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Some results on derivations of MV-algebras

WANG Jun-tao? HE Peng-fei? SHE Yan-hong!*

Abstract. In this paper, we review some of their related properties of derivations on MV-
algebras and give some characterizations of additive derivations. Then we prove that the fixed
point set of Boolean additive derivations and that of their adjoint derivations are isomorphic.
In particular, we prove that every MV-algebra is isomorphic to the direct product of the fixed
point set of Boolean additive derivations and that of their adjoint derivations. Finally we show
that every Boolean algebra is isomorphic to the algebra of all Boolean additive (implicative)
derivations. These results also give the negative answers to two open problems, which were
proposed in [Fuzzy Sets and Systems, 303(2016), 97-113] and [Information Sciences, 178(2008),
307-316].

81 Introduction

MV-algebras were introduced by Chang for the purpose of providing an algebraic proof of
the completeness theorem of infinite-valued propositional logics [2]. In the present paper, the
infinite-valued logic refers to that proposed by Lukasiewicz and Tarski [14] with truth values
in the interval [0,1] of real numbers. Thus, in a certain sense, MV-algebras stand in relation to
multiple-valued logic as Boolean algebras do to classical logic. Moreover, Chang [3] established
a bijective correspondence between the linearly ordered MV-algebras and the linearly ordered
abelian /-groups with a strong unit and used this result in order to obtain an algebraic proof
for the completeness theorem of Lukasiewicz propositional logic in another way. For a detailed
consideration of MV-algebras and their related results, we refer to [2-4,17-22].

The notion of derivations, introduced from the analytic theory, is helpful for studying alge-
braic structures and properties in algebraic systems. In 1957, Posner [15] introduced the notion
of derivations in a prime ring (R, +, ), which is a map d : R — R satisfying the following two
conditions:
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(i) d(z +y) = d(z) + d(y), (ii) d(z - y) =d(z) -y + = - d(y)

for all x,y € R. Subsequently, a number of research articles have appeared on derivations in
the theory of rings and references there in [1,5,12]. Inspired by derivations on rings, Jun et
al [13] applied the notion of derivations to BCI-algebras and gave some characterizations of p-
semisimple BCI-algebras. In the past few years, Xin [24] introduced the concept of derivations
in a lattice (L, A, V), which is a map d : L — L satisfying the two conditions:

(i) d(z v y) = d(z) vd(y), (i) d(z Ay) = (d(z) Ay) V(2 Ady))

for all z,y € L, and characterized modular lattices and distributive lattices by isotone deriva-
tions; Ghorbain et al [10] introduced the notions of additive derivations on an MV-algebra
(L,®,*,0), which is a map d : L — L satisfying the following two conditions:

(i) d(z @ y) = d(z) @ d(y), (il) d(z ©y) = (d(z) ©y) ® (x © d(y))

for any x,y € L, and proved that an additive derivation of a linearly ordered MV-algebra is
isotone. In order to get the general algebraic results of derivation on t-norm based logical alge-
bras, He [11] investigated derivations on residuated lattices and characterized Heyting algebras
in terms of derivations, and proved that the fixed point set of principal ideal derivations and
that of their adjoint derivations are lattice isomorphic.

It always been known that ideals play a central role in studying logical algebras, and so the
relationship between derivations and ideals is an important research topic to study. For example,
Xin proved the fixed point set of a lattice derivation is an ideal in lattices and proposed an open
problem related to them as follow: (OP1) for any lattice ideal I of a lattice L, whether
there exists a derivation d such that Fiz,(L) = I. They gave the positive answer to the
(OP1) under certain conditions [23, Theorem 4.13]. Inspired by this, He further clarified the
relationship between lattice ideal and derivations in residuated lattices, and proposed another
open problem is similar to that of (OP1), that is, (OP2) for any lattice ideal I of a general
residuated lattice L, whether there exists a derivation d such that Fiz,(L) = I. He
also gave the positive answer to the (OP2) under certain conditions in Heyting algebras in
[24, Theorem 4.14]. Unfortunately, none of the above-mentioned open problems have been
completely solved so far.

In this paper, we will further study the derivations of MV-algebras. One of our aims is
to obtain some representations and characterizations of MV-algebras and Boolean algebras via
derivations. In particular, we will obtain the following main results:

(1) Every MV-algebra is isomorphic to the direct product of the fixed point set of Boolean
additive derivations and that of their adjoint derivations, which shows that Boolean deriva-
tions coincide with direct product decompositions of MV-algebras (See Theorem 5.16 and
Corollary 5.17).

