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Dispersive propagation of optical solitions and solitary

wave solutions of Kundu-Eckhaus dynamical equation via

modified mathematical method

Aly R. Seadawy1,∗ Mujahid Iqbal2

Abstract. In this research work, we constructed the optical soliton solutions of nonlinear com-

plex Kundu-Eckhaus (KE) equation with the help of modified mathematical method. We ob-

tained the solutions in the form of dark solitons, bright solitons and combined dark-bright

solitons, travelling wave and periodic wave solutions with general coefficients. In our knowledge

earlier reported results of the KE equation with specific coefficients. These obtained solutions

are more useful in the development of optical fibers, dynamics of solitons, dynamics of adiabatic

parameters, dynamics of fluid, problems of biomedical, industrial phenomena and many other

branches. All calculations show that this technique is more powerful, effective, straightforward,

and fruitfulness to study analytically other higher-order nonlinear complex PDEs involves in

mathematical physics, quantum physics, Geo physics, fluid mechanics, hydrodynamics, mathe-

matical biology, field of engineering and many other physical sciences.

§1 Introduction

In this research work the complex KE equation is take [1–3] as

iqt + αδqxx + γ|q|4q + δ(|q|2)xq = 0. (1)

In Eq.(1), the q(x, t) is a dependent variable which denotes to complex values of wave structure.

The variable x denotes to spatial variable and t denotes to temporal variable. In Eq.(1),

the first term becomes from nonlinear wave evolution of temporal, where α, δ and γ are real

constants which are denoted to GVD (group velocity dispersion), nonlinear of quintic and effect

of nonlinear, respectively. In KE equation, when α = 1, δ = 1 and γ = 2, some authors earlier

studies have done with these specific values of constants in [1]. In the past KE equation was

also studied with general values of coefficients in [2, 3].

In previous research the optical soliton solutions have been investigated by many authors

[1–16]. The optical solitons have many applications in ultra-fast pluses processing system and
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telecommunication due to their a lot of research have been done in nonlinear optics. The optical

solitons obtained to balance nonlinear effect and dispersion effect of group velocity which arise

due to the changing in nonlinear phenomena in the index of refractions [17–19]. In physics and

various areas of applied Mathematics, solitons are the self-reinforcing solitary waves, packets

or wave pluses, when it travels with constant speed that does not change its structure. Soliton

is caused by the cancellations of dispersive effect and nonlinear effect in the medium.

Solitons are the solitary wave pulses which are the special waves. They have marvelous

applications in optical fibers, dynamics of solitons, dynamics of adiabatic parameters, dynamics

of fluid, problems of biomedical, industrial phenomena, engineering, and many other branches

due to their significant stability futures. When dispersive waves inelastically scatter then hold

some properties such as, same speed, shape and lose energy because of radiation phenomena and

after full interaction of nonlinear then disappear the solitary waves. Such as, when optical shocks

are formed when stronger radiations of laser transfer to optical fibers are regularly accompanied

by the breaking wave phenomena that have marvelous applications in the transmission of light

signal in fiber optics of digital system of communication.

Past few decades a lot of study have been done to investigate the optical soliton solutions

of different nonlinear models by using a large variety of techniques. Some important and pow-

erful techniques as Backlund transformation, Hirota bilinear method, Darboux transformation,

Exp-function method, jacobian method, Trial equation technique, method of Simple equation,

improved Fan-sub equation method, Extend mapping method, Sinh-cosh method, Extended

modified rational expansion method, Direct algebraic method, improved F-expansion method,

Modified extended tanh method, Racatti equation mapping method, auxiliary equation map-

ping method [20–42]. In this study, we constructed the optical soliton solutions of complex KE

equation by applying the modified mathematical method [43–46].

This research work is systematized as fellows, we explain the introduction in section 1. We

described the proposed method in section 2. We constructed the families of new optical soliton

solutions of nonlinear complex KE equation by applying the modified mathematical technique

in section 3. In section 4, finally this work end at the conclusion.

