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Stabilization of fractional bilinear systems with multiple

inputs

Thouraya Kharrat Fehmi Mabrouk Fawzi Omri

Abstract. In this paper, we study in a constructive way the stabilization problem of fraction-
al bilinear systems with multiple inputs. Using the quadratic Lyapunov functions and some
additional hypotheses on the unit sphere, we construct stabilizing feedback laws for the consid-
ered fractional bilinear system. A numerical example is given to illustrate the efficiency of the

obtained result.

81 Introduction

The history of fractional systems is more than three centuries old, yet it only receives much
attention and interest in the past 20 years, the reader may refer to [6,15] for the theory and
applications of fractional calculus. The earliest more or less systematic studies seem to have
been made in the 19" century by Liouville, Riemann, Leibniz,... [14,16].

The Stability analysis of nonlinear systems attracts the attention of many researchers [1,17].
Recently, the stability analysis of fractional systems is more developed. As in classical calculus,
stability analysis is a central task in the study of fractional differential systems and fractional
control [12,21]. For the stability of nonlinear classical ordinary differential equations, the re-
searches are in general based on Lyapunov theory, see for instance [4]. Following Lyapunov’s
seminal 1892 thesis, these two methods are expected to also work for fractional differential
equations.

Lyapunov’s first method: the method of linearization of the nonlinear equation along its so-
lutions. The asymptotic stability of the linearized system implies the local asymptotic stability
of the initial system.

Lyapunov’s second method: the method of Lyapunov candidate functions, i.e. there exists
a positive definite scalar function such that the derivative of this function decreases along the

orbits of the system.
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A similar tool is developed for the stability study of fractional systems. There has been
many researches on Lypunov’s second method for fractional differential equations [9] or [10].
The relation between the Lyapunov function and the fractional differential equation is not
elementary nor simple [7,8] . In [2], the author proposes some other Lyapunov functionals,
where the relation between them and the fractional differential system is more elementary, but
these functionals are neither simple, and they are valid for fractional systems with specific
characteristics. In nonlinear systems, only Lyapunov’s direct method (also called the second
method of Lyapunov) provides a way to analyze the stability of a system without explicitly
solving the differential equation. This method generalizes the idea which shows that the system
is asymptotically stable if there exists some Lyapunov function for the system. The Lyapunov
direct method is a sufficient tool to show the stability of a nonlinear system, which means the
system may be stable even one cannot find a Lyapunov function to conclude the system stability
property.

The problems of stability and stabilization of fractional-order systems have also great at-
tractions due to the inherent memory advantage of fractional derivatives. In [11], the authors
provided a method for the asymptotic stabilization of fractional-order linear systems with sat-
uration nonlinearity. In [18], Shahri and al. proposed a new stability condition for estimating
the domain of attraction via ellipsoid approach based on saturation functions. In [19], Esmat
and al. study the stability and the stabilization for a class of uncertain fractional order (FO)
systems subject to input saturation. The authors investigate the problem of the robust sta-
bility of saturation control. In [20], the authors used the Lyapunov approach for the study of
uncertain FO system stability analysis. To the best of our knowledge, the researches on the
stability and stabilization of the fractional-order systems using the Lyapunov approach are not
abundant enough.

In this paper, we will study in a constructive way the stabilization of the following fractional
bilinear system with multiple inputs:

Dy x(t) = Ax(t) + Zp:uiBix(t), teR (1)

where z(t) € R", u; € R, Vie {1,...p}, A€ R"™ B, € R"*". We will show that the above
fractional bilinear system can be made globally asymptotically stable by means of homogeneous
feedback functions of degree zero.

The paper is organized as follows. In section 2, some basic notations and preliminaries are
given. The stabilization problem and the construction of feedback functions, which make the
fractional bilinear systems globally asymptotically stable, are presented in section 3. In section

4, two examples are presented to illustrate the results. Conclusion is given in section 5.

82 Notations and preliminaries

We start by introducing some notations that will be useful throughout the paper.
Notation:
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R™: the real n-dimensional vector space.
R™ ™ the set of all n x n real matrices.

