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On new classes of strongly Janowski type functions of

complex order

Khalil Ahmad1 Khudija Bibi2 M. Sajjad Shabbir3

Abstract. We investigate some new subclasses of analytic functions of Janowski type of com-

plex order. We also study inclusion properties, distortion theorems, coefficient bounds and

radius of convexity of the functions. Moreover, analytic properties of these classes under certain

integral operator are also discussed. Our findings are more comprehensive than the existing

results in the literature.

§1 Introduction and Preliminaries

SupposeA denotes the class of all analytic functions in the open unit disk E = {z ∈ C : |z| < 1}
with normalization f(0) = 0, and f ′(0) = 1. Its series representation is given by

f(z) = z +

∞∑
n=2

anz
n, z ∈ E. (1.1)

A function g1(z) analytic in E is called subordinate to a function g2(z), denoted as g1(z) ≺
g2(z), if there exists a Schwartz function w(z) analytic in E with w(0) = 0 and |w(z)| < 1.

Where g1(z) = g2(w(z)), for all z ∈ E. Note that if g2(z) is univalent in E, then g1(z) ≺
g2(z) if and only if g1(0) = g2(0), g1(E) ⊂ g2(E) implies g1(Er) ⊂ g2(Er). Where Er =

{z : |z| < r, 0 < r < 1}[4][5][11].
Let P denotes the well known class of Carathódory functions p(z) such that p(z) is analytic

with p(0) = 1 and Re p(z) > 0, for z ∈ E. If A,B ∈ R with −1 ≤ B < A ≤ 1, then we say

that a function p(z) belongs to the class P[A,B] with p(0) = 1, if and only if p(z) ≺ 1 +Az

1 +Bz
.

Geometrically, p ∈ P[A,B] if and only if p(0) = 1 and p(E) lies inside the open disk centered on

the real axis and diameter with end points
1−A

1−B
and

1 +A

1 +B
(for B ̸= −1), or in the half plane,

Received: 2019-12-16. Revised: 2020-12-15.

MR Subject Classification: 30C45, 30C50.

Keywords: subordination, Janowski function, starlike function, convex function, complex order.

Digital Object Identifier(DOI): https://doi.org/10.1007/s11766-023-3990-7.



90 Appl. Math. J. Chinese Univ. Vol. 38, No. 1

Rew >
1−A

2
, if B = −1, respectively. Special choices of the parameters A and B lead to many

familiar classes. For example P[1,−1] = P [4][7]. Moreover, Noor [9] proved that P[A,B] is

convex. We say that p belongs to the class P̃β [A,B] if and only if p(z) ≺
(

1+Az
1+Bz

)β
, for z ∈ E

and any arbitrary fixed numbers −1 ≤ B < A ≤ 1 and 0 < β ≤ 1. For −1 ≤ B < A ≤ 1,

C[A,B] and S∗[A,B] are classes of Janowski convex and starlike functions respectively [7].

Moreover, C̃β [A,B] and S∗β

[A,B] with −1 ≤ B < A ≤ 1 and 0 < β ≤ 1 are defined by

C̃β [A,B] =

{
f ∈ A : (zf

′
(z))

′

f ′ (z)
≺
(

1+Az
1+Bz

)β}
and S∗β

[A,B] =

{
f ∈ A : zf

′
(z)

f(z) ≺
(

1+Az
1+Bz

)β}
.

Furthermore, classes of convex, starlike of complex order and Janowski convex and starlike

functions of complex order b, (b ̸= 0 is complex) with −1 ≤ B < A ≤ 1 are studied in

[8][13][10]. Recently, in [6], some new classes of normalized analytic functions with bounded

radius and bounded boundary rotation by using the subordination are introduced, discussed

and explored. It is observed that most of the obtained results are best possible.

In [12], we have the following lemma:

Lemma 1. Let f(z) be defined as in (1.1) and F (z) = 1 +
∞∑

n=1
bnz

n (z ∈ E), are analytic

functions such that f(z) ≺ F (z). If F (z) is univalent in E and F (z) is convex then |an| ≤ |b1| ,
for all n ≥ 1.

