⟨T k(n)
i(n) zn − T

k(n)
i(n) xn + T

k(n)
i(n) xn − p, j(xn − p)⟩

= (1− an − bn)
2∥xn−1 − p∥2

+2an⟨T k(n)
i(n) yn − T

k(n)
i(n) xn, j(xn − p)⟩

+2an⟨T k(n)
i(n) xn − p, j(xn − p)⟩

+2bn⟨T k(n)
i(n) zn − T

k(n)
i(n) xn, j(xn − p)⟩

+2bn⟨T k(n)
i(n) xn − p, j(xn − p)⟩

≤ (1− an − bn)
2∥xn−1 − p∥2

+2an∥T k(n)
i(n) yn − T

k(n)
i(n) xn∥∥xn − p∥

+2bn∥T k(n)
i(n) zn − T

k(n)
i(n) xn∥∥xn − p∥

+2an{hk(n)∥xn − p∥2 + τk(n) − Φ(∥xn − p∥)}

+2bn{hk(n)∥xn − p∥2 + τk(n) − Φ(∥xn − p∥)}

≤ (1− an − bn)
2∥xn−1 − p∥2 + 2anξ

i
n + 2bnδ

i
n

+2anhk(n)∥xn − p∥2 + 2anτk(n) − 2anΦ(∥xn − p∥)

+2bnhk(n)∥xn − p∥2 + 2bnτk(n) − 2bnΦ(∥xn − p∥)

= (1− an − bn)
2∥xn−1 − p∥2 − 2(an + bn)Φ(∥xn − p∥)

+2(an + bn)hk(n)∥xn − p∥2 + 2(anξ
i
n + bnδ

i
n)

+2(an + bn)τk(n)

≤ (1− an − bn)
2∥xn−1 − p∥2 − 2(an + bn)Φ(∥xn − p∥)

+2(an + bn)hk(n)∥xn − p∥2 + 2(an + bn)max{ξin, δin}

+2(an + bn)τk(n) (2.2)

where

ξin = M∥T k(n)
i(n) yn − T

k(n)
i(n) xn∥

δin = M∥T k(n)
i(n) zn − T

k(n)
i(n) xn∥.
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From (1.11) we have

∥yn − xn∥ = ∥yn − xn−1 + xn−1 − xn∥

≤ ∥yn − xn−1∥+ ∥xn−1 − xn∥

= ∥(1− a′n − b′n)xn−1 + a′nS
k(n)
i(n) zn

+b′nS
k(n)
i(n) xn − xn−1∥

+∥xn−1 − [(1− an − bn)xn−1

+anT
k(n)
i(n) yn + bnT

k(n)
i(n) zn]∥

= ∥a′n(S
k(n)
i(n) zn − xn−1) + b′n(S

k(n)
i(n) xn − xn−1)∥

+∥an(xn−1 − T
k(n)
i(n) yn) + bn(xn−1 − T

k(n)
i(n) zn)∥

≤ a′n(∥S
k(n)
i(n) zn − p∥+ ∥xn−1 − p∥) + b′n(∥S

k(n)
i(n) xn − p∥+ ∥xn−1 − p∥)

+∥xn−1 − p∥) + an(∥T k(n)
i(n) yn − p∥+ ∥xn−1 − p∥)

+bn(∥T k(n)
i(n) zn − p∥+ ∥xn−1 − p∥) + ∥xn−1 − p∥)

≤ 2a′nM + 2b′nM + 2anM + 2bnM

= 2M(a′n + b′n + an + bn). (2.3)

From the condition (i) and (2.3), we obtain

lim
n→∞

∥yn − xn∥ = 0, (2.4)

and the uniform continuity of Ti leads to

lim
n→∞

M∥T k(n)
i(n) yn − T

k(n)
i(n) xn∥ = 0,

thus, we have

lim
n→∞

ξin = 0. (2.5)

