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Fuzzy rough sets in Sostak sense

Ismail Ibedou! S. E. Abbas?

Abstract. In this paper, we defined the fuzzy operator ®, in a fuzzy ideal approximation
space (X, R,T) associated with a fuzzy rough set A in Sostak sense. Associated with @, there
are fuzzy ideal interior and closure operators int} and cly, respectively. r-fuzzy separation
axioms, r-fuzzy connectedness and r-fuzzy compactness in fuzzy ideal approximation spaces are
defined and compared with the relative notions in r-fuzzy approximation spaces. There are
many differences when studying these notions related with a fuzzy ideal different from studying
these notions in usual fuzzy approximation spaces. Lastly, using a fuzzy grill, we will get the

same results given during the context.

81 Introduction

In 1982, Pawlak ( [15]) introduced the notion of rough sets dealing with the uncertainty of
intelligent systems. By an equivalence relation R on a set X, we have the notion of approx-
imation space (X, R). For a subset A C X, the boundary region set A’ = A"\ A! describes
the roughness of the set A whenever the upper approximation set A" is greater than the lower
approximation set A! of A. in the approximation space (X, R). If A% = A!, then the set A is
not a rough set. The notions of ideal and fuzzy ideal in sense of Chang [4] were given in [9]
and [18], respectively. Fuzzy ideals in Sostak sense [19] were given in [16]. The local closed set
A* of a set A was given in [20] associated with an ideal defined on the usual approximation
space(X, R). Many research papers were based on studying a topological space joined with
an ideal as in [5,10,11]. Studying the roughness of a fuzzy set was given in many articles
like [3,12,13].

Fuzzy separation axioms with grades were given in [7], and studying separation axioms with
respect to an ideal was given in [2]. In [14], the authors studied fuzzy soft separation axioms
and fuzzy soft connectedness in fuzzy topological spaces in sense of Chang. The definition of
fuzzy grills was given in [1], and a research paper studying the fuzzy topological spaces via
ideals and grills was given in [8].
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The motivation of this paper is to define the fuzzy approximation lower and upper sets,
and moreover to define the fuzzy approximation interior and closure operators on a fuzzy
approximation space in sense of Sostak. During these fuzzy operators associated with some
r € Iy, we defied fuzzy approximation separation axioms, fuzzy approximation connectedness
and fuzzy approximation com- pactness. A generalization of these definitions is illustrated using
a fuzzy ideal constructed on the fuzzy approximation space.

In the paper, we define the local r-fuzzy closed set ®,(u,r) of a fuzzy set p associated
with the rough fuzzy set A and r € (0,1] as a new generalization of the notion of a local
fuzzy closed set. Also, we define the r-fuzzy cosets for each element x € X, and introduce the
definitions of r-fuzzy lower and r-fuzzy upper approximation sets according to these r-fuzzy
cosets in the fuzzy approximation space (X, R). The fuzzy boundary region set is defined
according to the fuzzy difference given in [8]. The definitions of r-fuzzy lower, r-fuzzy upper
and r-fuzzy boundary region sets are satisfying most of the properties of the corresponding
ones in the general case. r-fuzzy approximation connectedness and r-fuzzy ideal approximation
connectedness are defined and studied. Also, r-fuzzy approximation compactness and r-fuzzy
ideal approximation compactness are defined and studied.

Throughout the paper, let X be a finite set of objects and I the closed unit interval [0, 1],
Ip = (0,1]. Assume that an order-reversing involution a + o of I is fixed. I denotes all
fuzzy subsets of X, and A\°(z) = 1 — A(z) Vz € X for all A € IX. A constant fuzzy set ¢ for all
t € I is defined by #(x) =t Vo € X. Infimum and supremum of a fuzzy set A € I are given
as: inf A= A Az) and sup A=V A(x).

reX zeX
If f: X =Y is amapping, p € I, v € IV, then
) =\ w@) vyeY and f'(v)=volf.
z€f~1(y)

Assume a fuzzy relation R: X x X — I is defined so that R(z,z) =1 Vx € X, R(x,y) =
R(y,z) Vx,y € X and R(z,y) > (R(z,z) A R(z,y)) Ya,y,z € X. That is, R is a fuzzy
equivalence relation on X. (X, R) is called a fuzzy approximation space based on the fuzzy
equivalence relation R on X.