§2 Main Results

Before proceeding towards our main results, first we define the following:

Definition 1. Let S̃b

β
[A,B] denotes the family of functions f(z) ∈ A such that f(z) belongs

to S̃b

β
[A,B] if and only if f(z)

z ̸= 0 and

1 +
1

b

(
zf

′
(z)

f(z)
− 1

)
∈ P̃β [A,B], (for complex number b ̸= 0).

Special Cases:

(i) For β = 1, S̃b

β
[A,B] reduces to S∗

b [A,B].

(ii) For A = 1, B = −1, S̃b

β
[A,B] becomes S̃b(β).

(iii) For β = 1
2 , A = c, B = 0, S̃b

β
[A,B] reduces to S

1
2

b (c), for b = 1, it was introduced in

[1].

(iv) For b = 1, S̃b

β
[A,B] becomes S∗β

[A,B].

Definition 2. Let C̃b
β
[A,B] denotes the family of functions f(z) ∈ A such that f(z) belongs

to C̃b
β
[A,B] if and only if f(z)

z ̸= 0 and

1 +
1

b

zf
′′

(z)

f ′(z)
∈ P̃β [A,B](where b ̸= 0 and is complex number )
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Special Cases:

(i) For β = 1, C̃b
β
[A,B] reduces to Cb[A,B].

(ii) For A = 1, B = −1, C̃b
β
[A,B] becomes C̃b(β).

(iii) For b = 1, C̃b
β
[A,B] becomes C∗β

[A,B].

Following result gives the coefficient bounds for the strongly Janowski functions in the class

P̃β [A,B]. By choosing special values of A, B and β, we obtain the coefficient bounds for the

functions belong to the classes p∼[β] and P [A,B].

Lemma 2. Suppose p(z) = 1 +
∞∑

n=1
cnz

n is in P̃β [A,B], for −1 ≤ B < A ≤ 1, with 0 < β ≤ 1.

Then

|cn| ≤ β |A−B| , for all n ≥ 1. (2.1)

Following lemma consists of distortion result for the functions belong to the class P̃β [A,B].

Some existing results of well-known classes are special cases of this result.

Lemma 3. Consider p(z) belongs to P̃β [A,B], for −1 ≤ B < A ≤ 1, with 0 < β ≤ 1 and

z = reiθ. Then (
1−Ar

1−Br

)β

≤ Re p(z) ≤ |p(z)| ≤
(
1 +Ar

1 +Br

)β

. (2.2)

Theorem 4. Suppose f(z) ∈ C̃b
β
[A,B]. Then f(z) ∈ Cb(γ). Where γ =

(
1−A
1−B

)β
, for −1 ≤

B < A ≤ 1 and 0 < β ≤ 1, with b ̸= 0.

Proof. Suppose f(z) ∈ C̃b
β
[A,B]. Then by definition

1 +
1

b

zf
′′

(z)

f ′(z)
∈ P̃β [A,B].

If p(z) ∈ P̃β [A,B] then p(z) ≺
(

1+Az
1+Bz

)β
. This follows that there exists an analytic function

w(z), w(0) = 1 with |w(z)| < 1 such that p(z) =
(

1+Aw(z)
1+Bw(z)

)β
.

Now

Re(p(z)) = Re

(
1 +Aw(z)

1 +Bw(z)

)β

≥
(
1−A |w(z)|
1−B |w(z)|

)β

>

(
1−A

1−B

)β

. (2.3)

This shows that p(z) ∈ P(γ), where γ =
(

1−A
1−B

)β
. It follows that 1+ 1

b
zf

′′
(z)

f ′(z) ∈ P(γ), where

γ =
(

1−A
1−B

)β
. This implies that f(z) ∈ Cb(γ) with γ =

(
1−A
1−B

)β
. This completes the proof.

Corollary 5. For β = 1, f(z) ∈ Cb[A,B]. Above Theorem 4 gives that f(z) ∈ Cb(γ), for

γ = 1−A
1−B .