(2) The fixed point set of Boolean additive derivations and that of their adjoint derivations
in MV-algebras are isomorphic. Indeed, this result essentially goes a step further of the
following result in [24, Theorem 4.10] that the fixed point set of principal ideal derivations and
that of their adjoint derivations are lattice isomorphic. (See Theorem 5.15)
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(3) Every Boolean algebra is isomorphic to the algebra of all Boolean additive (implicative)
derivations. Indeed, this result essentially go a step further of the following result in [24, Theo-
rem 3.29] that every distributive lattice is isomorphic to the algebra of all principle derivations
in distributive lattices. (See Theorem 5.21 and Theorem 5.22)

The other aim of us is to further study the relationship between derivations and ideals of
MV-algebras. Indeed, we will obtain the following main results:

(4) We also give a negative answer to the above two open problems (OP1) and (OP2). (See
Remark 4.7)

The paper is organized as follows: In Section 2, we review some basic definitions and results
about MV-algebras. In Section 3, we further study derivations in MV-algebras. In Section
4, we further clarify the relationship between ideal and derivations in MV-algebras and give
a negative answer to open problems in [11,24]. In Section 5, we obtain some representations
and characterizations of MV-algebras and Boolean algebras via Boolean derivations and their
adjoint derivations.

82 Preliminary

In this section, we summarize some definitions and results about MV-algebras, which will
be used in the following sections.

An algebra (L,®,*,0) of type (2,1,0) is called an MV-algebra if it satisfies the following
conditions:

(1) (L,®,0) is a commutative monoid,

(2) (&7)" ==,

(3) 0* @ = = 0%,

@) @ey)oy=y or) o,
for any z,y € L.

We shall adopt the usual conventions for MV-algebras: * operation is more binding than &.
On each MV-algebra L, we define the constant 1 and the operations ®, ©, — as follows:

1=020y=(*"@y ) z0y=z0y*andz 2 y=a*dy

for any x,y € L. We define « < y if and only if 2* &y = 1. It follows that < is a partial order,
called the natural order of L. The natural order determines a lattices structure, in which,

tVy=(@oy)oy, zAy=z0 (" ®y)

for any xz,y € L. The structure (L, A, V,0,1) is a bounded distributive lattice. We say that the
MV-algebra L is linearly ordered if the lattice (L, A, V,0,1) is linearly ordered. An MV-algebra
is a Boolean algebra if its satisfies the additional equation z @ x = = (or x ® = z) for any
x € L, and denote by B(L) = {z € L | z®x = z} be the set of all idempotent elements of L. As
MV-algebras form a variety, the notions of homomorphism, subalgebra are just the particular
cases of the corresponding universal algebraic notions [2,3,4].

Example 2.1. ([3]) Let L = [0, 1] be the real unit interval. If we define
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r@y=min{l,z+y}, 2*=1—=x

129

for any ,y € L, then (L, ®,*,0) is an MV-algebra. Also, for each number n > 2, then n-element

set

2
7n n—1'n—1°" """

n—2
n—1’

S, = {0

1}

is a subalgebra of an MV-algebra L.

Proposition 2.2. ([3,4]) In any MV-algebra L, the following properties hold: for all z,y,z € L,

TO(yVaz)=
T®(yAz) =

(zoy)V
(z®y) A

(

(

(

(

(

(

(7) x <y implies s © 2 <y © 2,
(

(

(

(

( rOy<zifand only if t <y — z,
(

Az — 2),
Ay = 2),

— T,

(r©2),
(z®2),

Proposition 2.3. ([10]) Let L be an MV-algebra and e € B(L).
hold: for any x,y € L,

W en(zoy) =(
(2)ev(zoy) =(
B)en(zeay) =(
() ev(zoy) =(
() eO(z —y) =
6) e—=(z—y)=

o o
< >
EE

— (e®y)],
(e = y).

Then the following properties

Let L be an MV-algebra. A nonempty subset I of L is called an ideal of L if it satisfies: (1)
z,y € [impliesc®dyecl; (2)xe€l,ye L and y <z imply y € I. An ideal I of L is proper if
I # L. A proper ideal I of L is called a prime ideal if for any x,y € L such that x Ay € I, then
xz €l oryel. A nonempty subset I of L is called a lattice ideal of L if it satisfies: (i) for all
zyyel,zvVyel; (ii) forall z,y € L, if x € I and y < z, then y € I, that is, a lattice ideal of
an MV-algebra L is the notion of ideal in the underlying lattice.

For any nonempty subset X of L, the smallest lattice ideal containing X is called the lattice

ideal generated by X. The lattice ideal generated by X will be denoted by (X]. In particular,
if X = {t}, we write (¢] for ({t}], (¢] is called a principal lattice ideal of L. It is easy to check

that (]

the principal lattice filter of an MV-algebra L.

=}t ={y € Lly < t}. From Principle of Duality, we can define the lattice filter and
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Let I be an ideal of an MV-algebra L. We define a binary relation 6; on L as follows:
for any z,y € L, (z,y) € 0; if and only if (z ©y) ® (y © ) € I. Then, 6; is a congruence
relation on L. Thus, the binary relation < on L/I which is defined by [z] < [y], if and only if
x — y € I, is an order relation on L/I. For any x € L, let [z]; be the equivalence class [x]s, and
L/I = L/0r = {[z]7lz € L}. Then L/I becomes an MV-algebra with the natural operations
induced from those of L ([6,7,16]).