Again from (1.11) we have

∥zn − xn∥ = ∥(1− a′′)xn + a′′nH
k(n)
i(n) xn − xn∥

= ∥a′′n(H
k(n)
i(n) xn − xn)∥

= ∥a′′n(H
k(n)
i(n) xn − p+ p− xn)∥

≤ a′′n(∥H
k(n)
i(n) xn − p∥+ ∥xn − p∥)

≤ a′′n(M +M)

= 2a′′nM. (2.6)

From the condition (i) and (2.6), we obtain

lim
n→∞

∥zn − xn∥ = 0, (2.7)

and the uniform continuity of Ti leads to

lim
n→∞

M∥T k(n)
i(n) zn − T

k(n)
i(n) xn∥ = 0, (2.8)

thus, we have

lim
n→∞

δin = 0. (2.9)
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From (2.2) we obtain

∥xn − p∥2 ≤ (1− an − bn)
2

1− 2(an + bn)hk(n)
∥xn−1 − p∥2 − 2(an + bn)

1− 2(an + bn)hk(n)
Φ(∥xn − p∥)

+
2(an + bn)τk(n)

1− 2(an + bn)hk(n)
+

2(an + bn)max{ξin, δin}
1− 2(an + bn)hk(n)

=

[
1 +

(1− an − bn)
2 − {1− 2(an + bn)hk(n)}

1− 2(an + bn)hk(n)

]
∥xn−1 − p∥2

− 2(an + bn)

1− 2(an + bn)hk(n)
Φ(∥xn − p∥) +

2(an + bn)τk(n)

1− 2(an + bn)hk(n)

+
2(an + bn)max{ξin, δin}
1− 2(an + bn)hk(n)

=

[
1 +

1− 2(an + bn) + (an + bn)
2 − 1 + 2(an + bn)hn

1− 2(an + bn)hk(n)

]
∥xn−1 − p∥2

− 2(an + bn)

1− 2(an + bn)hk(n)
Φ(∥xn − p∥) +

2(an + bn)τk(n)

1− 2(an + bn)hk(n)

+
2(an + bn)max{ξin, δin}
1− 2(an + bn)hk(n)

=

[
1 +

(an + bn)
2 + 2(an + bn)(hn − 1)

1− 2(an + bn)hk(n)

]
∥xn−1 − p∥2

− 2(an + bn)

1− 2(an + bn)hk(n)
Φ(∥xn − p∥) +

2(an + bn)τk(n)

1− 2(an + bn)hn
+

2(an + bn)max{ξin, δin}
1− 2(an + bn)hk(n)

. (2.10)

Since (an + bn) → 0, hk(n) → 1 as n → ∞, there exists a positive integer n0 such that

1

2
< 1− 2(an + bn)hk(n) ≤ 1 ∀n ≥ n0. (2.11)

Therefore, it follows from (2.10) that

∥xn − p∥2 ≤ [1 + 2(an + bn){(an + bn) + 2(hk(n) − 1)}]∥xn−1 − p∥2

−2(an + bn)Φ(∥xn − p∥) + 4(an + bn)τk(n)

+4(an + bn)max{ξin, δin}

≤ ∥xn−1 − p∥2 − 2(an + bn)Φ(∥xn − p∥)

+2(an + bn){(an + bn) + 2(hk(n) − 1)}M2 + 4(an + bn)τk(n)

+4(an + bn)max{ξin, δin}

= ∥xn−1 − p∥2 − 2(an + bn)Φ(∥xn − p∥) + 2(an + bn)[M
2{(an + bn)

+2(hk(n) − 1)}+ 2τk(n) + 2max{ξin, δin}]

= ∥xn−1 − p∥2 − 2(an + bn)Φ(∥xn − p∥) + 2(an + bn)ȷn, (2.12)

where

ȷn = [M2{(an + bn) + 2(hk(n) − 1)}+ 2τk(n) + 2max{ξin, δin}] → 0 (2.13)
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as n → ∞.

For all n ≥ 1, put

ρn = ∥xn−1 − p∥

λn = 2(an + bn)

µn = 2(an + bn)ȷn.

