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On the partial stability of nonlinear impulsive Caputo
fractional systems

Boulbaba Ghanmi Saifeddine Ghnimi

Abstract. In this work, stability with respect to part of the variables of nonlinear impulsive
Caputo fractional differential equations is investigated. Some effective sufficient conditions of
stability, uniform stability, asymptotic uniform stability and Mittag Leffler stability. The ap-
proach presented is based on the specially introduced piecewise continuous Lyapunov functions.
Furthermore, some numerical examples are given to show the effectiveness of our obtained the-

oretical results.

81 Introduction

The theory of differential equations with impulse effects of integer order has found extensive
applications in realistic mathematical modeling of a wide variety of practical situations and has
emerged as an important area of investigation in recent years. However, impulsive differential
equations of fractional order have not been extensively studied and many aspects of these
equations are yet to be explored. The study of these equations was initially carried out very
slowly. This was due to the great problems caused by the specific properties of the impulsive
equations such as beating, bifurcation, merging and dying of the solutions. Despite these
difficulties, a boom in the development of the theory of impulsive differential equations of
fractional order is observed recently.

In addition, in recent decades, the study of fractional order systems has gained impor-
tance [6,9,24]. The fractional calculus has been considered as the generalization of the classical
integer-order calculus which motivates several authors to take a serious interest in this calculus.
In [21,22], some comparison theorems are established, and the author investigated the problem
of asymptotic stability and Mittag-Lefller stability of impulsive fractional differential equa-
tions. As for [11], several sufficient conditions are given to guarantee proprieties of the global
asymptotic stability and global Mittag-Leffler stability for impulsive fractional-order differential
equations on networks. In [23], the author investigated the global Mittag-Leffler stability and
synchronization for the proposed delayed fractional-order neural networks by means of appro-
priate impulsive perturbations. Furthermore, stability analysis of Hilfer fractional differential
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systems are shown in [15]. On the other hand, in [27], the authors described the asymptotical
stability of a nonlinear fractional differential system with Caputo derivative.

In the literature, the traditional Lyapunov theory attempts to assess the stability, asymp-
totic stability and instability of a system with respect to all of the variables. In recent years
considerable attention has been paid to the generalization of these stability concepts in several
directions. In particular, the concept of partial stability or stability with respect to a part of the
variables has been studied by several authors for ordinary differential equations and nonlinear
fractional differential equations, as e.g. V'V Roumiantzeff [17], C Corduneanu [4,5], N Rouche
and K Peiffer [16], O Akinyele [1] and [3,7,18-20,25]. Recently, A B Makhlouf [3] investigated the
problems of partial stability or, briefly, the PSt-problem related to nonlinear Caputo fractional
differential equations without impulse effects. Sufficient conditions of stability, uniform stabil-
ity, Mittag Lefller stability and asymptotic uniform stability are obtained within the method
of Lyapunov-like functions. However, to the best of our knowledge, no paper in the literature
has tackled the PSt-problem analysis for fractional order systems with impulse effects. By this
fact, the main contribution of this paper is to study PSt-problem of nonautonomous systems
with impulse effects in the sense of Caputo fractional derivative. This paper is organized as
follows: In Section 2, some definitions and notations are given, and the concept of stability with
respect to part of the variables is presented. Sufficient conditions for stability, uniform stability,
asymptotic uniform stability and Mittag-Leffler stability with respect to part of the variables of
nonlinear impulsive fractional systems are the focus of Section 3. In Section 4, some examples
are worked out to illustrate the main results.

82 Preliminary Notes

In this section a brief description of the main classes of fractional equations that will be
used in the paper.

