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On new classes of strongly Janowski type functions of

complex order

Khalil Ahmad* Khudija Bibi? M. Sajjad Shabbir?

Abstract. We investigate some new subclasses of analytic functions of Janowski type of com-
plex order. We also study inclusion properties, distortion theorems, coefficient bounds and
radius of convexity of the functions. Moreover, analytic properties of these classes under certain
integral operator are also discussed. Our findings are more comprehensive than the existing

results in the literature.

81 Introduction and Preliminaries

Suppose A denotes the class of all analytic functions in the open unit disk E = {z € C : |z| < 1}

with normalization f(0) =0, and f’(0) = 1. Its series representation is given by
f(z) :z—l—Zanz", z € E. (1.1)
n=2

A function g¢1(z) analytic in E is called subordinate to a function gz(z), denoted as g1(z) <
g2(2), if there exists a Schwartz function w(z) analytic in E with w(0) = 0 and |w(z)| < 1.
Where ¢1(z) = g2(w(z)), for all z € E. Note that if ga(z) is univalent in E, then g;(z) <
92(2) if and only if g1(0) = ¢2(0), g1(E) C g2(E) implies g1(E;) C g2(E;). Where E,
{z:]z| <r, 0<r<1}[4][5][11].

Let P denotes the well known class of Carathédory functions p(z) such that p(z) is analytic
with p(0) = 1 and Rep(z) > 0, for 2 € E. If A, B € R with —1 < B < A < 1, then we say

1+ A
that a function p(z) belongs to the class P[A, B] with p(0) = 1, if and only if p(z) < 1 I BZ'
Geometrically, p € P[A, B] if and only if p(0) = 1 and p(E) lies inside the open disk centered on
the real axis and diameter with end points T — 5 and il ::-_B (for B # —1), or in the half plane,
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Rew > ,if B = —1, respectively. Special choices of the parameters A and B lead to many

familiar classes. For example P[1, —1] = P [4][7]. Moreover, Noor [9] proved that P[A, B] is
convex. We say that p belongs to the class Pph [A, B] if and only if p(z) < (iigi)ﬁ ,for ze E
and any arbitrary fixed numbers -1 < B < A<land 0 < <1 For -1 < B<A<LI,
C[A, B] and S*[A, B] are classes of Janowski convex and starlike functions respectively [7].
Moreover, CP[A, B] and S*ﬂ[A,B] with =1 < B < A < 1and 0 < 8 < 1 are defined by

~ i ’ ﬁ N B
CPlA,B] = {feA: CLEL (1+AZ) } and S*[A, B] = {feA: SHON (HAZ)

f(2) 1+Bz 16 1Bz
Furthermore, classes of convex, starlike of complex order and Janowski convex and starlike
functions of complex order b, (b # 0 is complex) with —1 < B < A < 1 are studied in
[8][13][10]. Recently, in [6], some new classes of normalized analytic functions with bounded
radius and bounded boundary rotation by using the subordination are introduced, discussed

and explored. It is observed that most of the obtained results are best possible.

In [12], we have the following lemma:

Lemma 1. Let f(z) be defined as in (1.1) and F(z) = 14+ > b,z" (2 € E), are analytic
n=1

functions such that f(z) < F(z). If F(z) is univalent in E and F(z) is convez then |a,| < |b1],
for alln > 1.

82 Main Results

Before proceeding towards our main results, first we define the following;:

Definition 1. Let :va,B [A, B] denotes the family of functions f(z) € A such that f(z) belongs
to g’;ﬁ [A, B] if and only if @ #0 and

1(z2f (2) ~5
1+3 < ) 1) € PPIA, B), (for complex number b # 0).

Special Cases:

(i) For 8 =1, :S\;B [A, B] reduces to S;[A, B].

(ii) For A=1, B = -1, 3;5[,4, B becomes Sy (8).