Definition 1.1. For each z € X and r € Iy, define a fuzzy coset [z], : X — I as follows:
[#](y) =r A R(z,y) VyeX. (1)
Recall that [z]1(y) = R(x,y) Yy € X, which means that [z],(y) = 1 iff R(z,y) = 1. All
elements y € X with fuzzy relation value R(x,y) > 0 are elements in the fuzzy coset [z], with
membership value (r A R(z,y)), and any element y € X with R(z,y) = 0 does not belong to

the fuzzy coset [z],. Any fuzzy coset [z], includes at least the element 2 € X, and consequently

V [z]r(z) =r for all x € X. Also, V [2],(y) =7 Vy e X (ie. V [z, =7). If R(z,y) >0
z€X z€X z€X
and r € Iy, then the fuzzy cosets [z],,[y]. (as fuzzy sets) are containing the same elements

of X with some non-zero membership values, and moreover if [y],(z) = 0, then it must be
that [z].(z) = 0 whenever R(z,y) > 0. That is, any two fuzzy cosets are either two fuzzy
sets containing the same elements of X with some non-zero membership values or containing

completely different elements of X with some non-zero membership values.
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Note that: [z], # 0 Vx € X, while may be all elements z € X are given such that [z],.(z) > 0
in case of R(x,z) > 0 Vz € X, and thus the fuzzy approximation space (X, R) looks like fuzzy
partitioned into only one fuzzy coset. The fuzzy cosets could be such that [z].(x) = r and
[]-(2) = 0 Vz # x, which means (X, R) looks like fuzzy partitioned into completely disjoint
fuzzy cosets. Putting I = {0, 1} as a crisp case, we get exactly the usual meaning of partitioning
of a set X based on an equivalence relation R on X.

Recall that the fuzzy difference between two fuzzy sets was defined as follows ( [8]):

_ 0 if A<y,
AN p¢  otherwise.

(2)

82 r-fuzzy lower, r-fuzzy upper and r-fuzzy boundary region sets

Definition 2.1. Let A € IX, r € Iy and R a fuzzy equivalence relation on X and the fuzzy
cosets are defined as in (1). Then, the r-fuzzy lower set A}, the r-fuzzy upper set A and the
r-fuzzy boundary region set A\Z are defined as follow:

Ma(@) = Mz) A () [ali(2)° Ve e X, (3)
Ae(z)>0, z#x
Me(z) = MNa) V \/ [x]r(2) Vx e X, (4)
A(2)>0,z7#x
n 3 R <\
M= R AN =Y A= X (5)
AN (AR)° otherwise.

N, A and AP are then called r-fuzzy lower, r-fuzzy upper and r-fuzzy boundary region
sets associated with the fuzzy set X in IX, r € Iy and based on the fuzzy equivalence relation
R in a fuzzy approximation space (X, R).

From Equations (3) and (4), we get that A, < X < AE VA € I* vr € I,. Whenever \Z
be so that A < A7,, we get that A = A}, = A and then from Equation (5), we have \Z = 0.
Otherwise, AP = A\EA (A\3)¢. The fuzzy accuracy a’p()\) of approximation of the fuzzy set A
could be characterized numerically by a(\) = ;Ef) ’}é, where 0 < az(A\) < 1. If o (N) =1,
then X is crisp with respect to R (A}, = A and ) is precise with respect to R). Otherwise, if
ak(A) <1, then A is rough with respect to R.

Lemma 2.1. For any fuzzy set A € IX and r € Iy we get that:

5) A <p implies that A% < puf and AE < pl
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6) AV )t = NPV,

==
I

B > (AR)

(A= AT

r
R

ANR = AR A lg,

(
(7) (
®) (AW = (A and  (AR)® = (A
9) (
) (

Proof. From Equations (3), (4), we get that (1), (2), (5), (8) are proved directly.

For (3), we have

AV p)g(z) =

>

For (4), we have

(A A ) ()

For (6), we have

AV )

For (7), we have
(AA p)g()

For (9), we have
(AR)r (x)

)

AVp)() A ( V [2](2))°

(AVp)e(z)>0, z#x
M)A ¢\ 1)) v @ (N [li(2))
Ae(2)>0, z#w pe(z)>0, z#x
(AN VuR)(z) Vre X.

= (AAp)(z) v V (2], (2)
(M) (2)>0, z#x
< @V oV ERE) A W)Y\ (2)
A(2)>0,z7#x w(z)>0,z#x
= \Eapf(z) Vee X,

— (W) v VAR R e

(AVp)(2)>0, z#x
= @)V V@)V ey k()
A(2)>0,z#x w(z)>0,z#x
= \Evul(z) Vee X.

AAp) () A ( V [2](2))°

(AAR)€(2)>0, z#z
M@ A N @) A @A\ [el(2))
A¢(2)>0,z#x ue(z)>0,z7#x
(AN A pR)(z) Ve X.

= Ag(z) Vv \VARRNESME)
A (2)>0,z#x
> Ag(z)
= D@)A N BE)TAC VO e)r

A (2)>0,z5#x A (2)>0,z#x
(ANp)R () Vze X.
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For (10), we have
WOR@) = M@ A [2]-(2))°
(AE)e(2)>0, z#x
A ()
= PMo)v VBRIV ERR)
A(2)>0,z#£x A(2)>0,z#x
= MBHE () vzeX. O

Remark 2.1. According to the above two cases of the r-fuzzy boundary regions, we can say
that there are only two possible cases, one representing the non rough case and the other one

representing the rough case:

(B1) A crisp (an exact) (no roughness) fuzzy set A with respect to the fuzzy equivalence relation
R when
AB =0 whenever \j = \F =\

(B2) A roughly fuzzy R-definable set A, that is, some elements of X have membership values
of both of A and A° when

AB = MEA(N%)¢ whenever A £ AT,

The following example for the case in which all elements are in fuzzy relation together with

a nonzero membership value.