Definition 2.1. [6] The Riemann-Liouville fractional integral of an arbitrary integrable func-
tion [ on the interval [a, b] of order o € (0,1) is defined by
1

I(t) = @/ (t —s)*"t(s)ds, t € [a,b]
+oo

where I'(z) = / t*~te~'dt is the Gamma function which converges in the right-half of the

0
complex plane Re(z) > 0.
Definition 2.2. [6] Given an interval [a, b] of R, the Caputo fractional derivative of a function
l of order a > 0 is defined by

DY (1) = 17~ 10()

where m stands for the smallest integer not less than a. When « € (0, 1), the Caputo fractional
derivative of order a, for a function [ € C* ([a, b], R"), b > a, is defined as

D2 I(t) = F(ll— 3 / (tl/_%ads’ t € [a,b].

In the theory of integer-order differential systems, the exponential function is frequently

used. In this work, we shall use the Mittag-Leffler function which plays an important role in
the theory of non-integer order differential equations.



168 Appl. Math. J. Chinese Univ. Vol. 38, No. 2

Definition 2.3. [9] The Mittag-Leffler function with two parameters «, 8 > 0 is defined as

+oo Zk
B =2 bt 5)

+oo k
z
where z € C. For § =1, we have E,(z) = Ey1(2) = ———— and Ey1(z) =¢*
g I'(ka+1)

2.1 Definitions of stability with respect to part of the variables

Let R™ be the n—dimensional Euclidean space with norm ||.|| and £ be an open set in
R™ m < n containing the origin Ogm. Consider the nonlinear systems of impulsive fractional
differential equations for 3 € (0,1)

Dy ja(t) = f(t, (y(t), 2(t)), t # 7k, k= £1,£2, ..
(1)
Al‘(Tk) = Ik(x(ﬁ;)), t= Tk k= :|:1, :f:27
where 27 = (y7,21) e R xRP, f : Rx Q x R — R", 7, < Tpp1, k = +1,42 ... such
that lim 74, = +o0o and I : Q x RP — R™. Throughout this paper, suppose the variables

k—+o0
constituting the phase vector x of system (1) are divided into two groups x

(Y15 s Ymy 215 - 2p), Y € R™, 2 € RP, m > 0,p > 0,n = m + p, namely the y—variables with
respect to which the stability of x = 0 is to be investigated and the remaining z—variables.

T = (yT,2T) =

s =

More precisely, this partitioning depends on the nature of the problem under study. In
general, we assume that the choice of variables has already been made at the moment when a
partial stability problem has to be analyzed. The z—variables are correspondingly called the
uncontrollable variables.

Throughout this paper, the following notation is adopted

m 1 p 1 1
ol = (D2u2) " el = (D022) " and fall = (Il + 1121) "
i=1 i=1

Let tg € R, 79 € Q x RP. Denote by z(t) £ x(t,t9, 7o) the solution of system (1) satisfying
the initial condition z(t{,t0, 7o) = @o. In this paper, the functions f and Iy, k = £1,+2, ...,
are smooth enough on R x 2 x RP and €2 x RP, respectively, to guarantee existence, uniqueness
and continuability of the solution z(t) of the system (1) on the interval [tg, +00) for all suitable
initial data x¢p € Q x RP and t; € R. We also assume that the functions E + I, :  x RP —
QO xRP k=41,42, ..., where FE is the identity in Q x RP.

Note that, the solutions z(t) of system (1) are, in general, piecewise continuous functions
with points of discontinuity of the first kind at which they are left continuous, that is, at the
moments 7k, k = £1,4+2, ..., the following relations are satisfied

z(r,) = z(m) and z(7;") = x(7%) + Ii(z(1%)) = 2(73) + D(7y)
where z(7) == hli,%l+ (1, +h) and x(1, ) := hli,%l+ 2(1; — h) represent the right- and left-sided
limits of x(t) at ¢t = 7, respectively. Note that in theory of differential and fractional impulsive
systems, the elements of the sequence (71 )kez are the moments of impulsive perturbations due
to which the state 2(t) changes from the position z () into the position z(7;") and the functions
I}, characterize the magnitude of the impulse effect at the moments 7.
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In the following, we recall the next Lyapunov stability definitions for the system (1) that
will be used in this paper.