§2 Description of proposed method

Here we shall explain the main future of modified mathematical method for finding the

solutions of solitary waves of NLPDEs. The general form of NLPDE consider as:

P (q, qt, qx, qtt, qxx, qxt, ......) = 0, (2)

where P is polynomial function of q(x, t) and its derivatives. The features of modified mathe-

matical technique explain as:

Step 1. Traveling wave transformations consider as:

q(x, t) =
√

u(ζ)ei(−σx+ωt+θ), ζ = k(x+ 2ασt). (3)

We obtain ODE of Eq.(2) as:

Q(u, u
′
, u

′′
, u

′′′
, ......) = 0, (4)
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where Q is polynomial function in u(ζ) and its derivatives.

Step 2. The trial solution of Eq.(4), consider as,

u(ζ) =
N∑
i=0

aiΨ(ζ)i +
−N∑
i=−1

b−iΨ(ζ)i +
N∑
i=2

ciΨ(ζ)i−2Ψ′(ζ) +
N∑
i=1

di

(
Ψ′(ζ)

Ψ(ζ)

)i

, (5)

where the ai, bi, ci, di are constants which calculated be later, while Ψ(ζ) satisfying the following

auxiliary equation

Ψ
′
(ζ) =

√
β1Ψ2(ζ) + β2Ψ3(ζ) + β3Ψ4(ζ),

Ψ
′′
(ζ) =β1Ψ(ζ) +

3

2
β2Ψ

2(ζ) + 2β3Ψ
3(ζ).

(6)

In Eq.(6), β,
is are real constants which found to be later.

Step 3. Balancing the higher order derivative and terms of nonlinear in Eq.(4), determined N

of Eq.(5).

Step 4. Substitute Eq.(6) into Eq.(5), and collect the every co-efficients of Ψ
′j(ζ)Ψi(ζ)(i =

1, 2, 3, ...N ; j = 0, 1), then every co-efficient make zero and get a set of equations, solve these

set of equations using any computer software, the values of these parameter ai, bi, ci, di be

found.

Step 5. Substitute the parameters values which are obtaining and Ψ(ζ) in Eq.(5), then the

solutions of Eq.(2) are obtained.

§3 Application of modified mathematical method for complex KE

equation

Here we constructed the families of optical soliton solutions of complex KE equation. The

Eq.(1), is the complex equation, the traveling wave transformation consider as:

q(x, t) =
√

u(ζ)ei(−σx+ωt+θ), ζ = k(x+ 2ασt). (7)

In Eq.(7), u(ζ) is the function which represents the pulse shape. Where σ is the soliton fre-

quency, θ is constant of phase and ω is wave number of soliton. Substitute Eq.(7) into Eq.(1),

separating the real and imaginary parts, we obtained couple system of equations as

2αk2uu
′′
+ 4δku2u

′
− αk2(u

′
)2 − 4(ω + ασ2)u2 + 4γu4 = 0. (8)

Balance the nonlinear term and derivative of higher order in Eq.(8), obtain N = 1. The trial

solution of Eq.(8), take as:

u(ζ) = a0 + a1Ψ(ξ) +
b1

Ψ(ξ)
+ d1

Ψ
′
(ξ)

Ψ(ξ)
. (9)

Substitute Eq.(9) into Eq.(8), and collecting each coefficients of Ψ
′j(ζ)Ψi(ζ)(i = 1, 2, 3, 4, 5, ...N ;

j = 0, 1), and compare each coefficient to zero. We obtained a set of equations. These set of

equations we solve by using the Mathematica software, the values of constants and frequency

are obtained as:
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Case-1

a0 =a0, a1 = ±
√
α
√
β3k

4
√
γ

, b1 = 0, d1 = −
√
αk

4
√
γ
, ω = 4a20γ − ασ2,

δ = 2
√
α
√
γ, β1 =

16a20γ

αk2
. (10)

Putting the Eq.(10), only for the positive value of a1 into Eq.(9), then we obtain the solutions

of Eq.(1), as:

q1(x, t) =

(√
a0 +

(
k
√
α
√
β1

(
β2ϵcsch

2

(
1

2

√
β1 (k(x+ 2ασt) + ζ0)