(iii) For B =, A=¢, B=0, :S‘Vbﬁ [A, B] reduces to Sb%(c), for b = 1, it was introduced in
[1]. ;

(iv) For b=1, S, [A, B] becomes S [A, B].
Definition 2. Let (Z,ﬂ[/LB] denotes the family of functions f(z) € A such that f(z) belongs
to évbB[A, B] if and only if %’Z) #0 and

12/ (2)
b f'(z)

1+ € PP[A, B](where b # 0 and is complex number )
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Special Cases:
(i) For g =1, CNbB[A,B] reduces to Cy[A, B].
(ii) For A=1, B=—1, (Z,B[A,B] becomes Cy(f3).
(iii) For b =1, CNbB[A, B] becomes c*’ [A, B].

Following result gives the coefficient bounds for the strongly Janowski functions in the class
PP [A, B]. By choosing special values of A, B and /3, we obtain the coefficient bounds for the
functions belong to the classes p~[3] and P[A, B].

&) ~
Lemma 2. Suppose p(z) =1+ 3 ¢,2" is in PP[A,B], for -1 < B< A< 1, with0< 8 < 1.
n=1
Then
len| < B|A— B, for alln > 1. (2.1)

Following lemma consists of distortion result for the functions belong to the class Ph [A, B].

Some existing results of well-known classes are special cases of this result.

Lemma 3. Consider p(z) belongs to ﬁﬂ[A,B], for -1 < B< A< 1, with0< <1 and

2z =re?. Then 5 5
1-Ar 1+ Ar
< < < . .
(1=5) <Rests <ol < (1) (22)

~ B
Theorem 4. Suppose f(z) € CbB[A,B]. Then f(z) € Co(y). Where v = (%) , for—1<
B<A<1land0< B <1, withb+#D0.

Proof. Suppose f(z) € C~bB[A7 B]. Then by definition

1 Zf// (2) _ s
1+ - A, BJ.
Yo P
~ B
If p(z) € PP[A, B] then p(z) < (iiéz) . This follows that there exists an analytic function
B
w(z), w(0) = 1 with |w(z)| < 1 such that p(z) = (}j_gﬂzg) .
Now 5 5 5
14+ Aw(z) 1—Ajw(z)] 1-A4
R =Re| ——= | >2|(—FF—F—F=%] >(—— ) . 2.3
e(p(2)) e<1+Bw(z)> = (1—B|w(z) 1-B (23)
ﬂ "
This shows that p(z) € P(v), where v = (%) . It follows that 1+ ¢ ZJ{,(S) € P(v), where

B B
N = (%) . This implies that f(z) € Cp(y) with v = <%) . This completes the proof. [

Corollary 5. For f = 1, f(2) € Cy[A, B]. Above Theorem 4 gives that f(z) € Cy(y), for

_1-4A
7" =1"8B"

Corollary 6. Put =1, A=c,c€ (0,1, B=0. We get f(z) € Cb%(c),
+

where Cb%(c) = {f €A1 %Z;/(S) < s/l—i—cz}.
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Using Theorem 4, we have f(z) € Cy(7), where v = /1 —c.

~ B
Corollary 7. Put b =1 in Theorem 4, we have C°[A, B] C C(7), for v = (%) .

— B
Theorem 8. If f(z) € SbB[A,B] then f(z) € Sp(7y). Where v = (%) yJor - 1< B<A<1
and 0 < B <1, (b#0).

Proof. Suppose f(z) € 3;5 [A, B]. Then by definition, we get

1 zf/(z)i 58
1+b<f(z) 1>e7> 4, B].

~ B
If p(z) € PP[A, B]. Then by (2.3), we get p(z) € P(7), where v = (%) . This implies that
z ' z — /8
1+ ¢ ( ;(Z()) 1> € p(), where v = (%) .

B
Therefore, f(z) € Sy(y), for v = (ﬂ) . Hence the proof. O

1-B

Corollary 9. For g =1, Theorem 8 gives Si[A, B] C S;(v), for v = %.