Definition 2.4. (Partial Boundedness) The solutions of system (1) are uniformly bounded with
respect to y ( y—uniformly bounded, y—UB) if there exists a positive constant ¢, independent of
to, and for every a € (0, c), there is § = S(a) > 0, independent of ¢y, such that for all g € R™,
| zo]| < a, we have

||y(t,t0,$0|| < B, t=to.

Definition 2.5. [25](Partial Stability)
The equilibrium point 2 = 0 of impulsive fractional-order system (1) is said to be:

(a) Stable with respect to y (or, briefly, y—Stable (y—St)), if for any numbers € > 0, tg € Ry,
there exists d = d(to,€) > 0 such that from |zo|| < § it follows that ||y(¢,to, zo)|| < € for
all ¢ Z t().

(b) Uniformly stable with respect to y (y—Uniformly stable, y— USt), if is y—St and ¢ does
not depend on .

Definition 2.6. [3,24](Partial Attractivity) The equilibrium point = 0 of impulsive fractional-
order system (1) is said to be:

(a) Attractive with respect to y or briefly y—Attractive (y—A), if for all ¢ty € R, there exists
A = A(tp) > 0 such that for all g € Q x R?, ||zg|| < A, we have

Jim_[ly(tto. o) = 0. @)

The domain ||zo|| < A, being contained in the domain of y—attraction of the point z =0

for the initial time ¢g.

(b) Equi-attractive with respect to y or briefly y—Eq-Attractive (y—Eqg-A), if for all (tp,€) €
R xR, there exist A = A(tg) > 0 and T' = T'(to, €) > 0 such that, for all x5 € Q, ||z < A,
we have

||y(t,t07l‘oH <€, Vit >T+tg.

(c) Uniformly attractive with respect to y (y—UA), if it is y—Eq-A with A and T are indepen-
dent of tg € R.

(d) Globally equi-attractive with respect to y, if for all ty € R, v,e € R, there exist 7 =
v(to, v, €) > 0 such that, for all o € R”, ||| < v, we have

ly(t, to, zol| <€, Vt>to+7.

(e) Globally uniformly attractive with respect to y (y—GUA) if the number 7 in (d) is inde-
pendent of ty € R.

Definition 2.7. [20,24,25](Partial Asymptotic Stability)
The equilibrium point = 0 of impulsive fractional-order system (1) is said to be:

(a) Asymptotically stable with respect to y (y—ASt), if it is y—St and y—A

(b) Uniformly asymptotically stable with respect to y (y— UASt), if it is y— USt and y—UA
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(c) Globally equi-asymptotically stable with respect to y , if it is y—St and globally equi-
attractive;

(d) Globally uniformly asymptotically stable with respect to y (y—GUAS?), if it is y—USt and
y—GUA and the solutions of system (1) are y—UB.

Definition 2.8. [3](Partial Mittag-Leffler Stability)
The equilibrium point z = 0 of impulsive fractional-order system (1) is said to be Mittag-Leffler
stable with respect to y (y—M-LSt) , if given 6 > 0, we have ||zg|| < ¢ implies

b
lly(t, to, o) < [m(xo)Ea(—/\(t —to)*| , forallt >ty (3)

where o € (0,1), A >0, 5> 0, m(0) =0, m(xz) > 0 and m is locally Lipschitz continuous with
respect to € Q x RP, ||z|| < 6.

Remark 2.1. Mittag-Leffler stability of a solution of system (1), implies its asymptotic stability
(see [12,13]).

Remark 2.2. Geometrically, the definitions introduced mean the following. In the case of
y—=>St, inside any e—cylinder ||y|| < € is a d—sphere ||zg|| = § such that any solution x(t,tq, o)
of system (1), once originated from the 0—sphere at t = to, will remain inside the e—cylinder
for allt > t,. In the case of y—ASt, the solution x(t) will, in addition, asymptotically approach
the e—cylinder axis.

The fact that the solutions of (1) are piecewise continuous functions requires introducing
some analogous of the classical Lyapunov functions which have discontinuities of the first kind
[2,10]. By means of such functions it becomes possible to solve basic problems related to the
application of Lyapunov second method to impulsive fractional systems.