Definition 2.4. ([9]) Given ordered sets E, F' and order-preserving mappings f : E — F and
g : F — E, we say that the pair (f,g) establishes a Galois connection between E and F if
fg>idp and gf <idp.

83 Some derivations of MV-algebras

In this section, we further study derivations on MV-algebras and give some characterizations
of additive derivations.

Definition 3.1. ([10]) Let L be an MV-algebra. A map d : L — L is called a derivation on
L if it satisfies the following condition: for any x,y € L,

d(z ©y) = (d(z) ©y) ® (z ©d(y))-
Example 3.2. ([10]) Let L = {0,a,b,¢,d, 1} and operations @ and * be defined as follows:

d

— Q. 0 o9 O d
= Q0o o OO
— Q= o o o
e e e e T

— = 0 0 2|8
— = 0 = o0 oo
el e e Y

Then ({0,a,b,c,d, 1},®,*,0) is an MV-algebra. Define a map d : L — L by

It is verified that d is a derivation on an MV-algebra L.

Proposition 3.3. ([10]) Let L be an MV-algebra and d be a derivation on L. Then we have:
for any x € L,
(1) d(0) =0,
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Definition 3.4. ([10]) Let L be an MV-algebra and d be a derivation on L.
(1) d is called an isotone derivation provided that x < y implies d(z) < d(y) for all x,y € L,
(2) d is called an additive derivation provided that d(z @ y) = d(x) @ d(y) for all z,y € L.

Example 3.5. ([10]) Let S4 be the MV-algebra in Example 2.1. Define a map d : S4 — Sy
by

3

Then d is a derivation on Sy, but it is not an additive derivation on L, since

d(3+3) =d(1) =0# 5 =d(3) +d(3).

W=

Moreover, d is not an isotone derivation on L, since

<1,d(3)=3>0=d(1).

wlN
W=

Example 3.6. Let S,, be the MV-algebra in Example 2.1. Define a map d : S,, — 5, as
follows: for all z € S,,,

1
— =1
o= {7
" ® r, I # 1
It is verified that d is not only an additive, but also an isotone derivation on S,,.

Proposition 3.7. Let L be an MV-algebra and d be an additive derivation on L. Then we
have: for any x,y € L,
(1) d is an isotone derivation,

)
(2) d(z) =d(1) © =,
(3) d(d(z)) = d(x),
(4) d(z) € B(L),
(5) d(d(z) — d(y)) = d(z — y),
(6) Fizqy(L) = d(L), where Fizy(L) = {z € L|d(z) = «},
(7) if d(L) = L, then d = idy,,
(8) Ker(d) is an ideal of L, where Ker(d) = {« € L|d(z) = 0}.

d(y) = d(z © (¢" O y)) = d(z) ® d(z" © y) = d(x),
which implies d(z) < d(y).
(5) It follows from Propositions 2.3(5), 3.3(2) and (2) that
d(d(z) — d(y)) = d(1) © [(d(1) © z) = (d(1) O y)] = d(1) © (z = y) = d(z = y),
which implies d(d(z) — d(y)) = d(x — y) for any x,y € L. O

As a consequence of Propositions 3.3 and 3.7, we have the following fact.
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Theorem 3.8. Let L be an MV-algebra and d be a derivation on L. Then the following
statements are equivalent: for any x,y € L,
(1) d is an additive derivation,

(2) d is an isotone derivation,
(3) d(z) < d(1),
(4) d(z) =d(1) Oz,
(5) d(z ©y) =d(z) Oy =z © d(y),
(6) d(z Ay) = d(z) Ad(y),
(7) d(z v y) = d(z) vV d(y),
(8) d(z ©y) = d(z) © d(y),
(9) d(z) <y if and only if d(z) < d(y),
(10) d(z) = d(y) = d(z) = y.
Proof. (1) = (2) It follows from Proposition 3.7(1)
(2) = (3) It is straightforward.
(3) = (4) It follows from Proposition 3.7(2).
(4) = (1) From Propositions 2.3(3),3.3(2) and Proposition 3.7(2), we have

dizdy)=d1)o@ay)=(d1)oz)a (d1) oy) =dx)®dy).
(4) = (5) From (4), we have
dzoy)=dl)ozey=20 (d(1)Oy) =z ©d(y).

(5) = (4) Taking y = 1 in (5), we have d(z) = d(1) © =
(4) = (6) From (4) and Proposition 3.3(2), we have

dlzAy)=d(1)o (@ Ay) =d1)A(@Ay) =d1)Adl) Az Ay =dx)Ady).
(4) = (7) From (4) and Proposition 3.3(2), we have
d(zvy) = d(1)o(zVy) = d(1)A(zVy) = (d(1)Az)V(d(1)Ay) = (d(1)ox)V(d(1)oy) = d(z)Vd(y).
(7) = (2) Let <y, we have 2 Vy = y. Then it follows from (7), we have
d(y) = d(z Vy) = d(z) Vd(y) = d(z).
(4) = (8) From (4) and Proposition 3.3(2), we have
dzoy)=d1) e (zoy)=d1)odl)ozoy=dz)®dy).