Corollary 6. Put β = 1
2 , A = c, c ∈ (0, 1], B = 0. We get f(z) ∈ C

1
2

b (c),

where C
1
2

b (c) =

{
f ∈ A : 1 + 1

b
zf

′′
(z)

f ′(z) ≺
√
1 + cz

}
.
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Using Theorem 4, we have f(z) ∈ Cb(γ), where γ =
√
1− c.

Corollary 7. Put b = 1 in Theorem 4, we have C̃β [A,B] ⊂ C(γ), for γ =
(

1−A
1−B

)β
.

Theorem 8. If f(z) ∈ S̃b

β
[A,B] then f(z) ∈ Sb(γ). Where γ =

(
1−A
1−B

)β
, for −1 ≤ B < A ≤ 1

and 0 < β ≤ 1, (b ̸= 0).

Proof. Suppose f(z) ∈ S̃b

β
[A,B]. Then by definition, we get

1 +
1

b

(
zf

′

(z)

f(z)
− 1

)
∈ P̃β [A,B].

If p(z) ∈ P̃β [A,B]. Then by (2.3), we get p(z) ∈ P(γ), where γ =
(

1−A
1−B

)β
. This implies that

1 + 1
b

(
zf

′
(z)

f(z) − 1

)
∈ p(γ), where γ =

(
1−A
1−B

)β
.

Therefore, f(z) ∈ Sb(γ), for γ =
(

1−A
1−B

)β
. Hence the proof.

Corollary 9. For β = 1, Theorem 8 gives S∗
b [A,B] ⊂ S∗

b (γ), for γ = 1−A
1−B .

Corollary 10. If β = 1
2 , A = c, c ∈ (0, 1], B = 0, then f(z) ∈ S

1
2

b (c),

where S
1
2

b (c) =

{
f ∈ A : 1 + 1

b

(
zf

′
(z)

f(z) − 1

)
≺

√
1 + cz

}
. Theorem 8 implies that f(z) ∈

Cb(γ), for γ =
√
1− c [1].

Corollary 11. For b = 1, Theorem 8 follows that S̃β [A,B] ⊂ S(γ), for γ =
(

1−A
1−B

)β
.

Theorem 12. Let f(z) ∈ S̃b

β
[A,B] with f(z) = z+

∞∑
n=2

anz
n, for z ∈ E,− 1 ≤ B < A ≤ 1, 0 <

β ≤ 1 and b ̸= o (complex). Then

|an| ≤
(bβ |A−B|)n−1

(n− 1)!
, for n ≥ 2. (2.4)

Proof. Suppose f(z) ∈ S̃b

β
[A,B]. Then by definition, we have 1 + 1

b

(
zf

′
(z)

f(z) − 1

)
∈ P̃b

β
[A,B].

Consider p(z) = 1+ 1
b

(
zf

′
(z)

f(z) − 1

)
= 1+

∞∑
n=1

cnz
n, where p(z) is analytic in E with p(0) = 1.

This follows that

1 +
1

b

(
zf

′

(z)

f(z)
− 1

)
= 1 +

∞∑
n=1

cnz
n

zf
′

(z) = f(z)

(
1 +

∞∑
n=1

bcnz
n

)

z +
∞∑

n=2

nanz
n =

(
z +

∞∑
n=2

anz
n

)(
1 +

∞∑
n=1

bcnz
n

)

= z +
∞∑

n=2

n−1∑
i=0

bcian−iz
n.
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Comparing the coefficient of ’zn’ on both sides, we obtain

(n− 1) an =
n−1∑
i=1

bcian−i, c0 = 1.

This implies that

|an| =
1

n− 1

n−1∑
i=1

|b| |ci| |an−i| . (2.5)

Since p(z) ∈ P̃b

β
[A,B], then by Lemma 2, we get |ci| ≤ bβ(A − B), for all n ≥ 1. From (2.5),

we have |an| ≤ bβ(A−B)
n−1

n−1∑
i=1

|ai| . Particularly,

|a2| ≤ bβ(A−B),

|a3| ≤
bβ(A−B)

2
(bβ(A−B) + 1) =

(bβ(A−B))2
(2)!

.