Let 79 = tg € R and introduce the sets

Gr={(t,2) eRxQXRP : 7,1 <t <7}, k=41,£2,.... and G = U Gp.

Definition 2.9. [24] A function V : R x Q x R? — R, belongs to the class Vy, if

1. V(t,x) is continuous in G and locally Lipschitz continuous with respect to its second
argument on each of the sets Gy, k = +1,£2, ....

2. For each k = 4+1,£2,... and x € 0 x RP, there exist the finite limits
—_ _ . + _ .
V(Tk 755) - tlig-l;‘ V(tax)7 V(Tk 717) - tligrlk V(t,l‘)
t<T t>Tk
and the following equalities are valid

Vit ,x) =V (g, ).

Definition 2.10. [24] Let ¢ € [, Tk41), k = £1, 42, ... and = € Q@ x RP. The upper right-hand
derivative of V' in the Caputo sense of order 3, 0 < 8 < 1, with respect to system (1) is defined
by

x—0t

. 1
DLV () = Tim sup 5 [V(6,) = V(i = x.0 = x [ (t.2))
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Remark 2.3. [6,26] By simple calculation , if © = x(t) is a solution of system (1), then for
t£T1, k=12, ..

DOV (t,(t) =

dr

| /tDa)vwm)
TA-8)Jo  (-77

where

D(+1)V(t7 z(t)) = 51_i)r(IJl+ sup % [V(t +6,z(t+9)) —V(t, x)} :

Definition 2.11. [8] A continuous function a : Ry — R is said to belong to class K if it is
strictly increasing and «(0) = 0. It is to belong to class Ko, if in addition 115{1 a(s) = +oo.
S§—r+00

The following lemmas will also be required in the investigations of the paper.
Lemma 2.1. [24] Assume that the function V € Vy is such that:

i) Vitt,z 4+ Ii(z) < V(t,x), 2 € QX RP, t =73, 7 > 1o

i) DIV (t,x) < qV(t,x), (t,x) € G, t € [tg, +00).

Then,
V(t,x(t, to, w0)) < V(5 20)Es(q(t — to)?), t € [to, +00).

Lemma 2.2. [24] Assume that the function V € Vy is such that:
1) VT, + I(x) <V(t,x), x € QX RP, t =73, 7 > 1o
ii) DIV (t,x) <0, (t,x) € G, t € [to, +00).

Then,
V(t,z(t, to, x0)) < V(ts,z0), t € [to, +00).

The goal of this paper, is to investigate the stability of the zero solution z(¢) = 0 of system (1).
That is why the following conditions will be assumed :

(C1) The origin = 0 is an equilibrium point of fractional-order system (1); that is, f(¢,0) =
0, t > to.

(C2) I,(0) =0, k= +1,+2, ...

In addition, in the proofs of our main results, we shall use piecewise continuous Lyapunov
functions V : [tg, +00) x R™ — Ry, V € V, for which the following condition is true :

(C3) V(t,0) =0, t > to.

83 Main results

In this section, some sufficient conditions are given to guarantee y—stability, y—asymptotic
stability and y—Mittag-Leffler stability of the nonlinear systems of impulsive fractional differ-
ential equations (1).
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3.1 Partial stability

Theorem 3.1. Assume that conditions (C1) and (C2) are met. Let V € Vy be such that (C3)
holds and

1) ar(|lyll) <V (t,z), an €K, (t,x) € [to, +00[xQ x RP,

i) Dy V(t,x) <0, (t,x) € Gy, k= £1,£2, ..,

iii) V(tt o+ Ii(z) <V(t,z), s € QX RP t =714, k= £1,42, ...
where B € (0,1). Then, the zero solution of system (1) is y—St.