Example 2.1. Let R be a fuzzy relation on a set X = {a,b,c,d} given as:
R H a ‘ b ‘ c ‘ d
a 1 08103 0.1
b | 0.8 1 0.3 ] 0.1
c | 03103 1 0.1
d | 0.11]01]0.1 1
Assume that A = {0.3,0.4,1,0.2} and let » = 0.4. Then,
A ={0.3,0.4,0.7,0.2}, AF=1{0.4,0.4,1,0.2} and \Z = {0.4,0.4,0.3,0.2}.
If r = 0.6, then A\, = {0.3,0.4,0.7,0.2}, \E = {0.6,0.6,1,0.2} and \Z = {0.6,0.6,0.3,0.2}.
For p={1,0.2,0,0.9} and r = 0.2, we get that
1, = {0.8,0.2,0,0.9}, u® = {1,0.2,0.3,0.9} and pf = {0.2,0.2,0.3,0.1}.

The following example for the case in which some elements have a fuzzy relation in between

with zero membership value.

Example 2.2. Let R be a fuzzy relation on a set X = {a, b, c,d} as shown below.

Rl al]b]|c]ld
o 1T Jo2]07]0
blo2] 1 Jo2]o0
c[07]02 0
dll ool o1
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Assume that A = {0.2,0.8,0.6,0.1} and r = 0.8. Then,

Ap, = {0.2,0.8,0.3,0.1}, A ={0.7,0.8,0.7,0.1} and AP = {0.7,0.2,0.7,0.1}.
Ifr = 0.5, then A}, = {0.2,0.8,0.5,0.1}, A = {0.5,0.8,0.6,0.1} and A\F = {0.5,0.2,0.5,0.1}.
For = {1,0.7,0,0} and r = 0.5, we get that

15 = {0.5,0.7,0,0}, puf = {1,0.7,0.5,0} and u® = {0.5,0.3,0.5,0}.

Associated with a fuzzy set A and a value r € I in a fuzzy approximation space (X, R), we
can define a fuzzy interior operator int?g : IX x Iy — IX as follows:

inty(v,r) = N A vh Vv#1T and intx(T,r) =1 (6)
This is called a fuzzy interior associated with A and r € I in the fuzzy approximation space
(X,R).
Also, we can define a fuzzy closure operator cl?‘% : IX x Iy — I as follows:
M, r) = (ANR)¢ V v Yu#£0 and c}(0,r) =0. (7)
It is called a fuzzy closure associated with A and r € Iy in the fuzzy approximation space
(X, R).
Note that: cly(vf,7) = clp(v,7) Vv € IX, int}(vg,r) = int}(v,7) Vv € IX, and moreover
inth(v°,r) = (clp(v,r))¢ and cp(ver) = (inty(v,r))¢ Vv e IX.

Example 2.3. Let R be a fuzzy relation on a set X = {a, b, c} as shown below.

R H a ‘ b ‘ c
a 1 10810
b 08| 1 |0
c 0 0 |1

Assume that A = {0,0,0.5} and » = 0.6. Then,
A=A\ A= A =0and (\})¢ = {1,1,0.5}.

For u = {0.8,0.8,0}, we get that u% = {0.4,0.4,0}, u® = {0.8,0.8,0} = pu. Hence,
it} (p,7) = Ny A iy = 0 and cly(u,7) = (N5)° V uf = {1,1,0.5}.

Now, if we changed A to be A = {0.2,0.7,1} and changed r to be r = 0.9. Then,

A7 ={0.2,0.2,1}, A\® = {0.8,0.8,1}, AF = {0.8,0.8,0} and (\},)° = {0.8,0.8,0}.

Put the same pu = {0.8,0.8,0}, we get that u% = {0.2,0.2,0}, puff = {0.8,0.8,0} = p.
Hence, int}(u, 7) = Np A gl = {0.2,0.2,0} and cly(p,7) = (Np)¢ V plt = {0.8,0.8,0}. Also, if
we have v = {0.3,1,1},7 = 0.9, we get v = {0.3,0.2,1}, vF ={0.8,1,1}.

Thus, int}(v,r) = {0.2,0.2,1} and clj(v,r) = {0.8,1,1}.

From these examples, we see that the computations depend on the fuzzy relation R, the
value of, r and the fuzzy set \associated with the fuzzy approximation space (X, R).

Definition 2.2. Let (X, R) be a fuzzy approximation space associated with A\ € IX, r € I.
Then,

(1) w is r-fuzzy preopen (resp. preclosed) set iff
p < ity (cly(p,r),r)  (vesp. p > cly(inty(u, 7),7)).
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(2) The r-fuzzy preinterior of p, denoted by pinty(u,r) is defined by
pinty(u,7) = \V{v € IX : p > v, v isr—fuzzy preopen}.