)
−√√√√ 2

√
β1

√
β3

(
ϵ coth

(
1

2

√
β1 (k(x+ 2ασt) + ζ0)

)
+ 1

)2
))/

√
8β2

√
γ

(
ϵ coth

(
1

2

√
β1 (k(x+ 2ασt) + ζ0)

)
+ 1

)))
ei(−σx+ωt+θ) (11)

q2(x, t) =

(√
a0 −

(√
αk
(
2
√
β1ϵ

(
η cosh

(√
β1 (θ + ζ0)

)
+ 1
)
+√√√√ √

β1

β3

√
β3

(
cosh

(√
β1 (θ + ζ0)

)
+ ϵ sinh

(√
β1 (θ + ζ0)

)
+ η
)

2

))/
√(

8
√
γ
(
cosh

(√
β1 (θ + ζ0)

)
+ η
)

√
cosh

(√
β1 (θ + ζ0)

)
+ ϵ sinh

(√
β1 (θ + ζ0)

)
+ η
))

ei(−σx+ωt+θ) (12)

q3(x, t) =

(√(
a0 +

(√
αkϵ

(
−1− η

√
p2 + 1 cosh

(√
β1 (k(2ασt+ x) + ζ0)

)
+√

p sinh
(√

β1 (2αkσt+ kx+ ζ0)
)) √

β1

)/
√(

4
√
γ
(
cosh

(√
β1 (k(2ασt+ x) + ζ0)

)
+ η
√
p2 + 1

)
√(

η
√

p2 + 1 + cosh
(√

β1 (k(2ασt+ x) + ζ0)
)
+√

ϵ
(
sinh

(√
β1 (k(2ασt+ x) + ζ0)

)
+ p
)))

+√√√√√√√
√
α
√
β3k

(
− ϵ(sinh(

√
β1(k(2ασt+x)+ζ0))+p)

cosh(
√
β1(k(2ασt+x)+ζ0))+η

√
p2+1

− 1

)
4
√
γ

ei(−σx+ωt+θ) (13)

Case-II
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a0 =a0, a1 = ±
√
α
√
β3k

4
√
γ

, b1 = 0, d1 =

√
αk

4
√
γ
, ω = 4a20γ − ασ2,

δ = −2
√
α
√
γ, β1 =

16a20γ

αk2
. (14)

Putting Eq.(14), only for positive value of a1 in Eq.(9), then we obtain the solutions of Eq.(1), as:

q4(x, t) =

(√
a0 −

(
k
√
α
√
β1

(
β2ϵcsch

2

(
1

2

√
β1 (k(x+ 2ασt) + ζ0)

)
+√√√√ 2

√
β1

√
β3

(
ϵ coth

(
1

2

√
β1 (k(x+ 2ασt) + ζ0)

)
+ 1

)2
))/

√
8β2

√
γ

(
ϵ coth

(
1

2

√
β1 (k(x+ 2ασt) + ζ0)

)
+ 1

)))
ei(−σx+ωt+θ) (15)

q5(x, t) =

(√(
a0 −

(
k
√
α
(
− 2
√
β1ϵ

(
η cosh

(√
β1 (k(x+ 2ασt) + ζ0)

)
+ 1
)
+√(

η + cosh
(√

β1 (k(x+ 2ασt) + ζ0)
)
+√√√√ϵ sinh

(√
β1 (k(x+ 2ασt) + ζ0)

))2 √β1

β3

√
β3

))/
√(

8
√
γ
(
η + cosh

(√
β1 (k(x+ 2ασt) + ζ0)

))
√(

η + cosh
(√

β1 (k(x+ 2ασt) + ζ0)
)

√
+ϵ sinh

(√
β1 (k(x+ 2ασt) + ζ0)

)))))
ei(−σx+ωt+θ) (16)

q6(x, t) =

(√(
a0 +

(√
αkϵ

(
1 + η

√
p2 + 1 cosh

(√
β1 (k(2ασt+ x) + ζ0)