Now, with the help of (i)-(ii), lim
n→∞

τk(n) = 0, (2.5), (2.9), (2.13) and Lemma 1.3, we obtain

from (2.12) that

lim
n→∞

∥xn − p∥ = 0.

This completes the proof of Theorem 2.1.

Remark 2.2. Theorem 2.1 extends and improves the corresponding results of Ofoedu [14], Kim

[13], Rafiq [25], Tan and Xu [29], Zeng [33], Chang [2], Cho et al. [8], Chidume [5]- [6], Schu [27],

Saluja [26], Gu [9], Thakur [31], Sun [28].

Using the method of proof in Theorem 2.1, we have the following results.

Corollary 2.3. Let K be a nonempty closed convex subset of a real Banach space E. Let

N ≥ 1 be a positive integer and I = {1, 2, 3, ..., N}. Let Ti : K → K be an asymptotically

generalized Φ-hemicontractive mapping in the intermediate sense with sequence {ηin} ⊂ [1,∞),

where ηin → 1 as n → ∞. Let Si : K → K be an asymptotically generalized Φ-hemicontractive

mapping in the intermediate sense with sequence {ζin} ⊂ [1,∞), where ζin → 1 as n → ∞, for

each i ∈ I. Furthermore, let Ti(K) be bounded, Ti and Si be uniformly continuous for each

i ∈ I. Let hn = max{ηn, ζn}, where ηn = max{ηin : i ∈ I} and ζn = max{ζin : i ∈ I}. Assume

that F = (
∩N

i=1 F (Ti))
∩
(
∩N

i=1 F (Si)) ̸= ∅. Let {an}, {a′n} be sequences in [0,1], for each n ≥ 1.

Put

ϖi
n = max

{
0, sup

(x,p)∈K×F (T )

(⟨Tn
i x− p, j(x− p)⟩ − kin∥x− p∥2 +Φi(∥x− p∥))

}
and

ℓin = max

{
0, sup

(x,p)∈K×F (T )

(⟨Sn
i x− p, j(x− p)⟩ − ζin∥x− p∥2 +Φi(∥x− p∥))

}
.

Let τn = max{ϖn, ℓn}, where ϖn = max{ϖi
n : i ∈ I}, ℓn = max{ℓin : i ∈ I}. Let Φ(℘) =

max{Φi(℘) : i ∈ I}, for each ℘ ≥ 0. Assume that the following conditions are satisfied:

(i) lim
n→∞

an = lim
n→∞

a′n = 0;

(ii)
∞∑

n=1
an = ∞.

Let {xn} be a sequence generated by
x0 ∈ K,

xn = (1− an)xn−1 + anT
k(n)
i(n) yn,

yn = (1− a′n)xn−1 + a′nS
k(n)
i(n) xn

∀n ≥ 1, (2.14)

Then the sequence {xn} converges strongly to a point in F.

Proof. Set bn = b′n = a′′n = 0 in Theorem 2.1.
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Corollary 2.4. Let K be a nonempty closed convex subset of a real Banach space E. Let

N ≥ 1 be a positive integer and I = {1, 2, 3, ..., N}. Let Ti : K → K be an asymptotically

generalized Φ-hemicontractive mapping in the intermediate sense with sequence {ηin} ⊂ [1,∞),

where ηin → 1 as n → ∞, for each i ∈ I. Furthermore, let Ti(K) be bounded and Ti be uniformly

continuous for each i ∈ I. Let hn = max{ηin : i ∈ I}. Assume that F =
∩N

i=1 F (Ti) ̸= ∅. Let

{an} and {a′n} be sequences in [0,1] for each n ≥ 1. Put

ϖi
n = max

{
0, sup

(x,p)∈K×F (T )

(⟨Tn
i x− p, j(x− p)⟩ − kin∥x− p∥2 +Φi(∥x− p∥))

}
.