(3) The r-fuzzy preclosure of i, denoted by pcl?‘%(,u, r) is defined by
pely(u,r) = N{v € I : u < v, v isr—fuzzy preclosed }.

83 Fuzzy ideal approximation spaces
A map T : I*X — [ is called a fuzzy ideal ( [16]) on X if it satisfies:
(1) Z(0) =1,
(2) A<pu = I(N) >Z(u) for all A\, pu € IX,
(3) ZOAV ) > Z(\) AZ(p) for all A\, u € TX.

If Z, and Z, are fuzzy ideals on X, we have Z; < Zy iff Z;(u) < Zo(u) Vi € IX. The triple
(X, R,7) is called a fuzzy ideal approximation space. Define the fuzzy ideal Z° as a fuzzy ideal
T so that Z(u) = 0 Vu # 0.

Definition 3.1. Let (X, R,Z) be a fuzzy ideal approximation space associated with A € I,
r € Iy. Then,

(1) The local r-fuzzy closed set ®y(u,7)(R,Z) of a set u € I is defined by:
Ox(p,7)(R,T) = N{v € IX : Z(phv) > v, cp(v,r) = v} (8)

(2) The local r-fuzzy preclosed set ®f (11, 7) of a set u € I is defined by:
OF (p,r) = /\{1/ e I . I(uAv) > r, pely(v,r) = v} (9)
We wrote @ (p1, ) and ®X (p1,7) instead of ®(u,r)(R,T) and ®F (1, r)(R,T), respectively.

Corollary 3.1. Let (X, R,Z°) be a fuzzy ideal approximation space, A € IX,r € Iy. Then,
for each pu € IX, we have @y (u,r) = clp(p,r), P (p,r) = pely(u,r).

Proposition 3.1. Let (X,R,T) be a fuzzy ideal approzimation space associated with X\ €
IX,rely. Then,

(1) p<v implies ®x(p,7) < Pr(v,7) and DX (p,r) < X (v, 7).

(2) If T1,Z> are fuzzy ideals on X and Iy < I, then
q)/\(/’['aT)(Il) > ‘1),\(//6,7“)(2-2) and q);l))\(/’['ar)(l-l) > ‘1)]))\(/,6,7“)(2-2)

(3) ®R(p,r) < Da(p,r) = clp(®@a(p,7),r) < clplp,r), and
O (p,r) = pelip(@f(u,r),r) < pely(p,r) < cli(p,r).

(4) ((I))\(‘I))\OL,T>,’I”) < Cl?%(q)k(uvr)’r) :(I)A(lu’vr);

(5) @R(DF (p,7),7) < pelp (B (u,7),7) = B (1, 7).
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(6) CI))\(/’(MT) \ (I))\(V7T) < (I)X((/J’\/V%T) and (I))\(M,T) A q)A(I/,T) > (PA((M/\V)ar)'
Proof. Obvious. O

Definition 3.2. Let (X, R,Z) be a fuzzy ideal approximation space associated with
X € IX,r € Iy. Then, for any pu € IX, define the fuzzy operators
cl%, pclg, intg, pintfi‘) . IX x Iy — IX as follow:

cp(p,r) = p vV &), pely(uwr) = p vV R(ur) Vpel¥. (10)
inty(u,r) = p A (@A(uS 7)), pinty(p,r) = p A (BR(u,r)° YpeI®. (1)

Now, if Z = Z°, then from Corollary 3.1,

(1) et (1, 7) = (i 1) = (1) and int (s, ) = inth e, 7) = (@ (1, 1)) W € I¥.
(2) pelg(u,r) = pely(p,r) = @ (u,r) and pinty(p,r) = pintp(u,r) = (P4 (uc,r))°
Y € 1%,

Proposition 3.2. Let (X, R,7) be a fuzzy ideal approzimation space associated with
AXeIX,rcly. Then, for any p,v € IX, we have:

(1) intyy(p,7) < pintg(p,r) < intg(p,7) < p < pely(u,r) < clg(p,r) < cliy(p,r).

(2) clgp(ue,r) = (int3(p,r)° and intg(ur) = (clg(p,7))".

(3) ca((uvv),r) > cy(ur) V cdyw,r), cda((wAv),r) < cdylp,r) A cp(v,r).
(4) intd((uVv),r) >inty(u,r) Vinty (v, r), intd((uAv),r) <inty(u,r) Ainty(v,r).
(5) clp(cly(p,r),7) > clg(u,r) and inty(inty(u,r),7) < inty(u,7).

(6) If p < v, then cly(p,r) <cly(v,r), inty(u,r) <inty(v,r).

(7) pely(p,7) < pely(p, 7).

Proof. (1) — (6): Clear.

For (7): Suppose that pclé,(,u,r) £ pclf‘%(u,r), and if pcl%(u,r) = v, then 4 < v and v
is r-fuzzy preclosed set with pcly(p,7) £ v. But g < v implies that Z(uAv) > r, and thus
8 (p,r) < v which means that pely (1) = pV P8 (p,r) < pAv < v, which is a contradiction.
Hence, pelg (1, ) < pely(p, 7). O

Definition 3.3. (X, R,Z) be a fuzzy ideal approximation space associated with A € IX, r € I,.
Then,

(1) p € IX is said to be r-fuzzy ®-open if p < int}(®x(u,r),r). The complement of r-fuzzy
®-open is said to be r-fuzzy ®-closed.