For n = k,

|ak| ≤
bβ(A−B)

k − 1

k−2∏
j=1

(
bβ(A−B)

j
+ 1

)
=

(bβ(A−B))k−1

(k − 1)!
, k ≥ 3. (2.6)

Where (d)k is Pochhammer notation represented as,

(d)k =

{
1, k = 0, d ∈ C r {0}

d(d+ 1)...(d+ k − 1), k ∈ N, d ∈ C.

Consider

|ak+1| ≤
bβ(A−B)

k

k−1∑
i=1

|ai|+
bβ(A−B)

k
|ak| .

Using (2.6), we obtain the following,

|ak+1| ≤
bβ(A−B)

k

k−2∏
j=1

(
bβ(A−B)

j
+ 1

)
+

(bβ(A−B))
2

k (k − 1)

k−2∏
j=1

(
bβ(A−B)

j
+ 1

)
,

=
bβ(A−B)

k

k−1∏
j=1

(
bβ(A−B)

j
+ 1

)
=

(bβ(A−B))k
(k)!.

.

By induction, we get (2.4). This completes the proof.

Corollary 13. If we take A = 1, B = −1, b = 1, f ∈ S̃β [1,−1] = S̃ (β) , then we have

|an| ≤
(2β)n−1

(n− 1)!
, for n ≥ 2.

The bound is sharp for the function fβ(z) =
z

(1−z)2β
[2].

Note that by putting β = 1 in above Corollary 13, we obtain the coefficients bounds

|an| ≤ n, n ≥ 2 for the function f ∈ S∗ with extremal function f1(z) =
z

(1−z)2 [4].

Corollary 14. If A = 1, B = −1, then f ∈ S̃b (β) . Further, (2.4) reduces to |an| ≤
(2bβ)n−1

(n−1)! ,

for n ≥ 2.

Corollary 15. If β = 1, b = 1, then f ∈ S∗[A,B] and Theorem 12 follows that

|an| ≤
(A−B)n−1

(n− 1)!
, for n ≥ 2.
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Corollary 16. Put A = 1 − 2α, B = −1 in above Corollary 15, we achieve the coefficient

bounds |an| ≤
(2(1−α))n−1

(n−1)! , for n ≥ 2 and f ∈ S∗(α), for 0 ≤ α < 1 with extremal function

f1(z) =
z

(1−z)2(1−α) [4][3].

Theorem 17. If f(z) ∈ C̃b
β
[A,B] with f(z) defined in (1.1), for −1 ≤ B < A ≤ 1, 0 < β ≤ 1

and b ̸= 0 (complex), then

|an| ≤
(bβ |A−B|)n−1

(n)!
, for n ≥ 2.

Proof. Suppose f(z) ∈ C̃b
β
[A,B]. Then zf

′

(z) ∈ S̃b

β
[A,B]. By Theorem 12, we get

|an| ≤
(bβ |A−B|)n−1

(n)!
, for n ≥ 2.

Hence the proof.

Corollary 18. For b = 1 and f(z) ∈ C̃β [A,B], Theorem 17 gives |an| ≤
(β|A−B|)n−1

(n)! , for n ≥ 2.

Corollary 19. For β = 1 and f(z) ∈ Cb[A,B], Theorem 17 gives |an| ≤
(b|A−B|)n−1

(n)! , for n ≥ 2.

Corollary 20. For A = 1, B = −1 and f(z) ∈ C̃β
b [1,−1] = C̃b(β), Theorem 17 gives |an| ≤

(2bβ)n−1

(n)! , for n ≥ 2.

Theorem 21. Suppose f, g ∈ C̃b
β
[A,B] and H(z) =

z∫
0

(
f

′
(t)
)α (

g
′
(t)
)γ

dt with α + γ = 1.

Then H(z) ∈ C̃b
β
[A,B].

Proof. Since

H(z) =

z∫
0

(
f

′
(t)
)α (

g
′
(t)
)γ

dt,with α+ γ = 1,

=⇒ H
′
(z) =

(
f

′
(z)
)α (

g
′
(z)
)γ

.