)
−√

p sinh
(√

β1 (2αkσt+ kx+ ζ0)
)) √

β1

)/
√(

4
√
γ
(
cosh

(√
β1 (k(2ασt+ x) + ζ0)

)
+ η
√

p2 + 1
)

√(
η
√
p2 + 1 + cosh

(√
β1 (k(2ασt+ x) + ζ0)

)
+√

ϵ
(
sinh

(√
β1 (k(2ασt+ x) + ζ0)

)
+ p
)))

+
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√√√√√√√
√
α
√
β3k

(
− ϵ(sinh(

√
β1(k(2ασt+x)+ζ0))+p)

cosh(
√
β1(k(2ασt+x)+ζ0))+η

√
p2+1

− 1

)
4
√
γ

ei(−σx+ωt+θ) (17)

Case-III

a0 = 0, a1 = ±d1
√
β3, b1 = 0, d1 = d1, ω = −ασ2, δ = −3αk

8d1
− 2γd1

k
. (18)

Putting the Eq.(18), only for positive value of a1 in Eq.(9), then we obtain the solutions of

Eq.(1), as:

q7(x, t) =

(√
−
√
β1d1ϵcsch

2
(
1
2

√
β1 (k(2ασt+ x) + ζ0)

)
2ϵ coth

(
1
2

√
β1 (k(2ασt+ x) + ζ0)

)
+ 2

−√
β1

√
β3d1

(
ϵ coth

(
1
2

√
β1 (k(2ασt+ x) + ζ0)

)
+ 1
)

β2

 ei(−σx+ωt+θ) (19)

q8(x, t) =

(√
− (d1

(
−4
√

β1ϵ
(
η cosh

(√
β1 (k(2ασt+ x) + ζ0)

)
+ 1
)
+√

2
(
cosh

(√
β1 (k(2ασt+ x) + ζ0)

)
+ η√√√√+ϵ sinh

(√
β1 (k(2ασt+ x) + ζ0)

))2 √β1

β3

√
β3

))/
√(

4
(
cosh

(√
β1 (k(2ασt+ x) + ζ0)

)
+ η
)

√(
η + cosh

(√
β1 (k(2ασt+ x) + ζ0)

)
+√

ϵ sinh
(√

β1 (k(2ασt+ x) + ζ0)
))))

ei(−σx+ωt+θ) (20)

q9(x, t) =

(√
(− (d1 ((ϵ

((
−1− η

√
p2 + 1 cosh

(√
β1 (k(x+ 2ασt) + ζ0)

)
+√

p sinh
(√

β1 (k(x+ 2ασt) + ζ0)
))√

β1+√
sinh

(√
β1 (k(x+ 2ασt) + ζ0)

)
+ p√(

2η
√
p2 + 1 + 2 cosh

(√
β1 (k(x+ 2ασt) + ζ0)

)
+√

ϵ
(
sinh

(√
β1 (k(x+ 2ασt) + ζ0)

)
+ p
)) √

β3

))/
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√ √
β3 +

(
cosh

(√
β1 (k(x+ 2ασt) + ζ0)

)
+ η
√
p2 + 1

)2))/
√√√√ ϵ

(
sinh

(√
β1 (k(x+ 2ασt) + ζ0)

)
+ p
)

cosh
(√

β1 (k(x+ 2ασt) + ζ0)
)
+ η
√

p2 + 1
+ 1

)
ei(−σx+ωt+θ) (21)

Case-IV

a0 =0, a1 = b1 = 0, d1 = ±
√
αk

2
√
γ
, ω =

αβ2
2k

2

16β3
− ασ2,

δ = ±2
√
α
√
γ, β1 =

β2
2

4β3
. (22)

Putting Eq.(22), only for positive value of d1 in Eq.(9), then we obtain the solutions of Eq.(1), as:

q10(x, t) =

√
−

√
α
√
β1kϵcsch

2
(
1
2

√
β1 (k(2ασt+ x) + ζ0)