(2) p € IX is called r-fuzzy dense in itself if u < ®y(u,7).

(3) p € IX is said to be r-fuzzy ideal preopen if p < int%(cly (i, 7),7). The complement of
r-fuzzy ideal preopen is said to be r-fuzzy ideal preclosed.
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Lemma 3.1. Let (X, R,T) be a fuzzy ideal approzimation space associated with A € IX, r € I;.
Then,

(1) If e IX isr-fuzzy ®-closed, then u> ®x(inth(u,r),7).
(2) If peIX isr-fuzzy ideal preclosed, then > cljy(inty(u,r),7).

Proof. For (1): Let p be r-fuzzy ®-closed. Then,

e < it (@), ) < ineh(elh(ue, ), ) = int((int (s, 1), )

= (clp(inty (1, 7)), 7)¢ < (®a(int}(u, 7)), 7)¢. Therefore, @y (inty(u,r),7) < p.
For (2), it is obvious. O

It is clear that:
r-fuzzy ®-open (r-fuzzy ®-closed) = r-fuzzy ideal preopen (r-fuzzy ideal preclosed)
= r-fuzzy preopen (r-fuzzy preclosed).

Example 3.1. Let X = {a,b,c,d},

RHa‘b‘ c ‘ d
a|1]1] 0 0
bi1]1] 0 0
cll0]0] 1 |06
d|lol0ol06] 1

Assume that A = {0,0,0.5,0.5}, r = 0.8 and a fuzzy ideal Z is defined on X so that
Z(v) > 0.8 Vv < {0.5,0.5,1,1}. Then, A} ={0,0,0.4,0.4} and (A\%)° = {1,1,0.6,0.6}.
For = {0.3,0,3,1,1}, we get that p is a r-fuzzy preopen set but neither r-fuzzy ideal

preopen nor r-fuzzy ®-open.

Example 3.2. Let R be a fuzzy relation on a set X = {a,b, ¢, d, e} as shown down.

RHa‘b‘c‘d‘e
a|l1]1[1] 0 0
bj1(1]1| 0 0
c|f1]1[1] 0 0
d{olol0| 1 |02
ell0]0]|0]02]| 1

Assume that A = {1,1,1,0.8,0.6}, » = 0.6 and a fuzzy ideal Z is defined on X so that
Z(v) > 0.6 Vv < {1,1,1,0.8,0.8}. Then, A\ ={1,1,1,0.8,0.6} and (\})° = {0,0,0,0.2,0.4}.

For p = {1,1,1,0,0}, we get that p is a r-fuzzy ideal preopen set but it is not r-fuzzy
$-open.

Theorem 3.1. Let (X, R,T) be a fuzzy ideal approzimation space associated with X € IX r €

Iy. Then, the following are equivalent.

(1) p e IX is r-fuzzy ®-open.
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(2) p € I is r-fuzzy ideal preopen and r-fuzzy ideal dense in itself.

Proof. (1) = (2): It is clear that every r-fuzzy ®-open set is r-fuzzy ideal preopen. On the
other hand, p < intR(®x(u,7),r) < ®x(p,7), which means p is r-fuzzy ideal dense in itself.

(2) = (1): By assumption, p < inty(cly(u,7),7) = inth((uV®x (1, 7)), 7) = int{(®x(, 7),7),
and hence p is r-fuzzy ®-open. [J

The following example shows that r-fuzzy ideal preopen and r-fuzzy ideal dense in itself

are independent concepts.

Example 3.3. (1) In Example 3.2, we get that: For p = {1,1,1,0,0}, we have p is r-fuzzy
ideal preopen set but not r-fuzzy ideal dense in itself.

(2) Let X ={a,b,c,d},

RHa‘b‘ c ‘ d
all1]1] 0 0
b|1]1] 0 0
cl|l0]0] 1 |08
d||0ol0l08] 1

Assume that A = {1,1,0.2,0}, » = 0.3 and a fuzzy ideal Z is defined on X so that
Z(v) > v < 0.3. Then, N = {1,1,0.2,0} and (\})¢ = {0,0,0.8,0}.

For = {0,0,0.4,0.4}, since Z(u) # 0.3, then ®,(u,7) # 0 and the smallest fuzzy set for
which clj\%(n,r) =nisn =1{0,0,0.8,1}. Thatis, ®x(u,r) = {0,0,0.8,1} and u £ ®x(p,7),
that is, p is r-fuzzy ideal dense in itself while p is not r-fuzzy ideal preopen.