Corollary 10. If =1 A=c, ce (0,1], B=0, then f(z) € S (c),
where Sb% (c) = {f €A: 1+ <Z}£(S) - 1) <V1+ cz}. Theorem 8 implies that f(z) €
Co(7), for vy =1 —c[1].

~ B
Corollary 11. For b =1, Theorem 8 follows that S°[A, B] C S(v), for v = (%) )

Theorem 12. Let f(z) € :S‘\;ﬁ[A, B] with f(z) = z+ Y apz", forz€ E,—1<B<A<1,0<

n=2
B <1 andb+# o (complex). Then

(b3 A = Bl),,_

lan| < 1) L forn>2. (2.4)

’

Proof. Suppose f(z) € 3;/3 [A, B]. Then by definition, we have 1+ 3 (z]{(g) - 1) € ’ﬁ;B[A, B.

Consider p(z) = 1+1 (Z]{(S) — 1) =14 > ¢,2", where p(z) is analytic in E with p(0) = 1.
n=1

This follows that

WSRO IR N =Y.
1+b<f(z) —1>—1—|—nz_:1cnz

z2f (2) = f(2) (1 + Z bcnz">
n=1
z+ i napz" = (z + i anz"> (1 + i bcnz">

n=2 n=2 n=1

co n—1

=2+ Z Z bean_i2".

n=2 1=0
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Comparing the coefficient of 2™ on both sides we obtain

(n—1)a Zbclan i, Cco=1.
This implies that
n—1
1
|an| = n_1 Z 10 |cs] [an—il - (25)
i=1

Since p(z) € ﬁﬂ[A,B], then by Lemma 2, we get |¢;| < bS(A — B), for all n > 1. From (2.5),

n—1
we have |a,| < w > |a;| . Particularly,
i=1

|CL2| S bB(A — B)7

jag < A D) (A; B) bpa—B)+ 1) = (bﬁ(f(;, Bl

For n =k, .
k—2
aul < bﬁ;A_—lB) le (bB(Aj— B) , 1) _ W, k>3, (2.6)

Where (d),, is Pochhammer notation represented as,

(d)k:{ 1, k=0,deC~ {0}

dld+1)...(d+k—-1), ke N,deC.

Consider

A B) A b3(A - B)
jaga) < PE=B) Z jagl + ZA=B) g,

Using (2.6), we obtain the followmg,

bB(A— B) " /b8(A - B bAB* AB
|“’“+1|§ﬁ(k )E(B(j )+1> (B E( ) 1),

bB(A— B) "= /08(A - B b3(A— B
_bB( )H<ﬂ(j )+1>=(( )k

Jj=1
By induction, we get (2.4). This completes the proof. O
Corollary 13. If we take A=1,B=-1,b=1, f € gﬁ[l, -1] = g‘(ﬁ), then we have
(28) -1
<
lanl < Gy

The bound is sharp for the function fz(z) = ﬁ[ﬂ
Note that by putting 8 = 1 in above Corollary 13, we obtain the coefficients bounds

|an| < mn, n > 2 for the function f € §* with extremal function f1(z) = ﬁ[él]

Corollary 14. If A=1,B = —1, then f € S (8) . Further, (2.4) reduces to |a,| <
forn > 2.

(208),,_1
(n—1)! »

Corollary 15. If 8 =1,b =1, then f € §*[A, B] and Theorem 12 follows that
(A-B),_,

=) , forn > 2.

lan| <
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Corollary 16. Put A = 1 — 2a, B = —1 in above Corollary 15, we achieve the coefficient

bounds |a,| < %, forn > 2 and f € §*(«), for 0 < a < 1 with extremal function

11(2) = =y W3]

Theorem 17. If f(z) € CNbB[A,B] with f(z) defined in (1.1), for -1 < B<A<1,0< <1
and b # 0 (complex), then
(b3|A - B|),,

lan| < ) L forn > 2.
Proof. Suppose f(z) € @ﬁ[A, B]. Then zf/ (2) € :Szﬁ[A,B]. By Theorem 12, we get
bs|A— B
\an\S—( d )"_1, for n > 2.
(n)!
Hence the proof. O

(BIA=B|),,_4
(n)! ’

Corollary 19. For =1 and f(z) € Cy[A, B], Theorem 17 gives |a,| < %7 forn > 2.
Corollary 20. For A =1,B = -1 and f(z) € 55[1,—1] = Cy(B), Theorem 17 gives |a,| <

(2b('873)’;’1, formn > 2.