(6) = (4), (7) = (4), (8) = (4) are straightforward.
=

(2) (9) If d(x) < y, then d(d(z)) < d(y), and hence by Proposition 3.7(3), we have
d(z) < d(y). Conversely, if d(x) < d(y), from Proposition 3.3(4), then d(x) < d(y) < y for all
z,y € L.

(9) = (2) If z <y, then d(z) < z <y, and hence d(x) < d(y) for all z,y € L.

(2) = (10) Assume that d is an isotone derivation on L. From d(y) < y for any y € L, it
follows that d(x) — d(y) < d(z) — y. On the other hand, let ¢ < d(x) — y for all t € L, we
can obtain d(z) ®t < y. Since d is an isotone derivation, we have d(d(z) © t) < d(y) for all



WANG Jun-tao, et al. Some results on derivations of MV-algebras 133

x,y,t € L. From d(x ©y) = (d(2) Oy)® (z®d(y)), we get d(z) Oy < d(x©Oy) for all x,y € L. Tt
follows d(d(z)) ®t < d(d(z) ©®t). By Proposition 3.7(3), we have d(z) ©t < d(d(z) ©®t) < d(y).
Hence t < d(z) — d(y) for all t € L, which implies d(z) — y < d(z) — d(y) for all z,y € L.
Therefore, we obtain d(z) — d(y) = d(x) — y for any z,y € L.

(10) = (2) Assume that d(z) — d(y) = d(z) — y for all z,y € L. For any z,y € L, let
x <y, by Proposition 3.3(4), we have d(z) ©1 =d(z) <z <y. It follows that 1 < d(z) —» y =
d(xz) — d(y), which implies d(z) < d(y) for any x,y € L. O

Remark 3.9. (1) Theorem 3.8 shows that isotone derivations are equivalent to additive deriva-
tions on MV-algebras.

(2) Example 3.2 shows that an additive derivation is not a homomorphism on an MV-algebra
in general, since d(a*) =b# 1 = (d(a))*.

(3) Example 3.2 shows that the fixed point set of an additive derivation d is not a subalgebra
of an MV-algebra L in general, since 0* = 1 ¢ {0,b} = Fizy(L).

(4) Theorem 3.8(4) shows that every additive derivation d on an MV-algebra L is completely
defined by the image d(1) of the 1.

Theorem 3.10. Let d be an additive derivation on MV-algebra L. Then
(F’Lxd(L)a ®, 7, O)
is an MV-algebra, where =z = d(z*) = (x & (d(1))*)* for any x € Fizq(L).

Proof. It follows from Definition 3.4(2) that Fiz4(L) is closed under &.
Also, for all x € Fizy(L), from Propositions 3.3(2) and 3.7(2), we have
d(—z) = d(d(z")) =d(1) ©d(l) ©z* =d(1) © 2" = d(z") = ~z,
which implies that Fizg(L) is closed under —.
(MV1) It follows from Definition 3.4(2).
(MV2) From Theorem 3.8(3), we have
-z = (-z® (d(1)")" = (z®(d(1))") ©d(1) =z Ad(1) = d(z) Nd(1) =z,
which implies ——z = z for all z € Fizq(L).
(MV3) From Theorem 3.8(3) and Proposition 3.3(2), we have
r®-0=x®d(l) =dx)dd1)=d(x)Vdl)=d1),
which implies @ -0 = d(1) for all € Fixz4(L).
(MV4) From Theorem 3.8(4), we have
“(rroy)oy = (ceoyo (1)) Dy
= (@ @@)) eyadl)) ey
(z@ 1)) odl)oy’) oy
= (@rd1))oy’) ey
= zVy,

x D
xr D

which implies ~(—z ®y) @y = x V y for any =,y € Fixy(L). O
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Proposition 3.11. Let L be an MV-algebra and d an additive derivation on L. Then we have
the following properties:

(1) d: L — Fizq(L) is a surjective homomorphism,

(2) d: L/Ker(d) — Fizq(L) is an isomorphism.

Proof. 1t follows from Theorem 3.8 and Proposition 3.10.
(2) It is verified that Ker(d) is an ideal of L. If £ ~g¢p(a) ¥, then (z0y)® (yox) € Ker(d),
and hence

dzey)@®yor)=dzey)edyoz)=0.

Then it follows from Theorem 3.8(5) that d(x © y) = d(z © y*) = d(z) ® y* = 0, which
implies d(x) < y. Similarity, we can prove d(y) < x. Then by Theorem 3.8(10), d(z) = d(y).
Thus, d is well defined. Moreover, it follows from (1) that d : L/Ker(d) — Fizg(L) is an
isomorphism. O

Corollary 3.12. Let L be an MV-algebra and d : L — L be a map on L such that d(L) C B(L).
Then the following statements are equivalent: for any x,y € L,

(1) d is an additive derivation on L,

(2) d(z) =d(1) © =,

B)dzoy)=dz)Ooy=20dy).