84 Separation axioms in fuzzy ideal approximation spaces

Definition 4.1. Let (X, R,Z) be a fuzzy ideal approximation space associated with A\ €
IX,rely, rely. Then,

(1) A fuzzy ideal approximation space (X, R,Z) (resp. a fuzzy approximation space (X, R))
is called r-fuzzy ideal-(t, s)Ty (resp. r-fuzzy (t,s)To) if for every @ # y € X, there exists
pe IX t € Iy with intd(u,7)(x) >t (resp. int}(u,r)(x) > t) such that u(y) <t or
there exists v € IX,s € Iy with inty(v,7)(y) > s (resp. intR(v,7)(y) > s) such that
v(z) < s.

(2) A fuzzy ideal approximation space (X, R,Z) (resp. a fuzzy approximation space (X, R))
is called r-fuzzy ideal-(t, s)T} (resp. r-fuzzy (¢,s)T1) if for every x # y € X, there exist
p,v € IX; t,s € Iy with inty(u,7)(z) >t and intg(v,7)(y) > s (resp. int}(u,r)(x) >t
and int}(v,7)(y) > s) such that u(y) <t and v(z) < s.

(3) A fuzzy ideal approximation space (X, R,Z) (resp. a fuzzy approximation space (X, R))
is called r-fuzzy ideal-(t, s)Ts (resp. r-fuzzy (t,s)Ts) if for every x # y € X, there exist
v € IX; t,s € Iy with intg(u,7)(z) >t and intg(v,7)(y) > s (vesp. inty(u,r)(x) >t
and int}(v,7)(y) > s) such that sup(uAv) < (tAs).
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Remark 4.1. From (1) in Proposition 3.2, we have intg(u,r) > int}(u, ) Yu € IX. Denote
for r-fuzzy ideal approximation (t, s)T; separation axioms by r- (¢,8)FI —T;, i =0,1,2, that

is,

r—= (tv S)T2 r—= (tﬂ S)Tl r—= (tv S)TO

r—(t,s)FI—Ty — > — (t,s)FI — T}

r—(t,s)FI —Tp

Consider a fuzzy ideal approximation space (X, R,T) associated with A € IX,r € I and
Z = Z°. Then, the fuzzy ideal separation axioms r- (t,s)FI —T; are identical to the fuzzy
separation axioms r- (¢, s)7T; of the fuzzy approximation space (X, R), i =0,1,2.

Example 4.1. Let A = {1,0.8,0}, » = 0.8, ¢ = s = 0.5 and R be a fuzzy relation on a set
X ={a,b,c} as shown in the matrix:

R H a ‘ b ‘ c
a 1 103]|0
b 103 1|0
c 0 0 1

Then, we get that: A, = {0.7,0.8,0}, )\,}? ={1,0.8,0}, (\)¢={0.3,0.2,1}.

Now, for the case a # b, there exists p = {0.8,0,0.4}, and then p% = {0.7,0,0.4},
which means int%(u,7) = {0.7,0,0}, and thus int}(p,7)(a) > t, u(b) < t. Also, we can
find v = {0,0.6,0.1}, and then v} = {0,0.6,0.1}, which means int}(v,r) = {0,0.6,0}, and
thus inth(v,7)(b) > s, v(a) < s.

For the cases a # ¢ and b # ¢, we can find = p € IX with int}(n,r)(a) > t such that
n(c) <t and n=v € IX with int}(n,r)(b) > s such that n(c) < s, while we can not find
n € IX with int}(n,7)(c) > 0.5. Hence, (X, R) is 0.8-fuzzy approximation (0.5,0.5)Ty-space
associated with A. (X, R) could not be 0.8-fuzzy approximation (0.5,0.5)T}-space or 0.8-fuzzy
approximation (0.5, 0.5)T-space.

Define a fuzzy ideal Z on X so that Z(n) > r Vn < 0.7. Then, we can find three fuzzy
sets n = {0.8,0,0}, & = {0,0.8,0} and ¢ = {0,0,0.8} by which (X,R,Z) is 0.8-fuzzy ideal
approximation (0.5,0.5)T;-space, ¢« = 0,1,2 while (X, R) is neither 0.8-fuzzy approximation
(0.5,0.5)T-space nor 0.8-fuzzy approximation (0.5, 0.5)T5-space.

The following example is given to show that there is a r-fuzzy ideal approximation (¢, s)T-

space but not r-fuzzy approximation (t, s)Tp-space.

Example 4.2. Let A = {0.6,0,0}, » = 0.9, ¢ = s = 0.4 and R be a fuzzy relation on a set
X ={a,b,c} as shown in the matrix:
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RHa‘b‘c
al 1]0]0
b||0]1]0
c||0]0|1

Then, we get that: A, = {0.6,0,0}, (\;)° ={0.4,1,1}.

Now, for the case b # ¢, it fails to find n € IX with int}(n,7)(b) >t or intx(n,r)(c) > s.
Hence, (X, R) is not 0.9-fuzzy approximation (0.4,0.4)Tp-space associated with A,r = 0.9.
Consequently, (X, R) could not be a 0.9-fuzzy approximation (0.4,0.4)T;-space or 0.9-fuzzy
approximation (0.4,0.4)T5-space.