Proof. Let € > 0. From the properties of the function V, it follows that there exists a constant
d = 0(to, €) > 0 such that if ||z]| < § , then

sup V(tg,x) < aq(e) (4)
[

Let 29 € © x RP such that ||zo]| < ¢ ; and let z(t) = x(¢,to,x0) = (y(t,t0, Zo), 2(t, to, o)) be
the solution of (1). We shall prove that ||y(¢,to,xo)|| < € for t > to. Suppose that this is not
true. Then there exists t* > tg, t* € [k, Tk+1[, for some fixed integer k such that
ly(t*)[| > € and [|y(¢, to, zoll < €, t € [to, 7]
By using the condition 4i¢) and the properties of functions F + I,k = £1, 42, ..., it’s possible
to find £ €]7y, t*], such that
] ly@)|l > ¢ and y(I, to, o) € .
Then, for ¢ € [t, t] it follows from Lemma 2.2 that
V(t,z(t,to, x0)) < V(td, m0)
and
ai(e) < ar(lly(t to, zo)ll) < V(E 2(f, to, 20)) < V(15 20) < an(e).
The contradiction obtained shows that
”y(tv to, -TO)H Se
for ||zg|| < § and ¢ > to. This implies that the equilibrium point z = 0 of system (1) is y—St. O

Theorem 3.2. Let the conditions of Theorem 3.1 hold, and let a function ag € K exists such
that

V(t,x) < az(||wl]), (¢, ) € [to, +oo[xQ x RP (5)
where w = (21, T, ...,71)T € R, m <k <n. Then, the zero solution of system (1) is y— USt.

Proof. Let € > 0 be chosen. Choose § = d(€) > 0 so that az(d) < ai(€). Let zg € 2 x RP such
that ||zo|| < 0 and x(t) = x(¢, to, x0) be the solution of problem (1). It follows from Corollary
1.4 that

V(t,z(t) < V(t§, o), t > to.
From the above inequalities and (5), we get to the inequalities

ar([ly(t, to, z0)[|) < V(tg,20) < aa([woll) < az([zoll) < a2(8) < au(e)
where 2o = (210,220, -y Th0> Tk 10, -, Tno) "’ € QX RP and wo = (210, 20, .-, Tro)” € R¥. From
which it follows that
lly(t, to, zo)|| < e for t > to.

This proves the uniform y—stability of the zero solution of system (1). O
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Theorem 3.3. Assume that conditions (C1) and (C2) are met. In addition, suppose there
exists a function V- € Vy such that (C3) holds and

i) ar(llyll) <Vt 2) < as([[wl]), ¢ € [to, +00), z € 2 x RP,
i) DEV(t,2) < —as(fwl), a3 € K, (f,2) € G, k = £1, 42, .
i) V(tt, o+ I(z) < V(t,z), s € QX RP, t =14, k = £1, 42, ...

where B € (0,1) and w = (21,72, ...,x1)T € R¥, m < k < n. Then, the zero solution of system
(1) is y—UAS.

Proof. Firstly, it is easy to see that all conditions of Theorem 3.2 are satisfied. Then, the zero

solution z = 0 is y—USt.

Now, consider h > 0 and x¢ € Q such that ||zg|| < h. Let € > 0 be chosen. Choose n = n(e) so
1

as(n)
inequality ||w(t,to, 2ol > n is valid, then from ) and i), we get

that as(n) < ay(e), and let T > [M] 7 If we assume that for each t € [to, to + T the

V(t,x(t, to, 20)) < V (1, 0) — ﬁ/t as(|[w(s, to, zo)||)(t — 5)°~'ds,
< aalllunl) - T [ (¢,
a3(n)

Ift =ty + T, then

as3(n)
rp+1)
which contradicts (i) of Theorem 3.3. Then, there exists t* € [to, to + T, such that

lw(t*, to, zol| <.