(.,.): the usual inner product on R™.

||z||: the norm of the vector z that belongs to R™, i.e. \/(z,z) = ||z]|.
S"~1: the unit sphere, i.e. S"~! = {x € R", ||z]|?> = 1}.
Let A € R™"*™:

the matrix A is positive semi-definite (A > 0) if (Az,z) > 0 for all x € R™;
A is negative semi definite if —A is positive semi definite;

AT denotes the transpose of the matrix A;

A is symmetric if AT = A;

Ag: the symmetric part of A where A is any square matrix, i.e. Ay = A+2AT.
A(A) denotes the set of all the eigenvalues of A;

Amaz(A) = maz{Re(X) : A € A(A)}, Anin(A) = min{Re(A) : A € A(A)}.

In the following, we recall some classical definitions and results which will play important

roles in our study.

Definition 1 (Caputo fractional derivative [5]). Let k € N* and k — 1 < a < k, the Caputo

fractional derivative of a function x of order a > 0 is defined as

1

P = )

/t(t — s)kfo‘*lx(k)(s)ds. (2)

to

Let the system described by
€D a(t) = f(t,), (3)
where the map f : R x U — R" is continuous locally Lipschitz, f(¢,0) =0, V¢ > 0 and U is an
open set of R™. Denote (¢, ) the solution of (3) starting at x( at time ¢.

Definition 2. The equilibrium point x = 0 of the system (3) is said to be:
i) stable if
Ve > 0,Vtg > 0,35 = 6(tg,e) > 0, such that || zo ||[< 6 =] z(t,t0) ||< &, VE > tg

ii) attractive if there exists a neighborhood V of 0 such that for any initial condition xy belonging
to V, the corresponding solution x(t,to) is defined for all t > to and \ li{r{l z(t,to) = 0.
— 400
If V =R", x =0 is globally attractive.

iii) asymptotically stable if it is stable and attractive.
iv) globally asymptotically stable (GAS) if it is stable and globally attractive.

Definition 3. Let us consider the following control system :
‘D= X(z,u)
zrelUueld
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where U is an open set of R™,U C R™, x is called the state of (4), u is called the control and
X :U xU — R™ is a smooth function satisfying X (0,0) = 0.
We say that the system (4) is stabilizable (respectively globally stabilizable), if there exists a
feedback function u = u(x) such that the vector field X (xz,u(x)) is at least continuous and the
closed-loop system:

Cfo)a: = X(z,u(x))
admits the origin as an asymptotically stable equilibrium point (respectively globally asymptoti-
cally stable).

Definition 4. [4] A continuous function 7 : [0,t) — [0, +00) is said to belong to class K if it
is strictly increasing and v(0) = 0.
Lemma 1. [22] Let V : D — R be a continuous positive definite function defined on a domain
D C R™ that contains the origin. Let By = {x € R" : ||z|| < d} C D for some d > 0. Then
there exist class K functions A1 and Ao defined on [0,d), such that
A=) < V() < Ao (lzl)), (5)
for all x € By. If D =TR", the functions A1 and Az are defined on [0, 00).
Theorem 1 (Fractional-order extension of Lyapunov direct method [10]).
Let x = 0 be the equilibrium point of the fractional-order system (3). Assume that there exists a
fractional Lyapunov function V(t,z(t)) : [0,00) x R™ — R and class K functions A\;, i =1,2,3
satisfying:
(1) A(l=l]) < V(1) < Xa(llzl),
(i) “DgV(t,z(t)) < —As(l|z])-
Then the fractional-order system (3) is asymptotically stable.

Moreover, if U = R™, then the fractional-order system (3) is globally asymptotically stable.
Lemma 2. [13] Let z(t) € R be a real continuous and differentiable function. Then, for any
time t > tg,

1 « «

ithon(t) <z(t)’Dfx(t), forall 0 <a< 1. (6)
Remark 1. /3] In the case when x(t) € R™, lemma (2) is still valid. That is, o € (0,1) and
t> tO;

1
§CD§;xT(t)a:(t) <z ()“Dy x(2).
In addition, let x(t) € R be a real continuous and differentiable function. Then, for any p = 2n,
n € N, we have
CD?O:UP <paP! CDf‘Ox(t),

where 0 < a < 1.