Differentiating logarithmatically, we have

H
′′

(z)

H ′(z)
= α

f
′′
(z)

f ′(z)
+ γ

g
′′
(z)

g′(z)

1 +
1

b

zH
′′

(z)

H ′(z)
= α

(
1 +

1

b

zf
′′
(z)

f ′(z)

)
+ γ

(
1 +

1

b

zg
′′
(z)

g′(z)

)
. (2.7)

Since f, g ∈ C̃b
β
[A,B], then there exists p1, p2 ∈ P̃β [A,B] such that p1 = 1 + 1

b
zf

′′
(z)

f ′ (z)
and

p2 = 1 + 1
b
zg

′′
(z)

g′ (z)
. Then (2.7) becomes, 1 + 1

b
zH

′′
(z)

H′ (z)
= αp1 + γ p2. Since p1, p2 ∈ P̃β [A,B] and

P̃β [A,B] is convex, then 1 + 1
b
zH

′′
(z)

H′ (z)
∈ P̃β [A,B]. This follows that H(z) ∈ C̃b

β
[A,B]. This

completes the proof.

Corollary 22. For β = 1 and f, g ∈ Cb[A,B], Theorem 21 gives H(z) ∈ Cb[A,B].
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Corollary 23. For A = 1, B = −1, b = 1 and f, g ∈ C̃(β), Theorem 21 gives H(z) ∈ C̃(β).

Corollary 24. For β = 1, A = 1 − 2α, B = −1 and f, g ∈ Cb(α), Theorem 21 follows,

H(z) ∈ Cb(α).

Theorem 25. Suppose f ∈ S̃b

β
[A,B] with z = reiθ and γ =

(
1−A
1−B

)β
. Then we have the

following inequalities:
r

(1 + r)
2b(1−γ)

≤ |f(z)| ≤ r

(1− r)
2b(1−γ)

. (2.8)

1− 2b(1− γ)r + (2b(1− γ)− 1) r2

(1− r) (1 + r)
2b(1−γ)+1

≤
∣∣∣f ′

(z)
∣∣∣ ≤ 1 + 2b(1− γ)r + (2b(1− γ)− 1) r2

(1 + r) (1− r)
2b(1−γ)+1

. (2.9)

Proof. Since f ∈ S̃b

β
[A,B], then 1 + 1

b

(
zf

′
(z)

f(z) − 1

)
= p(z). Where p(z) ∈ P̃β [A,B] ⊆ p(γ),

γ =
(

1−A
1−B

)β
. Also p(z) ∈ P(γ) implies that there exists p1 ∈ P such that p(z) = (1− γ)p1+ γ.

We know that each p1 ∈ P can be written as∣∣∣∣p1 − 1 + r2

1− r2

∣∣∣∣ ≤ 2r

1− r2
( [5]).

It follows that ∣∣∣∣ 1

1− γ
(p(z)− γ)− 1 + r2

1− r2

∣∣∣∣ ≤ 2r

1− r2∣∣∣∣p(z)− 1 + (1− 2γ)r2

1− r2

∣∣∣∣ ≤ 2r(1− γ)

1− r2
. (2.10)∣∣∣∣∣1 + 1

b

(
zf

′

(z)

f(z)
− 1

)
− 1 + (1− 2γ)r2

1− r2

∣∣∣∣∣ ≤ 2r(1− γ)

1− r2∣∣∣∣∣zf
′

(z)

f(z)
− 1 + (2b(1− γ)− 1) r2

1− r2

∣∣∣∣∣ ≤ 2b(1− γ)r

1− r2
. (2.11)

This inequality can be written in the following form

1− 2b(1− γ)r + (2b(1− γ)− 1) r2

1− r2
≤ Re{zf

′
(z)

f(z)
} ≤ 1 + 2b(1− γ)r + (2b(1− γ)− 1) r2

1− r2
.

(2.12)

On the other hand, we know that

Re{zf
′
(z)

f(z)
} = r

∂

∂r
log |f(z)| .

Thus we have,

1− 2b(1− γ)r + (2b(1− γ)− 1) r2

r(1− r2)
≤ ∂

∂r
log |f(z)| ≤ 1 + 2b(1− γ)r + (2b(1− γ)− 1) r2

r(1− r2)
.