Proof. (1) = (2) It follows from Proposition 3.7(1).
(2) = (3) The proof is similar to that of Theorem 3.8 (4) = (5).
(3) = (1) The proof is similar to that of Theorem 3.8 (5) = (1). O

84 Solution to open problems related to derivations

In this section, we further discuss the relationship between ideals and additive derivations
on MV-algebras, and give a negative answer to the open problems (OP1) and (OP2).

Example 4.1. Let S3 be the MV-algebra in Example 2.1. Now, we define a map d : S35 — S3
by

0, z=0,1
d(x):{l )
2, T=3-

Then d is a derivation on Ss, while is not an additive derivation ([9]). Also, Fizq(L) = {0,4}
is not an ideal of L since 3 & 3 =1 ¢ Fizq(L).

Proposition 4.2. Let L be an MV-algebra and d be an additive derivation on L. Then Fizy(L)
s an ideal of L.

Proof. (1) It follows from Definition 3.4(2) that Fiz4(L) is closed under .
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(2) Let © <y and y € Fizq(L). Then

dz) =d(zny) = d(zey")Oy)
(dzey")oy e (zey’)ody))
= ([droy)oya(zay’)oy)
(drzoy)0y) & (T Ay)
= (dzey")oy) ez,
which implies z < d(z), and hence = € Fixy(L). O

However, the converse of Proposition 4.2 may not hold in general.

Example 4.3. Let L be the MV-algebra in Example 3.5. Then Fizg(L) = {0} is an ideal of
L, but d is not an additive derivation on L.

Inspired by Proposition 4.2, we naturally ask that whether there exists an additive
derivation d such that Fizy(L) = I for given ideal I in an MV-algebra L. For the
similar question regard to the lattice and residuated lattice, Xin gives the positive answer under
certain conditions as follows in [11,23].

Proposition 4.4. Let L be a lattice (Heyting algebra) and I be a non-void prime ideal of L.
Then there exists a derivation d such that Fizg(L) = I.

Proof. Let I be a non-void prime ideal of L. Then there exists a map d : L — L defined by
, el
i) = x x
xAt, x€ L\I, wheret eI,
is a derivation satisfying Fizq(L) = I. Indeed, if z,y € I, then we can see that
dlzhy)=zAhy=(xAy)V(zAy)=(dzAy)V (zAdy).

Ifxel,ye LI, thenazAy<zandsoxzAy€ Il Henced(zAy)=xAy, (dzAy)V (zAdy)=
(xAy)V(x Ay Aa)=x Ay, which shows that d(z Ay) = (dx Ay) V (z A dy).

Ifx,y € L I, then xAy € L I since [ is prime. Hence d(xAy) = zAyAa, (deAy)V (zAdy) =
(xAaAy)V(zAyAa) =z AyAa. By the above argument, we can see that d is a derivation.
Clearly Fizq(L) = 1. O

The following example shows that ¢ € I in Proposition 4.4 is necessary.

Example 4.5. Let L = {0,a,b,¢,1}, where 0 < a < b,c¢c < 1. Define operation — on L as
follows:

— o o2 ol
o oo o r|o
QT = =R
S S == o
O = O = |0
e T e e T
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It is verified that ({0,a,b,¢,1},A,V,—,0,1) is a Heyting algebra and I = {0, a, b} is a non-void
prime ideal of L. Then by Proposition 4.4 there exists a map d : L — L defined by

d(x):{x, rxel

xAe, x€ L\,
is a derivation on L. But Fixg(L) = {0,a,b,c} # I.
The following example shows that the condition “prime ideal” in Proposition 4.4 is necessary.

Example 4.6. ([22]) Let L = [0,1] and I = (0,1). Then (L, <) is a lattice and I is an ideal of
L, but it is not prime, where < is the ordinary order. Moreover, we can see that there is not
any isotone derivation d such that Fizg(L) = I.

The following remark give a negative answer to the two open problems (OP1) and (OP2).

Remark 4.7. The answer to the above open problems are easily seen to be negative even for
Boolean algebras. In particular, let L be the finite-cofinite Boolean algebra on an infinite set
and I the (prime) ideal of finite sets. If I = Fixy(L) for some additive derivation d, which is
equivalent to the isotone lattice derivation on L, then by Theorem 3.8(9) for each finite set X
and infinite set Y we have X C d(Y) if and only if X C Y, which implies that d(X) have to be
the smallest finite set below Y, but no such set exists. It is well known that Boolean algebras
are a subclass of MV-algebras, residuated lattices and lattices, and additive derivations are a
special classes of derivations and lattice derivations. Then we give a negative answer to the two
open problems (OP1) and (OP2).