83 Stabilization via feedback laws

In this section, we give an explicit design of the stabilizing feedbacks and we present sufficient
conditions for the stabilization of bilinear systems.
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3.1 Stabilization of driftless bilinear systems

We consider the system (1) in the case where A = 0. This system is called without drift

and can be written as: »
D a(t) = uiBa(t), (7)
where z € R", u; € R, i € {1,2,...,p}, and B; GZ:I%R"X”. Denote
S;={zeR": (Bz,z) =0}, i € {1,2,...,p}.

In the sequel, we introduce the following condition:

(H) : _ﬂ S: = {0} (8)

P

Lemma 3. If the condition (H) holds, then the function f(x) = Z(Bi:c(t),x(t»2 verifies:
i=1

there exists two positive reals m and I such that

0 <mfz|* < f(z) < Mlz]|*, Vo € R™\{0}.

Proof We suppose that the condition (H) holds. Let = € R™\{0}, denote y = ﬁ It is easy
to verify that the function f(y) is positive and continuous on a the compact set S*~1, then f(y)
admits a maximum and a minimum on S"~!. Denote m = yeﬂslinrll f(y) and M = yéns%}fl fly).
By hypothesis (H) and for all y € 8" !, y # 0, we deduce that 0 < m < 9.
That implies 0 < m < f(y) <M, Vy € S~ L.
It follows that

0 <mfzl|* < f(z) <Mz]|!, Vo € R™\{0}.

Theorem 2. If the condition (H) is satisfied, then there exist feedback laws
that makes the closed-loop system (7) GAS.

Proof Let us consider the quadratic function V : R™ — R defined by
1
V() = 5ol (10)
The function V is positive definite.
Using the lemma 2, 3 and Remark 1, the derivative of V along the trajectories of the system
(7) induces:
CD;‘] V(z) < xT(t)Cfo]x(t)

2"(t) > ui(x) Bia(t)
i=1

IN



Thouraya Kharrat, et al. Stabilization of fractional bilinear systems with...
D
< > wala)Bua(e),a(0)
=1

< _21<Bi$(t)7x(t)>2

< -zt

So, according to theorem 1, the closed loop system (7) by the feedback laws (9) is GAS.

Theorem 3. If the condition (H) is satisfied, then there exist bounded feedback laws
Bi )
(B;x,x) £ 40

S

such that the closed loop system (7) becomes GAS.

cie{1,2,...p}

Proof Let us consider the quadratic function

1
Vi) = 5l

83

0

V is positive definite. If the condition (H) holds, then, the derivative of V' along the solutions

of the closed loop system (7) by the feedback (11) becomes :

CD%V(I) < zT(t)CDf(‘Jx(t)

IN
8
)ﬂ
—
~
~—
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=
8
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=
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=
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8
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~
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8
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=
~

Sf

< —mffl”

The proof of the theorem is completed by using the theorem 1.

3.2 Stabilization of bilinear systems with drift

We consider the system with drift (1):

P
CD?OJU(t) = Az + Z u; Bix(t),

=1

Theorem 4. If the condition (H) is satisfied, then there exist bounded feedback laws

Bi )
ui(x) = —c< ”;|2x>, x#0

,1€{1,2,...,p}

(12)
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where ¢ is a positive constant which will be chosen later, such that the closed-loop system (1)
becomes GAS.

Proof Let us consider the quadratic function
1
Vi) =5l
V is positive definite. If the condition (H) holds, then, the derivative of V' along the solutions
of the closed loop system (1) by the feedback (12) becomes :
“Dpviz) < «"(1)°Dyx ( )

IA

(Az, ) +Zul )(B;x, )

< (Az,z) — T H2ZB$

We have,
(Az,z) = (Asz, )
where A, = A+TAT. So, let
Amaz = max w = max (A:,9)
Therefore, we have
Dy V(@) < (Amae —cm)llz?.
If we choose ¢ > 2maz then the closed loop system (1) by the feedback laws (12) is GAS. [0

Remark 2. For the mono-input system,

Dy x = Az + uBu, (13)
our method is still effective. Actually, replacing the condition (H) by the condition