(2.13)

Integrating both sides of (2.12), we get (2.8). The inequality (2.10) can be written in the form

1− 2b(1− γ)r + (2b(1− γ)− 1) r2

1− r2
≤

∣∣∣∣∣zf
′
(z)

f(z)

∣∣∣∣∣ ≤ 1 + 2b(1− γ)r + (2b(1− γ)− 1) r2

1− r2
.
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In the above inequality, if we use (2.8), we obtain (2.9). Hence the proof.

Theorem 26. Suppose f ∈ C̃b
β
[A,B] with z = reiθand γ =

(
1−A
1−B

)β
. Then

1

(1 + r)
2b(1−γ)

≤
∣∣∣f ′

(z)
∣∣∣ ≤ 1

(1− r)
2b(1−γ)

. (2.14)

1

1− 2b(1− γ)

(
1

(1 + r)
2b(1−γ)−1

− 1

)
≤ |f(z)| ≤ 1

1− 2b(1− γ)

(
1− 1

(1− r)
2b(1−γ)−1

)
.

(2.15)

Proof. Suppose f ∈ C̃b
β
[A,B], then 1 + 1

b

(
zf

′′
(z)

f ′ (z)

)
= p(z). Where p(z) ∈ P̃β [A,B] ⊆ p(γ),

γ =
(

1−A
1−B

)β
. Using (2.10), we have∣∣∣∣p(z)− 1 + (1− 2γ)r2

1− r2

∣∣∣∣ ≤ 2r(1− γ)

1− r2∣∣∣∣∣1 + 1

b

(
zf

′′
(z)

f ′(z)

)
− 1 + (1− 2γ)r2

1− r2

∣∣∣∣∣ ≤ 2r(1− γ)

1− r2∣∣∣∣∣zf
′′
(z)

f ′(z)
− 2b(1− γ)r2

1− r2

∣∣∣∣∣ ≤ 2b(1− γ)r

1− r2
.

This inequality can be written as

2b(γ − 1)r

1 + r
≤ Re

zf
′′
(z)

f ′(z)
≤ 2b(1− γ)

1− r
. (2.16)

But we know that Re{ zf
′′
(z)

f ′ (z)
} = r ∂

∂r log
∣∣∣f ′

(z)
∣∣∣ . Using this result in (2.16) and integrating we

get (2.14). Since |z| = r, integrating (2.14) over r. Therefore we obtain (2.15). This completes

the proof.

Theorem 27. Suppose f(z) ∈ C̃b
β
[A,B]. Then f(z) map |z| < σ on to a convex domain.

Where σ = (1−B)
β

(
b
(

1−A
1−B

)β
+ (1− b)

)
, for −1 ≤ B < A ≤ 1, b ̸= 0, 0 < β ≤ 1.

Proof. Suppose f(z) ∈ C̃b
β
[A,B]. Then for any p(z) ∈ P̃β [A,B], we have

1 +
1

b

zf
′′

(z)

f ′(z)
= p(z),

1 +
zf

′′

(z)

f ′(z)
= bp(z) + 1− b.

Re

(
1 +

zf
′′

(z)

f ′(z)

)
= Re (bp(z) + 1− b)
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Since p(z) ∈ P̃β [A,B], then by using Lemma 3 we have

Re

(
1 +

zf
′′

(z)

f ′(z)

)
≥ b

(
1−Ar

1−Br

)β

+ 1− b

=
b (1−Ar)

β
+ (1− b) (1−Br)

β

(1−Br)
β

.

Suppose h(r) = b (1−Ar)
β
+ (1− b) (1−Br)

β
. Then h(0) = 1, and h(1) = b (1−A)

β
+ (1−

b) (1−B)
β
= (1−B)

β

(
b
(

1−A
1−B

)β
+ (1− b)

)
.

So,

Re

(
1 +

zf
′′

(z)

f ′(z)

)
> 0, for |z| < σ.

Where σ = (1−B)
β

(
b
(

1−A
1−B

)β
+ (1− b)

)
is the least positive root of equation b (1−A)

β
+

(1− b) (1−B)
β
= 0. Hence the proof.