Define a fuzzy ideal Z on X so that Z(n) > r Vn < {0.6,1,1}. Then, there exist pu =

{0.4,0.4,0} and v = {0.4,0,0.4} for which ®,(u¢,r) = 0 and ®,(v¢,r) = 0, which implies
that inty (i, 7) = p = {0.4,0.4,0} and inty(v,7) = v = {0.4,0,0.4}, and thus int}(u,r)(a) >
0.4, p(c) < 0.4, int(u,r)(b) > 0.4, u(c) < 0.4 and inty(v,7)(a) > 0.4,
v(b) < 0.4. That is, (X, R,Z) is 0.9-fuzzy ideal approximation (0.4, 0.4)Ty-space but (X, R)
is not 0.9-fuzzy approximation (0.4,0.4)Ty-space. Moreover, we can find n = {0.4,0,0},
¢ =40,04,0} and ¢ = {0,0,0.4} concluding that (X, R,Z) is 0.9-fuzzy ideal approximation
(0.4,0.4)T-space and 0.9-fuzzy ideal approximation (0.4, 0.4)T5-space.

If (X,R) and (Y, R*) are r-fuzzy approximation spaces associated with A\ € IX, r € I
and p € IY,r € Iy, respectively, then a mapping f : (X, R) — (Y, R*) is said to be r-fuzzy
approximation continuous (FAC) if — intj(f~'(n),r) > f'(inth.(n,7r)) ¥n € IV, Tt is
equivalent to  cly(f~1(n),r) < fH(clk. (n,7) Vn e IY.

Now, with respect to A € IX and p € IV, If Z, T* are fuzzy ideals on X, Y, respectively, then
a mapping f : (X,R,Z) — (Y, R*) is called r-fuzzy ideal approximation continuous (FIAC)
provided that intg(f~*(n),r) > f~ (int's. (n,7)) ¥n € IY.

It is easily shown that it is equivalent to cly(f~1(n),) < f~N(cls. (n,7)) ¥n e IV.

Also, let us call f: (X, R) — (Y, R*) an r-fuzzy approximation open (FAO) provided that
int. (£(§),r) > f(inth(€,r)) VE € IX.

f:(X,R) = (Y, R*,T*) is r-fuzzy ideal approximation open (FIAO) provided that
intg (F(€).r) > flinty(€,r)) V€ € I¥.

Clearly, every (FAC) (resp. (FAO)) mapping will be (FIAC) (resp. (FIAO)) mapping as
well (from (1) in Proposition 3.2).

Theorem 4.1. Let (X, R), (Y,R*) be r-fuzzy approzimation spaces associated with

A€ IX ueIY,re Iy, respectively, T a fuzzy ideal on X and f : (X,R) — (Y,R*) is
an injective (FAC) mapping with f(\) = p. Then, (X, R,T) is a r-fuzzy ideal approximation
(t,s)T;-space if (Y, R*) is r-fuzzy approzimation (t,s)T;-space, i =10,1,2.

Proof. Since z # y in X implies that f(z) # f(y) in Y, and from Y is r-fuzzy approximation
(t, s)T»-space, then there exist n,¢ € IV with ¢ <ints. (n,7)(f(x)),

s < inth. (¢, 7)(f(y)) such that sup(nA¢) < (t As), that is, ¢ < f~1(inth. (n,7))(z), s <
fH(inth. (¢, 7)) (y), and then ¢ < f~'(inth(n,7))(z), s < f'(inth(¢,r))(y). Since f is
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(FAC), then t <int}(f~*(n,7))(z), s <intyp(f~1(¢,7))(y), and then t <inty(f~'(n,7))(z),
s < inty(f~Y(¢, 7)) (y). That is, there exist p = f~1(n), w = f~1(¢) with ¢ < int3(p,r)(z),
s < inty(w,r)(y) and sup(p Aw) < (t As). Hence, (X,R,T) is r-fuzzy ideal approximation
(t,s)Ty-space. Other cases are similar. [

Theorem 4.2. Let (X, R), (Y,R*) be r-fuzzy approximation spaces associated with

AeIX, eIV, rc Iy, respectively, T* a fuzzy ideal on' Y and f : (X,R) — (Y,R*) is a
surjective (FAO) mapping with f~*(u) = X\.  Then, (Y, R*,I*) is r-fuzzy ideal (t,s)T;-space if
(X, R) is an r-fuzzy approzimation (t,s)T;-space, i =0,1,2.