)
√
γ
(
4ϵ coth

(
1
2

√
β1 (k(2ασt+ x) + ζ0)

)
+ 4
)ei(−σx+ωt+θ) (23)

q11(x, t) =

(√
√
α
√
β1kϵ

(
η cosh

(√
β1 (k(2ασt+ x) + ζ0)

)
+ 1
)
/ (2

√
γ√

cosh
(√

β1 (k(2ασt+ x) + ζ0)
)
+ η

(
cosh

(√
β1 (k(2ασt+ x) + ζ0)

)
+ η√

+ϵ sinh
(√

β1 (k(2ασt+ x) + ζ0)
))))

ei(−σx+ωt+θ) (24)

q12(x, t) =

√(√
αkϵ

(
η
√

p2 + 1 cosh
(√

β1 (k(2ασt+ x) + ζ0)
)
−√

p sinh
(√

β1 (k(2ασt+ x) + ζ0)
)
+ 1
)

√√
β1

)/(
2
√
γ
(
cosh

(√
β1 (k(2ασt+ x) + ζ0)

)
+ η
√
p2 + 1

)
√(

η
√

p2 + 1 + cosh
(√

β1 (k(2ασt+ x) + ζ0)
)
+√

ϵ
(
sinh

(√
β1 (k(2ασt+ x) + ζ0)

)
+ p
))))

ei(−σx+ωt+θ) (25)

§4 Conclusion

We constructed successfully the new optical soliton solutions of KE equation by using mod-

ified form of mathematical method. We obtained the solutions in the form of dark solitons,

bright solitons and combined dark-bright solitons, travelling wave and periodic wave solution-

s with general coefficients. The all calculations show that this technique is more powerful,

effective, straightforward, and fruitfulness to study analytically other higher-order nonlinear

complex PDEs involves in mathematical physics, quantum physics, Geo physics, fluid mechan-

ics, hydrodynamics, mathematical biology, field of engineering and many other physical sciences.
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These obtained solutions are more useful in the development of optical fibers, dynamics of soli-

tons, dynamics of adiabatic parameters, dynamics of fluid, problems of biomedical, industrial

phenomena and many other branches.
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evolution equations arising in nonlinear optics, Optical and Quantum Electronics, 2016,

48: 116.

[18] A H Khater, D K Callebaut, A R Seadawy. General soliton solutions of an n-dimensional

Complex Ginzburg-Landau equation, Physica Scripta, 2000, 62: 353-357.

[19] A H Khater, M A Helal, A R Seadawy. General soliton solutions of an n-dimensional

nonlinear Schrodinger equations, IL Nuovo Cimento B, 2000, 115, 11: 1303-1312.

[20] L Juan, T Xu, X H Meng, et al. Lax pair, Backlund transformation and N-soliton-like

solution for a variable-coefficient Gardner equation from nonlinear lattice, plasma physic-

s and ocean dynamics with symbolic computation, Journal of Mathematical Analysis &

Applications, 2007, 336(2): 1443-1455.

[21] R Hirota. Exact Solution of the Korteweg-de Vries Equation for Multiple Collisions of

Solitons, Physical Review Letters, 1971, 27(18): 1456-1458.

[22] Y M Zheng, G S Hua, C L Zheng. Multisoliton Excitations for the Kadomtsev-Petviashvili

Equation, Zeitschrift Fur Naturforschung A, 2006, 61(1-2): 32-38.

[23] H Naher, F A Abdullah, M A Akbar. New Traveling Wave Solutions of the Higher Di-

mensional Nonlinear Partial Differential Equation by the Exp-Function Method, Journal

of Applied Mathematics, 2012, 2: 1-7.

[24] A R Seadawy, M Iqbal, D Lu. Propagation of kink and anti-kink wave solitons for the

nonlinear damped modified Kortewegde Vries equation arising in ion-acoustic wave in an

unmagnetized collisional dusty plasma, Physica A, 2020, 544: 123560.