Corollary 28. If β = 1, f ∈ C̃b[A,B], then Theorem 27 follows that

Re

(
1 +

zf
′′

(z)

f ′(z)

)
> 0, for |z| < 1

B + b(A−B)
.

Corollary 29. If β = 1, A = 1, B = −1, f ∈ C̃b[1,−1] = Cb, then Theorem 27 gives

Re

(
1 +

zf
′′

(z)

f ′(z)

)
> 0, for |z| < 1

2b− 1
.

Corollary 30. By putting β = 1, A = 1 − 2α, B = −1, f ∈ Cb[1 − 2α,−1] = Cb(α), Theorem
27 follows that

Re

(
1 +

zf
′′

(z)

f ′(z)

)
> 0, for |z| < 1

2b(1− α)− 1
.

Corollary 31. If we put A = 1, B = −1, f ∈ C̃β
b [1,−1] = C̃b(β). Then Theorem 27 gives

Re

(
1 +

zf
′′

(z)

f ′(z)

)
> 0, for |z| < σ.

Where σ is the least positive root of equation b (1− r)
β
+ (1− b) (1 + r)

β
= 0.

§3 Conclusion

In this paper we defined a new classes of strongly Janowski type functions of complex order.

We also derived growth and distortion theorems, coefficient bounds and radius of convexity of

the functions. Moreover, we discussed analytic properties of these classes under certain integral

operator.
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[1] M K Aouf, D Jacek, J Sokó l. On a subclass of strongly starlike functions, Applied Mathematics

Letters, 2011, 24: 27-32.

[2] D A Brannan, W E Kirwan. On some classes of bounded univalent functions, J London Math

Soc, 1969, 1(2): 431-443.

[3] P L Duren. Univalent functions, Grundlehren der Math Wissenchaften, Springer-Verlag New

York-Berlin, 1983.

[4] A W Goodman. Univalent functions, University of South Florida USA, 1983.

[5] A W Goodman. Univalent functions, Polygonal publishing house, Washington, New Jersey, 1983,

I & II.

[6] S Hussain, K Ahmad. On strongly starlike and strongly convex functions with bounded ra-

dius and bounded boundary rotation, Journal of Inequalities and Application, 2020, 126(2020),

https://doi.org/10.1186/s13660-020-02391-z.

[7] W Janowski. Some extremal problems for certain families of analytic functions-I , Ann Polon

Math, 1973, 28: 297-326.

[8] M A Nasr, M K Aouf. Starlike functions of complex order , J Natur Sci Math, 1985, 25: 1-12.

[9] K I Noor. On some univalent integral operators, J Math Anal and Appl, 1987, 28: 586-592.

[10] Y Polatoglu, M Bolcal, A Sen. The radius of starlikeness for convex functions of complex order ,

International Journal of Mathematics and Mathematical Sciences, 2004, 45: 2423-2428.

[11] C Pommerenke. Univalent functions, Vandenhoeck dan Ruprecht, 1975.

[12] W Rogosinski. On the coefficients of subordinate functions, Proc London Math Soc, 1943, 48(2):

48-82.

[13] P Wiatrowski. On the coefficients of some family of holomorphic functions, Zeszyty Nauk Univ

Lodz Nauk Mat Przyrod Ser, 1970 , 39(2): 75-85.

[14] Sabir Hussain, Khalil Ahmad. On strongly starlike and strongly convex functions with bound-

ed radius and bounded boundary rotation, Journal of inequalities and Applications, 2020, 126,

https://doi.org/10.1186/s13660-020-02391-z.

1Department of Mathematics, Air University, PAF-Complex, Sector E-9, Islamabad, Pakistan.

Email: khalilmalik@mail.au.edu.pk



Khalil Ahmad, et al. On new classes of strongly Janowski type functions of complex order 99

2Department of Mathematics, Faculty of Basic and Applied, International Islamic University Islamabad,

Pakistan.

Email: khudija.bibi@iiu.edu.pk
3Department of Mathematics, University of Poonch Rawalakot, Azad Kashmir 12350, Pakistan.

Email: sajjadmust@gmail.com