Corollary 18. Forb=1 and f(z) € CP[A, B], Theorem 17 gives |a,| < forn > 2.

Theorem 21. Suppose f,g € CNZ,'B[A,B] and H(z) = [ (f/(t))oZ (g/(t))vdt with o +v = 1.
0
Then H(z) € Gy [A, B].

Proof. Since

H(z) = / (rF0)" (s 0) dt.with a5 = 1.
— T =) (4)"

Differentiating logarithmatically, we have

" 1"

H (= z z
-
1zH (z 1zf" (2 129" (2

HbH’(i)):a<1+bJ]:’(i))>+7<1+bgg'(i))>‘ (2.7)
Since f,g € @B[A7B], then there exists pi,ps € ’ﬁB[AB] such that p; = 1 + %ZJ’:,/;(S) and
po =1+ %Z;JZLS) Then (2.7) becomes, 1 + %Zg,N(S) = apy + 7 pe. Since p1,ps € PP[A, B] and
PP[A, B] is convex, then 1 + %Zg,n(g) € PP[A, B]. This follows that H(z) € CNbﬂ[A,B]. This
completes the proof. O

Corollary 22. For 3 =1 and f,g € Cy[A, B], Theorem 21 gives H(z) € Cy[A, BJ.
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Corollary 23. For A=1, B=-1,b=1 and f,g € C(B), Theorem 21 gives H(z) € C(3).

Corollary 24. For § = 1, A = 1—-2a, B = —1 and f,g € Cp(a), Theorem 21 follows,

H(z) € Cy(a).

— . B
Theorem 25. Suppose f € SbB[A,B] with z = e and v = (ﬂ) . Then we have the

following inequalities:
r r

1-B

W <|f(z)] < W (2.8)
1—2b(1 —v)r+ (2b(1 — ) — 1) r? / L+ 2b(1 —y)r+ (2b(1 — ) — 1) r?
(1—7)(1+ 7n)zb(l—v)ﬂ <\|f (z)’ < Lt (1 r)zb(lﬂ)ﬂ (2.9)

’

Proof. Since f € :vaﬁ[A,B}, then 1+ § (zf (z) _ 1) = p(z). Where p(z) € 755[A,B] C p(m),

f(z)

B
= (%) . Also p(z) € P(v) implies that there exists p; € P such that p(z) = (1 —~)p1 +7.

We know that each p; € P can be written as

1472 2
nos| < (B
It follows that
1 1+ 72 2r
e -- | <
1+ (1 —2y)r? 2r(1 —~)
‘p(z) — .2 12 (2.10)
1 zf/ (2) L+ (1—2y)r? 2r(1—7)
1+b<f(z) 1) 1—172 = 1—1r2
2f () 14 (26(1—7)—1)r2| 261 —)r
oNe T < (2.11)

This inequality can be written in the following form

(2.12)

1—2b(1— 7)7“14;(32(1 — ) —=1)r2 - Re{z;;i;:)} _ 1+ 2b(1 — y)rlt(il;(l —)-1r*
On the other hand, we know that
Ret 2 ) = 2 o).
Thus we have,
1—2b(1 — W)Z(Ir_(zfzg)l — ) —1)r2 - % tog /()] < 1F 2b(1 — y):(;r_(zfz(; —) -

(2.13)

Integrating both sides of (2.12), we get (2.8). The inequality (2.10) can be written in the form

1-2b(1—y)r+ (21 —7) —1)r? _ 2f (2)

< 1+2b(17'y)r+(2b(1f’y)fl)r2.