Aly R. Seadawy, Mujahid Iqbal. Dispersive propagation of optical solitions and solitary... 25

[25] S Zhang, T C Xia. A further improved extended Fan sub-equation method and its applica-

tion to the (3+1)-dimensional Kadomstev-Petviashvili equation, Physics Letters A, 2006,

356(2): 119-123.

[26] A R Seadawy, M Iqbal. Propagation of the nonlinear damped Korteweg-de Vries equation

in an unmagnetized collisional dusty plasma via analytical mathematical methods, Mathe-

matical Methods in the Applied Sciences, 2021, 44: 737-748.

[27] A R Seadawy, D Lu. Ion acoustic solitary wave solutions of three-dimensional nonlinear ex-

tended Zakharov-Kuznetsov dynamical equation in a magnetized two-ion-temperature dusty

plasma, Results in Physics, 2016, 6: 590-593.

[28] M Iqbal, A R Seadawy, D Lu. Applications of nonlinear longitudinal wave equation in

a magneto-electro-elastic circular rod and new solitary wave solutions, Modern Physics

Letters B, 2019, 33(18): 1950210.

[29] M Iqbal, A R Seadawy, D Lu. Construction of solitary wave solutions to the nonlinear

modified Kortewege-de Vries dynamical equation in unmagnetized plasma via mathematical

methods, Modern Physics Letters A, 2018, 33: 1850183.

[30] M Iqbal, A R Seadawy, D Lu. Dispersive solitary wave solutions of nonlinear further mod-

ified Kortewege-de Vries dynamical equation in a unmagnetized dusty plasma via mathe-

matical methods, Modern Physics Letters A, 2018, 33: 1850217.

[31] A R Seadawy, D Lu, M Iqbal. Application of mathematical methods on the system of

dynamical equations for the ion sound and Langmuir waves, Pramana, 2019, 93(1): 10.

[32] A R Seadawy, M Iqbal, D Baleanu. Construction of traveling and solitary wave solutions

for wave propagation in nonlinear low-pass electrical transmission lines, Journal of King

Saud University-Science, 2020, 32(6): 2752-2761.

[33] M Iqbal, A R Seadawy, D Lu, et al. Construction of a weakly nonlinear dispersion solitary

wave solution for the Zakharov-Kuznetsov-modified equal width dynamical equation, Indian

Journal of Physics, 2020, 94(9): 1465-1474.

[34] A R Seadawy, M Iqbal, D Lu. Applications of propagation of long-wave with dissipation

and dispersion in nonlinear media via solitary wave solutions of generalized Kadomtsev-

Petviashvili modified equal width dynamical equation, Computers & Mathematics with Ap-

plications, 2019, 78: 3620-3632.

[35] M Iqbal, A R Seadawy, O H Khalil, et al. Propagation of long internal waves in density

stratified ocean for the (2+1)-dimensional nonlinear Nizhnik-Novikov-Vesselov dynamical

equation, Results in Physics, 2020, 16: 102838.

[36] M Iqbal, A R Seadawy, D Lu, et al. Construction of bright-dark solitons and ion-acoustic

solitary wave solutions of dynamical system of nonlinear wave propagation, Modern Physics

Letters, 2019, 34: 1950309.



26 Appl. Math. J. Chinese Univ. Vol. 38, No. 1

[37] A R Seadawy, M Iqbal, D Lu. The nonlinear diffusion reaction dynamical system with

quadratic and cubic nonlinearities with analytical investigations, International Journal of

Modern Physics Letters B, 2020, 34: 2050085.

[38] A R Seadawy. Three dimensional nonlinear modified Zakharov Kuznetsov equation of ion

acoustic waves in a magnetized plasma, Computers & Mathematics with Applications,

2016, 71(1): 201-212.

[39] A R Seadawy. Solitary wave solutions of two-dimensional nonlinear Kadomtsev-Petviashvili

dynamic equation in dust-acoustic plasmas, Pramana, 2017, 89(3): 49.

[40] M Iqbal, A R Seadawy. Instability of modulation wave train and disturbance of time period

in slightly stable media for unstable nonlinear Schröinger dynamical equation, Modern
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