V(to + T,.Z‘(t() + T, to,l‘o)) < Ozg(h) — T8 <0

It follows that for ¢ > ¢*, in particular for any ¢ > ty + T the following inequalities hold
al(Hy<t7 th Z’O)H S V(ta J?(t, tO; xO)
< V(t*7 x(t*a to, xo))a
< aa([lw(t”, to, zo)|l) < a2(n) < ().
Therefore, ||y(¢,t0,x0)|| < € for t > to + T. It follows that the zero solution of system (1) is
y—UA. Since it is y—USt, then the solution x = 0 is y—UASt. O

3.2 Partial Mittag-LefHler Stability

Let t9 = 0. In this part, we extend the problem of Mittag-Leffler stability introduced
by Podlubny and his co-authors. Precisly, we shall investigate the problem of Mittag-Leffler
stability with respect to y of the equilibrium point 2 = 0 of system (1). Using the fractional
Lyapunov method, some sufficient conditions for Mittag-Leffler stability with respect to a part
of the variables are given.
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Theorem 3.4. Assume that :
1. Conditions (C1) and (C2) hold for to = 0.
2. There exists a function V € Vy such that (C3) holds, and

i) eyl < Vit o) < erull?, t € Ry, x e x RY,
ii) DV (t,x) < —csl|w|™, (t,2) € Gy, t € Ry,
i) VT, o+ () <V(ta), 2 € QxR t =7, >0

where B € (0,1), w = (1,2, ...,21)T € RF, m <k <n, c1,ca,c3,a and b are positive constants.
Then, the zero solution of system (1) is y—M-LSt. If the assumptions hold globally on R™, then
the zero solution of system (1) is y— GM-LSt.

Proof. let x(t) = z(t, 0, z¢) be the solution of (1) with initial condition (0, zo) where 2o € Q2 xRP
such that ||zl < 0. By using conditions (i) and (4) it follows that

DIV (¢, x(t)) < —Zﬁvu,x(m, t £ 74, t> 0.
2

Therefore, for ¢ € [0, +00) there exists a nonnegative function W (t) satisfying
DIV (t,2(t)) + W(t) = —czcy 'V (t,z(t)), t # 7. (6)
Taking the Laplace transform of (6) for ¢ # 73, , t > 0 gives
sPV(s) = s771V(0) + W (s) = —c3eq 1 V(s),
where V(0) = V(0,2(0)) and V(s) = L[V (¢, z(t))](s). From the last equality we obtain
V(0)sP~1 — W (s)
sf 42 '

V(s) =

The unique solution of (6) is ( see [14])
Vit 2(1) = V(O.2(0) B ( — 247) ~ W (1) » [t B~ gtﬁ)}, t# it >0

where * denotes the convolution operator. Since both =1 and Egﬂ( - i—itﬂ ) are nonnegative
for t € (1g—1,7k], K = £1,£2,...,t > 0, it follows that for any closed interval contained in

(Tk717 Tk]
V(t,a(t)) < V(0,2(0) Eg( — Zt7).
Co

Set R =V(0,z(0))Es( — 2—21,‘5). From condition #i7) it follows that, if V (7, 2(7)) < R, then
V(nf a(nh)) = V(nf a(m) + I(z(n))) < V(g a(m) < R
which implies the solution z(t) cannot exceed R by jump. Therefore

V(t, (1) < V(0,2(0)Es( - zi’tﬁ), Vit > 0.

From the last inequality and i) we have

V(0,z(0 n

{MEB< _ Cﬁtﬁ)} .t >0.
C1 2

”y(t,t(),.’l,‘())” < c

Let m(z) = %l’m) > 0. Then, we have

1
a

C3

it to.a0)[| < [m(@(O)Es (~ 24| 1> 0.
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From the properties of the Lyapunov function V (¢, ) it follows that m is Lipschitz with respect
to x and m(0) = 0, which imply the Mittag-Leffler stability with respect to y of the zero solution
of system (1). This completes the proof of Theorem 3.5. O

3.3 Global partial Stability

Consider the system of impulsive fractional differential equations (1) where the open set
Q = R"P. Suppose again that the functions f : RxR"” — R" and I, : R" - R", k =+1,4+2, ...
are smooth enough on [tg, +00) xR™ and R, respectively, to guarantee the existence, uniqueness
and continuability of the solution of (1) on the interval [tg, +00) for all zyp € R™ and t > .
In this subsection the global equi-asymptotic stability and global asymptotic stability with
respect to y of (1) will be considered.