85 Representations of Boolean algebras based on derivations

In this section, we give some representations of Boolean algebras via two special kinds of
derivations, which are defined as follows:

(1) dy : L — L such that dy(z) =a © x, for all z € L,

(2) g : L — L such that g,(z) =a® z, for all z € L.

Example 5.1. Let S3 be the MV-algebra and d be a derivation in Example 4.1. Then d is not
an additive derivation on S, since d(3 ® 3) =d(1) =0#1=d(3) & d(3).

Theorem 5.2. Let L be an MV-algebra. Then the following statements are equivalent:
(1) L is a Boolean algebra,
(2) dg is an additive derivation on L, for all a € L.

Proof. (1) = (2) If L is a Boolean algebra, by Proposition 2.2, then
do(x©y) =a©(20y) =(a0r) Oy =da(z) Oy,
da(z®y) = (x0y)Qa=(zVy Oa=(x0a)V(yo©a)=di(z)Vda(y) = da(z) & da(y),
for any z,y € L, which implies that d, is an additive derivation on L.
(2) = (1) If d, is an additive derivation on MV-algebra L, then
a=d,(1)=d,(101)=(d,(1)01)d(10d,(1)) =ada,
for any a € L, which implies L C B(L). Thus, L is a Boolean algebra. O
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Remark 5.3. Theorem 5.2 shows that d, is an additive derivation on a Boolean skeleton of an
MV-algebra. Hence we call d, a Boolean additive derivation on an MV-algebra. We denote the
set of all Boolean additive derivations on MV-algebras by D(L), that is, D(L) = {d4|a € B(L)}.

Now, we introduce the adjoint derivation of Boolean additive derivations on MV-algebras.

Definition 5.4. Let L be an MV-algebra. A map g : L — L is called an implication derivation
on L if it preserves — and satisfies the following condition: for any x,y € L,

gl —y) = (g9(z) = y) & (x — g(y))-

Example 5.5. Let L = {0, a,b, 1}, where 0 < a,b < 1. Define operations & and # as follows:

*‘0
‘1 b a

— o2 oOh
= o e OO
— = Q 9|2
— o = oo
e el R

Then ({0,a,b,1}, @, %,0) is an MV-algebra. Define a map g : L — L by

g(gg):{a, z=0,a

1, =z=05b1.

It is verified that ¢ is an implicative derivation on L, while ¢ is not a homorphism on L, since

9(0) # 0.

Theorem 5.6. Let L be an MV-algebra. Then the following statements are equivalent:
(1) L is a Boolean algebra,

(2) g, is an implicative derivation on L, for all a € L.

Proof. (1) = (2) If L is a Boolean algebra and a € L, then

9a( = y) = ga(®) = ga(y)-

In particular, by Proposition 2.3(6), we have
a* = (x> y)=(a* > ) = (a* = y),
which is equivalent to
a®d(z—y) =(@dz)— (ady),

which implies g,(z — y) = go(x) = ga(y) for any a € L.
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Then by Proposition 2.3, we have

golr = y) = a®(z—y)
= 78 (ady)
= 2" ®g(y)
= ((ga(x))" va7)
= ((9a(2))" ® ")
= ((9a(2))" @y) @ (2" & ga(y))
= (galx) = y) & (z = galy).

which implies that g, is an implicative derivation on L.

x*

(2) = (1) If g, is an implicative derivation on MV-algebra L, then

9a(z = Y) = ga(2) = ga(y)
for all z,y € L. Taking x = a* and y = a* ® a* in the above equation, we have
galr =y) = ad(z—y)
= a" > (a" > a" ®ad)

= a*®a —wa" ©a*

= 1,
and
9a(®) = ga(y) = (" = a”) = (" »a" ©a") =a” »a" Oad’,
which implies a* < a* ® a*, and hence a* = a* ® a*, that is, a ® a = a. O

Remark 5.7. Theorem 5.6 shows that g, is an implicative derivation on a Boolean skeleton
of an MV-algebra. Hence we call g, a Boolean implicative derivation on an MV-algebra. We
denote the set of all Boolean implicative derivations on MV-algebras by G(L), that is, G(L) =
{gala € B(L)}.

Definition 5.8. A Boolean additive derivation pu, is called residuated if there exists a Boolean
implicative derivation v, such that the pair (fiq,v,) forms a Galois connection.

The Boolean implicative derivation v, is called the adjoint derivation of the Boolean additive
derivation pg.

If the Boolean additive derivation p, is residuated, with the properties of residuated map,
then p, and it’s adjoint derivation must be isotone. In particular, if the Boolean additive
derivation p, has the adjoint derivation r,, then the adjoint of p, unique. Thus we shall
denote this unique v, by u.

Example 5.9. Let L be the MV-algebra in Example 5.5. Define two maps v, and p, on L as

0, I’:O,b a, {I;:O’a
Ma = y Va =
a, r=a,l 1, z=5b,1.

follows:
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Then v, and p, are Boolean implicative and additive derivations on L, respectively, and (v, f1q)
forms a Galois connection on L.