Let τn = max{ϖi
n : i ∈ I}. Let Φ(℘) = max{Φi(℘) : i ∈ I}, for each ℘ ≥ 0. Assume that the

following conditions are satisfied:

(i) lim
n→∞

an = lim
n→∞

a′n = 0;

(ii)
∞∑

n=1
an = ∞.

Let {xn} be a sequence generated by
x0 ∈ K,

xn = (1− an)xn−1 + anT
k(n)
i(n) yn,

yn = (1− a′n)xn−1 + a′nT
k(n)
i(n) xn

∀n ≥ 1, (2.15)

Then the sequence {xn} converges strongly to a point in F.

Proof. Set Ti = Si in Corollary 2.3.

Corollary 2.5. Let K be a nonempty closed convex subset of a real Banach space E. Let

N ≥ 1 be a positive integer and I = {1, 2, 3, ..., N}. Let Ti : K → K be an asymptotically

generalized Φ-hemicontractive mapping in the intermediate sense with sequence {ηin} ⊂ [1,∞),

where ηin → 1 as n → ∞, for each i ∈ I. Furthermore, let Ti(K) be bounded and Ti be uniformly

continuous for each i ∈ I. Let hn = max{ηin : i ∈ I}. Assume that F =
∩N

i=1 F (Ti) ̸= ∅. Let

{un} be bounded in K and {an} be a sequence in [0,1], for each n ≥ 1. Put

ϖi
n = max

{
0, sup

(x,p)∈K×F (T )

(⟨Tn
i x− p, j(x− p)⟩ − kin∥x− p∥2 +Φi(∥x− p∥))

}
.

Let τn = max{ϖi
n : i ∈ I}. Let Φ(℘) = max{Φi(℘) : i ∈ I}, for each ℘ ≥ 0. Assume that the

following conditions are satisfied:

(i) lim
n→∞

an = 0;

(ii)
∞∑

n=1
an = ∞;.

Let {xn} be a sequence generated by{
x0 ∈ K,

xn = (1− an)xn−1 + anT
k(n)
i(n) xn−1

∀n ≥ 1. (2.16)

Then the sequence {xn} converges strongly to a point in F.
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Proof. Set a′n = 0 in Corollary 2.4.

Corollary 2.6. Let K be a nonempty closed convex subset of a real Banach space E. Let

N ≥ 1 be a positive integer and I = {1, 2, 3, ..., N}. Let Ti : K → K be an asymptotically

generalized Φ-hemicontractive mapping in the intermediate sense with sequence {ηin} ⊂ [1,∞),

where ηin → 1 as n → ∞ and Hi : K → K an asymptotically generalized Φ-hemicontractive

mapping in the intermediate sense with sequence {tin} ⊂ [1,∞), where tin → 1 as n → ∞, for

each i ∈ I. Furthermore, let Ti(K) be bounded, Ti and Hi be uniformly continuous for each

i ∈ I. Let hn = max{ηn, tn}, where ηn = max{ηin : i ∈ I} and tn = max{tin : i ∈ I}. Assume

that F = (
∩N

i=1 F (Ti))
∩
(
∩N

i=1 F (Hi)) ̸= ∅. Let {bn} and {a′′n} be sequences in [0,1] for each

n ≥ 1. Put

ϖi
n = max

{
0, sup

(x,p)∈K×F (T )

(⟨Tn
i x− p, j(x− p)⟩ − kin∥x− p∥2 +Φi(∥x− p∥))

}
and

ϑi
n = max

{
0, sup

(x,p)∈K×F (T )

(⟨Hn
i x− p, j(x− p)⟩ − tin∥x− p∥2 +Φi(∥x− p∥))

}
.

Let τn = max{ϖn, ϑn}, where ϖn = max{ϖi
n : i ∈ I} and ϑn = max{ϑi

n : i ∈ I}. Let

Φ(℘) = max{Φi(℘) : i ∈ I}, for each ℘ ≥ 0. Assume that the following conditions are satisfied:

(i) lim
n→∞

bn = a′′n = 0;

(ii)
∞∑

n=1
bn = ∞.