Theorem 3.5. Suppose that conditions (C1) and (C2) hold for system (1). Let V € Vy be a
Lyapunov function such that (C8) holds, and

i) a1(|lyl)) < V(L ), a1 € Kuo, (t, ) € Ry x R,

i) V(tt o + Ii(2)) < V(t,z), 2 € R t = 73,

iit) DIV (t,x) < —cV(t,z), a3 € K, (t,x) € Gp, k=1,2,...

where ¢ >0 and B € (0,1). Then, the zero solution of system (1) is y— GEq-ASt.

Proof. Let € > 0. From the properties of the function V (¢, z), it follows that there exists a

constant § = §(tg, €) > 0 such that if z € R such that ||z < & , then sup V(tf,z) < ai(e).
llzll<s
Let xp € R™ such that ||zg|| < §. By Lemma 2.2, the following hold

V(t,z(t, to, x0)) < V(t5,x0), t € [to, +00).
Consequently
al(lly(tvtovxo)H) < V(t,l’(t,t()’:]}o)) < V(t0+7x0) < CY1(€)7
which imply that ||y(t,to, zo)| < € for t > to. Then, the zero solution of system (1) is y—St.

Now we shall prove that it is globally equi-attractive with respect to y.
Let v > 0 and zp € R™ such that ||zo|| < v. By Lemma 2.1, it follows that for ¢ > ¢y, the
following inequality is valid
V(t,z(t, to, w0)) < V(] 20)Es( — c(t —t0)”). (7)
Let consider
R(to, v) = sup {V/(t ), |2l < v}
and
-1
= (to, v, €) > [—E‘l
v =to,v€) > | — By (
For t >ty + v, from (7) it follows that
V(t,z(t, to, xo)) < a(e).
From the last inequality and condition ¢) of Theorem 3.5 we have
||y(t7 t07 xO)H <e€
which means that the zero solution of system (1) is y—GEqg-A. O

a1(€) B
N(to,u))}
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In the next Theorem, some sufficient conditions are given to ensure the global asymptotic
stability with respect to y of the zero solution of system (1).

Theorem 3.6. Assume that conditions (C1) and (C2) hold for system (1). Let V € Vy be a
Lyapunov function such that (C8) holds, and

i) aa(llyll) <V (t,2) < ao(|wll), ea, a2 € Ko, (£, ) € [to, +00) x R,
ZZ) cDﬁV(t,fE) S —Oég(H’lUH), a3 € ICOOa (t7$) S G7 te [t07+00)
i) VT, o+ Ix(z)) < V(t,z), x € R, t =73, k = £1,£2, ...,

where w = (1, T2, ...,71)T € R¥, m <k <n, € (0,1). Then, the zero solution of system (1)

is y— GASt.

Proof. Firstly, by conditions ¢) and i), the zero solution of system (1) is y—USt.

Now, we shall prove that the solutions of system (1) are uniformly bounded with respect to y.

Let consider a nonnegative constant r and xg € R™ such that ||zg]] < r. By using the fact
lim «j(s) = +oo, then it is possible to choose p = p(r) so that ai1(p) > as(r). From

s—+o00o
conditions i) and i), all hypothesis of Lemma 2.2 are satisfied. Then,

V(t,z(t, to, x0)) < V(t&,x0), t € [to, +00).
From i) and 4i) and the above inequality, we obtain the following
al(”y(tv to, xO”) < V(t’ 1’(t, Lo, xo)) < V(tg’ 1'0)’
< aa(f|lwol,
< a([[zoll),
< ag(r) < ai(p).
Therefore, ||y(t,to,zo||) < p, for ¢ > to, which implies that the solutions of system (1) are
y—UB. To complete the proof of this Theorem, we shall prove that the zero solution z(t) = 0
of system (1) is y—UGA. Let v > 0 be arbitrarily chosen and € > 0 be given small. Let the

number 7 = n(e) > 0 be chosen such that o;(€) < az(n) and let v = v(v,€) > 0 be satisfying

the following
. [QQ(V)F(B + 1)} %.