1— 72

f(2)

1—r2
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In the above inequality, if we use (2.8), we obtain (2.9). Hence the proof. O

~ ) B
Theorem 26. Suppose f € CbB[A, B] with z = re'and v = (1’A> . Then

B
1 / 1
(L )P0 = HolE FEmEET (2.14)
1 1 1 )
1—2b(1—7) <(1 4201 - 1) <[f(x)] < =21 =) (1 - - ,r)2b(1—’y)—1> )
(2.15)

Proof. Suppose f € C~b'8[A,B]7 then 1+ 4 <z}c,(i’;)> = p(2). Where p(z) € PP[A, B] C p(v),

1-A p .
7= (ﬁ) . Using (2.10), we have

1+ (1—2y)r? 2r(1 —1)
R e L
1 z2f"(2) 1+ (1—29)r? 2r(1—7)
1+b<f'(z)> 1—17r2 = 1—1r2
2f () 2b(1 —y)r? _ 21— )r
f(z) 1—r2 | = 1-—72 °

This inequality can be written as
2b(y — )r < Re zf/ (2) < 2b(1 — 'y)'
1+r fliz) = 1-=r
But we know that Re{ Z}c,(g)} = r% log ’f' (z)’ . Using this result in (2.16) and integrating we
get (2.14). Since |z| = r, integrating (2.14) over r. Therefore we obtain (2.15). This completes

the proof. O

(2.16)

Theorem 27. Suppose f(z) € QB[A, B]. Then f(z) map |z| < o on to a convexr domain.
B
Where o = (1 — B)” (b(}_g) +(1—b)>,f0r—1§B<A§1, b#£0,0< 8 <1.

Proof. Suppose f(z) € C~bB[A, B]. Then for any p(z) € P?[A, B], we have

12f (2) _
S Gy
1+ ) =bp(z) +1—0.

Re (1 + 2 (Z)> =Re(bp(z) +1-10)
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Since p(z) € PP[A, B], then by using Lemma 3 we have

z ! z 1—Ar\”?
Re<1+ J]:/(i))>>b (1_BT> +1-b
b(1—Ar)’ +(1-0b)(1 - Br)’
(1— Br)’ '
Suppose h(r) = b(1 — Ar)’ + (1 = b) (1 — Br)? . Then h(0) = 1, and h(1) = b(1 — A)" + (1 —
b)(1-B)’ = (1- B (b(}—g‘)ﬂ+(1—b)>.
So,

1"

2f (2)
f'(z)

B
Where o = (1 — B)” (b (%) +(1- b)) is the least positive root of equation b (1 — A)” +

Re |1+

) > 0, for |z] < 0.

(I-b)(1—- B)B = 0. Hence the proof. O

Corollary 28. If =1, f € CNZ,[A7 B, then Theorem 27 follows that
1" 1
Re <1 + 2 (Z>> >0, for |z| <

f'(2) B+b(A-B)

Corollary 29. If =1, A=1,B=-1, f€ C~b[1, —1] = Cy, then Theorem 27 gives

Re <1 + ZJJ:,(S)> >0, for |z| <

2b—1°

Corollary 30. By putting 8 =1, A=1-2a, B= -1, f € Cp[1 — 2a,—1] = Cp(), Theorem
27 follows that

Re (1 + Zj:,é?) >0, for |z| <

W(1—a)—1

Corollary 31. Ifweput A=1, B=-1, f € 55[1, —1] = Cy(B). Then Theorem 27 gives

of ()
Re <1+ 70 ) >0, for |z| < o.

Where o is the least positive root of equation b (1 — T)B +(1-0)((1+ 7‘)5 =0.

83 Conclusion

In this paper we defined a new classes of strongly Janowski type functions of complex order.
We also derived growth and distortion theorems, coefficient bounds and radius of convexity of
the functions. Moreover, we discussed analytic properties of these classes under certain integral

operator.
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