Theorem 5.10. Let L be an MV-algebra and a € B(L). Then the map g« is the adjoint
derivation of the map d, on L.

Proof. Theorems 5.2 and 5.6 show that d, and g, are a Boolean additive derivation and a
Boolean implicative derivation on L, respectively.
(1) If x <y, then

Jar() =ax<a—=y=ga(y), da(r) =aBz < a®y=da(y),
which implies g, and d, are isotone.

(2) do(z) =a@x <yifand only if x < a — y = gu+(y).
Thus (d,, go~) forms a Galois connection on L. O

As a corollary of Theorem 3.10 and Theorem 5.10, we have the following result.

Corollary 5.11. Let L be an MV-algebra and a € B(L). Then (Fizq, (L),®,1,0,a) is an
MV-algebra, where -2 = d,(z*) for all z € L.

Corollary 5.12. Let L be an MV-algebra and a € B(L). Then (Fizq,. (L), ®, 72,0,a*) is an
MV-algebra, where -9z = dg+(z*) for all € L.

Corollary 5.13. Let L be an MV-algebra and a € B(L). Then (Fizg, (L), ®,01,a,1) is an
MV-algebra, where 2°* = g,(z*) for all z € L.

Corollary 5.14. Let L be an MV-algebra and a € B(L). Then (Fixz,,.(L),®,09,a*,1) is an
MV-algebra, where 2°2 = g,«(x*) for all z € L.

We have seen in [11, Theorem 4.10] that the fixed point set of principal ideal derivations and
that of their adjoint derivations in residuated lattices are lattice isomorphic. The strong ver-
sion result for MV-algebras is as follows, i.e., the fixed point set of Boolean additive derivations
and that of their adjoint derivations in MV-algebras are isomorphic.

Theorem 5.15. Let L be an MV-algebra and a € B(L). Then (Fizq, (L), ®,—1,0,a) and
(Fizg,. (L), ®,02,a",1) are isomorphic.
Proof. Let f:Fixq, (L) — Fiz,,. (L) be defined by
f@)=a"®zr=0a—z,
for all x € Fixg, (L), a € L. Then f is well defined.

(1) If f(z) = f(y), then a* @z = a* Dy, that is, r = a©x, y = a®y for all z,y € Fixg, (L).
Now,ifa®@z <z,thenx <a—>x=0a"Px,and hence z < a*By=a — y, that is x < y. If
< a®ax,then y <z. So x =y, which implies that f is injective.

(2) If x € Fizy . (L), then x = gq+(x) = a* @ x. So

flaoz)=a"®(a@x)=a"@®(a® (a*B2))=a" ®zx =z,
which implies that f is surjective.

(3) From Propositions 2.2 and 2.3, we have
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fady)=a"@@xdy) =" ®a" Prdy=(a"Dr)d
(

(a*@y) = f(x) @ fy),
(i) =a" @ (a0r")=a"Pr=a"D(a" D)= = ( o2

a
a* @)% (),
which implies that f is an homomorphism.
It is easily to checked that f~!(z) = a ® z is also an homomorphism.
Therefore, (Fizq, (L), ®,1,0,a) and (Fiz,,. (L), ®,02,a", 1) are isomorphic. O

The next result gives a representation of MV-algebra via Boolean derivations.

Theorem 5.16. Every MV-algebra L is isomorphic to the direct product (Fixq, (L), ®, 1,0, a)
and (Fizq,. (L), ®,2,0,a*), where a € B(L).

Proof. Let 7: L — Fixzq, (L) x Fizq,.(L) be defined by
@) = (¢ ©a,z00)

for all x,a € L. Then it follows from Theorem 5.2 that 7 is well defined.

(1) Tt follows from Corollaries 3.12,5.11 and 5.12 that 7 is a surjective homomorphism from
L to Fizgq, (L) x Fizg,. (L).

(2) If 21 € Fizg, (L) and zo € Fizg,. (L), then for x = z1 V o,

7(x) = (21, 22).
Since (L, A, V) is a distributive lattice,
r=(xANa)V(zAa*)

for all x € L. Thus 7 is injective.
(3) It is easy to verify that 77! (z,y) =z Vy for all (z,y) € Fizg, (L) X Fizg,. (L), is also
an MV-homomorphism from Fizg, (L) x Fizg,. (L) to L. O

As a consequence of Corollaries 5.13 and 5.14, we have the following result.

Corollary 5.17. Every MV-algebra L is isomorphic to the direct product (Fiz,,. (L), ®,02,a*,1)
and (Fizg, (L), ®,01,a,1), where a € B(L).

Theorem 5.18. Let L be an MV-algebra. Then the following statements are equivalent:
(1) L is a Boolean algebra,
(2) for any a € L, Fixg,(L) = (al,
(3) for any a € L, Fixgy, (L) = [a).