a3 (n)
Similar to the proof of Theorem 3.3, we obtain ||y(¢,%,z0)|| < € for t > to + v, whenever
|zo|| < v. Then, the zero solution of (1) is y—UGA. O
Remark 3.1. In Theorem 3.6, if a1(s) = c15%, as(s) = c25% and asz(s) = c35%° where

1,2, c3,a and b are positive constants, then the system (1) is y—globally Mittag-Laffler stable.

84 Examples

Example 1. Consider the following fractional order system
Dy w1 (t) = —a1(t) +sin (21 () + x2(t) + 23(t))21(t), t >0, t # 74
Dy y2(t) = —w2(t) +sin (z1(t)) — z2(t) + 2a5(t))a2(t), t >0, t £ 7,
Diwa(t) = 2w3(t), t >0, t £ 7

Tk
.Tl(’Tk ) = le(Tk), Tk > 0
:rg(T,j) = ﬁxg(m), 7 >0

:E3(T,:“) =ag, 7 >0
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where 0 < 8 < 1 and x(t) = (x1(t), z2(t), v3(t)) € R3. Consider the Lyapunov-like function :
2 2
]+ x5

V(t,z) = 5

fort >0 and t # 1, we have
DIV (t,(t) = 21(1)Dg 1 (1) + 22()Dg0a(2)
= —2{(t) +sin (21(t) + 22(t) + w3(1)) 27 (t) — 25(t)
+ sin (z1(t)) — 22(t) + 223(t))23(t)
<0.

Fort=m,t>0,

+ + + + kK af k? a3
V(Tk: ,CEl(Tk ),IIZQ(Tk ),Zg(Tk )) = 2+ kgg + 1 T kgg S V(Tk,.%l,xQ,IL’g).

Then, the assumptions of Theorem 3.2 are satisfied. Hence, x = 0 is (x1,x2)— USt.

Remark 4.1. In the previous example, a simple calculation leads to

$3(f,t0,$0) :.’EgoEﬁ( t—to +ZGZ
where x30 = x3(to,to, xo). Then x =0 of system (8) is unstable.

Example 2. Consider the following system

°Dgt:131( t) = —xo(t )COSQ(.Z‘l(t)) —daq(t) + x2(t), t >0, t £ 74

CDﬁtxg(t = x9(t) cos®(x1(t)) — Baa(t), t >0, t # 7

CDO’thg(t) =ux3(t), t >0, t # &

Az (1) = cgx1 (1), T >0

AIQ( k) dka(Tk) T >0

Azs(mi) = ag, 7 >0

where B € (0,1), x1,x9,23 € R, ¢k, di, € [—2,0] and a, # 0.

Define the function V (t,x1, 22, x3) = |x1| + |22|. Then, for t > 0 and t # 13, we have
C’DQBFV(t, x(t)) = signxl(t)cDg,txl(t) + signaa (t)CDg’txg (t)

— 4z (t)| — 4|z2(t)]

-4V (t, x).

IN

Fort=m,t>0,

V(T @1 + epwr, w2 + dpxo, o3 + ag) = |1+ cgl|lza| + |1+ di||ze] < V (7w, 21, 22, 23).
Then, the assumptions of Theorem 3 are satisfied. Hence, x = 0 is Mittag-Leffler stable with
respect to (x1,z2).

85 Conclusion

In this paper, Lyapunov functions is used to study the stability with respect to part of
the variables of the zero solution of a nonlinear impulsive fractional system. We introduce
the derivative of the Lyapunov function based on the Caputo fractional Dini derivative of a
function. By using the Lyapunov technique, some sufficient conditions for stability, uniform
stability , Mittag Leffler stability and asymptotic uniform stability are obtained. Furthermore,
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the

1]

[10]

[11]

[12]
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theoretical conclusions have been verified by some numerical examples.
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