{z e R": (Bz,z) =0} C{z e R": (Az,z) < 0},
we can construct a feedback u.(x) = <” H2>’ such that Dg V (t,x(t)) < —As(||z]). Thus, the
feedback . stabilizes the system (13).
Proposition 1. If there exist scalars ki, ks, ...,k € R such that
lels + k‘QBQS + ...+ kpos > 0or lels + k‘QBQS + ...+ kpoS <0
P

then the condition (H) holds, i.e.ﬂ S; = {0}.

i=1

Proof Without loss of generality, we suppose that there are p numbers kq, ka, ..., k, € R such
that
k1Bi, + keBa, + ... + k,Bp, >0
Forz € S;N...NS,, we have
(Bixz,x) = (B;,x,z) =0,i € {1,2,...,p}
Then
(1B, + ko Ba, + ... + kp By, )z, 2) =0



Thouraya Kharrat, et al. Stabilization of fractional bilinear systems with... 85

P
Thus, x = 0, which implies that ﬂ S; = {0}, i.e. the condition (H) is checked. O

i=1

84  Illustrating examples

Example 1. Let us consider the system

CD,?Ox(t) = Az 4+ uy(z)12 + uz(z)Bax. (14)
where
0.25 0.25 0.5 025 —0.75 0
A= 0.25 0 05 |,B1=] 0,7 =05 025
—-0.25 0.25 0.75 0 —0.25 0.25
0.5 0 —0.25
Bo=| 0 —15 025

0.75 —-0.25 -1
and a € (0,1). We can easily verify that

0.25 0 0 0.5 0 0.25
By, = 0 —-025 0 and By = 0 -—-15 0
0 0 0.25 0.25 0 -1
—0.125 0 0.25
Let ki = —2.5 and ky = 1. We have k1B1, + koBa, = 0 —0.25 0
0.25 0 —-1.62

We can verify that k1B, + k2B, < 0.
According to Theorem 4, the system (14) can be stabilized.

Example 2. Consider the system

CDtO;x(t) = Az + uy B1x + us Box + uzBsx, with a € (0, 1), (15)
85 4.5 155 85 4,5 85
where A=\ -3.5 30.5 37 By = 75 1.5 10
277 =5 13 185 —24 5.5
—6.5 =5 8 10.5 —10 7.5
Bo=| -6 145 95 | andBs=| —12 125 —27
15 -85 4.5 5.5 11 34

Let ki =1, k1 = —1 and ks = 2. We can get
36 —-10.5 15

lels + kQBQS + ]{ings = —10.5 12 —14 5 lels + k‘ngs + k3B33 > 0.
15 —14 58
3
According to Proposition 1, we have ﬂ S; = {0}. So the closed-loop system
i=1

CDto‘Ux(t) = Az + uy(z) Brx + ug(x) Box + uz(x)Bszx, (16)
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where
(z) 1 17m1 + 24z 119 + H4x123 + 33:2 — 28x9x3 — 11373
ui(xz) =
! 2 2?2 + 2% + 22
us(x) = 113:51 + 22x129 — 462123 — 29x2 + 36x2x3 — 93:3
2 2 z? + a3 + 2%
() 1 203@1 44x 129 + 262123 + 25x2 — 32x9x3 + 683:3
ug\xr) = ——<

2 x? + 23 + a3

18 asymptotically stable.

X
10

x‘tll
x,()
(0

o 200 400 600 800 1000 1200 1400
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Figure 1. Evolution of the state z1(¢), x2(t), and z5(¢) of Example 2, without feedback and
initial conditions z1(0) = —1, 22(0) = 3 and z3(0) = 2.
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Figure 2. Evolution of the state z1(¢), z2(t), and z3(t) of Example 2, with =0.98, ¢ = 0.67
and initial conditions z1(0) = —1, z2(0) = 3 and z3(0) = 2.

The numerical solution to the system (16) is shown in the Figure 2 for some suitable value

of fractional order o = 0.98. It indicates that the zero solution is asymptotically stable.

85 Conclusion

In this article, we studied the stabilization problem of fractional bilinear systems with mul-
tiple inputs by homogeneous feedbacks of degree zero. We construct under a given hypothesis
stabilizing feedback laws for bilinear systems without drift and with drift. These results are
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obtained using Lyapunov fractional functions. Our future goal is to stabilize homogeneous

fractional systems.
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