Proof. (1) = (2) If L is a Boolean algebra, then d,(a) = ¢ ® a = a, which implies a €
Fizgy, (L). Then it follows from Proposition 4.2 that Fizg, (L) is an ideal of L, that is, for all
x € L, if ¢ < a, then € Fizg, (L). So (a] C Fixg,(L). Conversely, if © € Fizy, (L), then
do(z) = a®x = aAx = x, which implies that z < a, that is, « € (a], and hence Fizq, (L) C (al.
(2) = (1) Suppose that Fizg, (L) = (a] for all a € L. Notice that a € (a], we have a €
Fixq,(L). Then dy(a) = a, that is, a @ a = a for all @ € L. So L is a Boolean algebra.
(1) < (3) The proof is similar to that of (1) < (2). O
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The following theorems give a representation of Boolean algebras in terms of Boolean deriva-
tions. Namely, every Boolean algebra is isomorphic to the algebra of all Boolean derivations.

Theorem 5.19. Let L be an MV-algebra. Then (D(L),U,M,*,dg,d1) is a Boolean algebra,
where

(da U db)m = (dax) v (dbx); (da r db)x = (dax) A (db$)7 (da)*x = da*x;
for any dg,dy, € D(L),z € L.

Proof. (1) We show that (D(L),U, M, dy,d) is a bounded lattice with dy as the smallest element
and d; as the greatest element.
For all d,,dp € D(L) and z € L, we have

(do Mdp)(z) = (da(z)) A (do())
= (@Oz)ANDbOI)
(anNd)Ox
- da/\b(l'),
which implies d, Md, € D(L).
Also, we have
(doUdp)(z) = (da(z)V dp(7))
(a®z)V(boOT)
(aVd)Ox
- da\/b(x)v
which implies d, U d, € D(L).
Moreover, for all d, € D(L) and = € L, we have
(do Mdp)(z) = da(x) ANdo(z) =0 = do(x)
(do Udy)(z) = do(z) Vdi(z) = 2 = di(x),
which implies that dy and d; are the smallest element and greatest element in D(L), respectively.
(2) We show that (D(L),U, M, *,dg,d;) is a Boolean algebra.
For all d, € D(L) and = € L, we have
(da)* (%) = do= (7) = a" © 7 = dg= (),
which implies (d,)*(x) = dg+(x). Then follow from a* € B(L) that d,* € D(L).
Also, we have

(do U (do)*)(2) = (do) () Vder () = (a@ )V (a* ©z)=(aVa*) @x =2 =d(x),

(do M (do)*) () = (do)(x) Ndg+(z) = (aAz) A(a* Ax)=(aNa*) ANx=0=dy(z),
which implies d, U (do)* = dy, dq M (do)* = dp. O
Theorem 5.20. Let L be an MV-algebra. Then (G(L),N,U, e, go,g1) is a Boolean algebra,
where

(9a Ugp)z = (9a%) V (962), (9 N gb)7 = (9a) A (967), (9a) T = gu+ 2,
for any gq,9» € G(L),x € L.
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Proof. The proof is similar to that of Theorem 5.19. O

We have seen in [23, Theorem 3.29] that every distributive lattice is isomorphic to the algebra
of all principle derivations. The corresponding results for Boolean algebra are as follows.

Theorem 5.21. FEvery Boolean algebra (L, A\, V,*,0,1) is isomorphic to (D(L),U, M, *,dg,dy).
Proof. Let ¢ : L — D(L) be defined by

¢(a)(z) =aANw,

for all a,z € L. Then easily verified that ¢ is well defined, surjective and injective.
Also, for any a,b € L, we have

dlanb) =dopy =(aAND)Az=(aNz)N(bAZ)=d,MNdp = P(a) N o(b),
PlaVvd)=dewp =(aVb)Ax=(anz)V (bAx)=d, Udy = ¢(a) U &(b),
P(a*)=dy =a*Nx=2x6a=(xSa)V(xSz)=(xAa)Ox=(¢(a))*

which implies that ¢ is a homomorphism.
Thus (L, A, V,*,0,1) and (D(L), U, M, *,dp,d;) are isomorphic. O

Theorem 5.22. Every Boolean algebra (L, A, V,*,0,1) is isomorphic to (G(L),N,U, e, go, g1).

Proof. The proof is similar to that of Theorem 5.21. O

86 Concluding remarks

The notion of derivations gives a tool for studying structures and properties in algebraic
systems. In the paper, we obtain that the fixed point set of additive derivations is still an
MV-algebra, and show that the fixed point set of Boolean additive derivations and that of their
adjoint derivations are isomorphic. Then we obtain that some representation and characteri-
zation of MV-algebras via Boolean derivations and their adjoint derivations. This results also
give negative answers to two open problems.

In [8], B. Gerla introduced a pair of semirings (L, V,®,0,1) and (L, A, ®,0, 1) on MV-algebra
(L, ®,*,0) such that * is semirings isomorphism between the above two semirings. Hence in
future, we will use the other operations to define different derivations on an MV-algebra and
we will obtain their properties. Also, we will study the relationship between them. We hope
that the above work would serve as a foundation for further on study the structure of various
derivations.
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