Let {xn} be a sequence generated by
x0 ∈ K,

xn = (1− bn)xn−1 + bnT
k(n)
i(n) zn,

zn = (1− a′′n)xn + a′′nH
k(n)
i(n) xn

∀n ≥ 1, (2.17)

Then the sequence {xn} converges strongly to a point in F.

Proof. Set an = b′n = c′n = 0 in Theorem 2.1.

Corollary 2.7. Let K be a nonempty closed convex subset of a real Banach space E. Let

N ≥ 1 be a positive integer and I = {1, 2, 3, ..., N}. Let Ti : K → K be an asymptotically

generalized Φ-hemicontractive mapping in the intermediate sense with sequence {ηin} ⊂ [1,∞),

where ηin → 1 as n → ∞, for each i ∈ I. Furthermore, let Ti(K) be bounded and Ti be uniformly

continuous for each i ∈ I. Let hn = max{ηin : i ∈ I} . Assume that F =
∩N

i=1 F (Ti) ̸= ∅. Let

{bn} and {a′′n} be sequences in [0,1], for each n ≥ 1. Put

ϖi
n = max

{
0, sup

(x,p)∈K×F (T )

(⟨Tn
i x− p, j(x− p)⟩ − kin∥x− p∥2 +Φi(∥x− p∥))

}
.

Let τn = max{ϖi
n : i ∈ I}. Let Φ(℘) = max{Φi(℘) : i ∈ I}, for each ℘ ≥ 0. Assume that the

following conditions are satisfied:

(i) lim
n→∞

bn = lim
n→∞

a′′n = 0;
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(ii)
∞∑

n=1
bn = ∞.

Let {xn} be a sequence generated by
x0 ∈ K,

xn = (1− bn)xn−1 + bnT
k(n)
i(n) zn,

zn = (1− a′′n)xn + a′′nT
k(n)
i(n) xn

∀n ≥ 1, (2.18)

Then the sequence {xn} converges strongly to a point in F.

Proof. Set Ti = Hi in Corollary 2.6.

Corollary 2.8. Let K be a nonempty closed convex subset of a real Banach space E. Let

N ≥ 1 be a positive integer and I = {1, 2, 3, ..., N}. Let Ti : K → K be an asymptotically

generalized Φ-hemicontractive mapping in the intermediate sense with sequence {ηin} ⊂ [1,∞),

where ηin → 1 as n → ∞, for each i ∈ I. Furthermore, let Ti(K) be bounded and Ti be uniformly

continuous for each i ∈ I. Let hn = max{ηin : i ∈ I} . Assume that F =
∩N

i=1 F (Ti) ̸= ∅. Let

{bn} be a sequence in [0,1] ,for each n ≥ 1. Put

ϖi
n = max

{
0, sup

(x,p)∈K×F (T )

(⟨Tn
i x− p, j(x− p)⟩ − kin∥x− p∥2 +Φi(∥x− p∥))

}
.

Let τn = max{ϖi
n : i ∈ I}. Let Φ(℘) = max{Φi(℘) : i ∈ I}, for each ℘ ≥ 0. Assume that the

following conditions are satisfied:

(i) lim
n→∞

bn = 0;

(ii)
∞∑

n=1
bn = ∞

Let {xn} be a sequence generated by{
x0 ∈ K,

xn = (1− bn)xn−1 + bnT
k(n)
i(n) xn

∀n ≥ 1. (2.19)

Then the sequence {xn} converges strongly to a point in F.

Proof. Set a′′n = 0 in Corollary 2.7.

Remark 2.9. Under suitable conditions, the sequence {xn} defined by (1.11) can also be gener-

alized to the iterative sequences with errors. Thus all the results proved in this paper can also

be proved for the iterative process with errors. In this case our main iterative process (1.11)

looks like
x0 ∈ K,

xn = (1− an − bn − cn)xn−1 + anT
k(n)
i(n) yn + bnT

k(n)
i(n) zn + cnun,

yn = (1− a′n − b′n − c′n)xn−1 + a′nS
k(n)
i(n) zn + b′nS

k(n)
i(n) xn + c′nvn,

zn = (1− a′′n − b′′n)xn + a′′nH
k(n)
i(n) xn + b′′nwn

∀n ≥ 1, (2.20)

where {an}, {bn}, {cn}, {a′n}, {b′n}, {c′n}, {a′′n}, {b′′n} are real sequences in [0, 1] satisfying

an+bn+cn ≤ 1, a′n+b′n+c′n ≤ 1 and a′′n+b′′n ≤ 1, {un}, {vn} and {wn} are bounded sequences
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in K and n = (k − 1)N + i, i = i(n) ∈ {1, 2, ..., N}, k = k(n) ≥ 1 is some positive integers and

k(n) → ∞ as n → ∞.

Next, we give the following example to support our results.

Example 2.10. Let E = (−∞,+∞) with the usual norm and K = [0,+∞). Let Φ : [0,∞) →
[0,∞) be a strictly increasing function with Φ(0) = 0. For N = 2, let {Ti}2i=1, {Si}2i=1, {Hi}2i=1 :

K → K be defined by:

T1x =
x

2(1 + x)
, x ∈ [0,∞) and Φ(s) =

s3

1 + s
,

T2x =
x

(1 + x)
, x ∈ [0,∞) and Φ(s) =

s3

1 + s
,

S1x =

{
2x2

1+2x , for x ∈ [0,∞)

x, for x ∈ (−∞, 0)
and Φ(s) =

s2

1 + 2s
,

S2x =
x

1 + αx
, x ∈ [0,∞) and α is closing to zero, ∀n ∈ N and Φ(s) =

s3

1 + s
,

H1x =
x3

1 + x2
, x ∈ [0,∞) and Φ(s) =

s2

1 + s2
,

H2x =
x

4
, x ∈ [0,∞) and Φ(s) =

s2

4
.

Set an = 1
n+1 , bn = 1

n , a
′
n = 1

(n+1)2 , b
′
n = 1

n3 , a
′′
n = 1

(n+1)+(n+1)2 , for all n ≥ 1.

Clearly, {Ti}2i=1, {Si}2i=1 and {Hi}2i=1 are asymptotically generalized Φ-hemicontractive map-

pings with constant sequence {kn} = {1} for all n ≥ 1 and also uniformly continuous mappings

on [0,+∞) and hence, they are asymptotically generalized Φ-hemicontractive mappings in the

intermediate sense with τn = 0. Furthermore, R(T1) = [0, 1
2 ) and R(T2) = [0, 1). This follows

that T1 and T2 have bounded ranges. Obviously, F = (
∩2

i=1 F (Ti))
∩
(
∩2

i=1 F (Si))
∩
(
∩2

i=1 F (Hi

)) = {0} = p ̸= ∅. For arbitrary x0 ∈ K, the sequence {xn}∞n=1 ∈ K defined by (1.11) converges

strongly to the common fixed point of Ti and Si and Hi (i = 1, 2) which is {0}, satisfying
Theorem 2.1. This means that Theorem 2.1 is applicable.

Remark 2.11. All of the above results are also valid for Lipschitz asymptotically generalized

Φ-hemicontractive mappings in the intermediate sense.

§3 Conclusion

In this paper, we proposed a three-step composite implicit iteration process for approxi-

mating the common fixed point of three uniformly continuous and asymptotically generalized

Φ-hemicontractive mappings in the intermediate. Our new three-step composite implicit itera-

tion process (1.11) properly includes several iteration processes in literature and also the class

of asymptotically generalized Φ-hemicontractive mappings in the intermediate sense is the most

general of those mentioned the literature. Hence, our result extends, generalizes and improves

the corresponding results of Ofoedu [14], Kim [13], Rafiq [25], Tan and Xu [29], Zeng [33],
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Chang [2], Cho et al. [8], Chidume [5]- [6], Schu [27], Saluja [26], Gu [9], Thahur [31], Sun [28]

since their results are special cases of our result.
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