Proof. Since p # ¢ in Y implies that f~(p) # f~'(q) in X, and from (X, R) is r-fuzzy
approximation (t,s)Ts-space, then there exist p,w € I* with t < intf‘%(p,r)(ffl(p ), s <
int®(w,7)(f~'(q)) such that sup(p A w) < (tAs), that is, t < f(int}y(p,7))(p), s <
f(int}(w,7))(q). From f is (FAO), then, ¢ < inth.(f(p),r)(p), s < inth. (f(w),7)(g), and
thus ¢ <inth (f(p),r)(p), s < inth(f(w),r)(q). That is, there exist n = f(p), ( = f(w) with
t < inth(n,r)(p), s < inth(¢,7)(¢) and sup(n A¢) < (t A's). Hence, (Y, R*,Z*) is a r-fuzzy
ideal approximation (¢, s)Tz-space. Other cases are similar. [

85 Connected fuzzy ideal approximation spaces

Definition 5.1. Let (X, R) be a fuzzy approximation space associated with A € IX,r €
Iy, r € Iy. Then,

(1) the fuzzy sets p,v € I X are called r-fuzzy approximation preseparated (resp. separated)
sets if
pelp(u,r)Av = pApcyi(v,r) = 0 (resp. clp(pu,r) Av = pAcy(v,r) = 0).

(2) A fuzzy set n € I is called r-fuzzy approximation predisconnected (resp. disconnected)
set if there exist r-fuzzy approximation preseparated (resp. separated) sets p,v € T X,
such that pVv = n. A fuzzy set n is called r-fuzzy approximation preconnected (resp.
connected) if it is not r-fuzzy approximation predisconnected (resp. disconnected).

(3) (X, R) is called r-fuzzy approximation predisconnected (resp. disconnected) space if there
exist r-fuzzy approximation preseparated (resp. separated) sets p,v € IX, such that
uwVv= 1. A fuzzy approximation space(X, R) is called r-fuzzy approximation precon-
nected (resp. connected) space if it is not r-fuzzy approximation predisconnected (resp.

disconnected) space.

Definition 5.2. Let (X,R,Z) be a fuzzy ideal approximation space associated with A €
IX r € Iy. Then,

(1) the fuzzy sets p,v € IX are called r-fuzzy ideal approximation preseparated (resp.

separated) sets if

pclg(u,r)/\u = u/\pclg(u,r) = 0 (resp. clg(u,r)/\y = ,u/\clg(y,r) = 0).
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(2) A fuzzy set n € IX is called r-fuzzy ideal approximation predisconnected (resp. discon-
nected) set if there exist r-fuzzy ideal approximation preseparated (resp. separated) sets
w,v € IX, such that pu Vv = 1. A fuzzy set n is called r-fuzzy ideal approximation
preconnected (resp. connected) if it is not r-fuzzy ideal approximation predisconnected

(resp. disconnected).

(3) (X, R,7) is called r-fuzzy ideal approximation predisconnected (resp. disconnected) space
if there exist r-fuzzy ideal approximation preseparated (resp. separated) sets u,v € IX,
such that Vv = 1. A fuzzy ideal approximation space(X, R, Z) is called r-fuzzy ideal ap-
proximation preconnected (resp. connected) space if it is not r-fuzzy ideal approximation

predisconnected (resp. disconnected) space.

Remark 5.1. We have the following implications.

r — fuzzy separated ——— > r — fuzzy ideal separated

r — fuzzy preseparated —— > r — fuzzy ideal preseparated
and hence,

r — fuzzy ideal preconnected —— 1 — fuzzy preconnected

r — fuzzy ideal connected ——— 1 — fuzzy connected

Example 5.1. Let X = {a,b,c,d,e}, R a fuzzy relation on X defined by

R H a ‘ b ‘ c ‘ d ‘ e
a 1 1021010
b 1 1021010
c 02102 1 |00
d 0 0 0 ]1]0
e 0 0 0 |01

Suppose that A = {0,0,0.4,0.8,0}, » = 0.6. Then, Ay = {0,0,0.4,0.8,0}, and (\)° =
{1,1,0.6,0.2,1}. Now, for 1 = {0.6,0,0,0,0}, v = {0,0.6,0,0,0}. Then, & = {0.6,0.6,0.2,
0,0}, v2 = {0.6,0.6,0.2,0,0}, and thus cly(u, ) = {1,1,0.6,0.2,1} and cI}(v,r) = {1,1,0.6,
0.2,1}. Moreover, uf = {0.4,0,0,0,0}, v = {0,0.4,0,0,0}, and thus int%(u,7) = 0 and
int%(v,7) = 0. Hence,
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(1) p,v are 0.6-fuzzy approximation preseparated sets but not 0.6-fuzzy approximation sep-
arated sets.

(2) Consider a fuzzy ideal Z defined on X so that Z(n) > r Vn < 0.6. Then,
w,v are 0.6-fuzzy ideal approximation separated sets but not 0.6-fuzzy approximation
separated sets.

(3) Consider a fuzzy ideal Z defined on X so that Z(n) > r Vn < 0.3. Then,
Z(p) #? r, Z(v) 2 r, which implies that p,v are not 0.6-fuzzy ideal approximation
separated sets.

But, u,v are 0.6-fuzzy approximation preclosed sets, and hence p,v are 0.6-fuzzy ideal
approximation preseparated sets but not 0.6-fuzzy ideal approximation separated sets.

(4) Here, n = {0.6,0,0.6,0,0},¢ = {0,0.6,0,0.6,0} are not 0.6-fuzzy approximation presep-
arated. While, n,¢ are 0.6-fuzzy ideal approximation preseparated sets whenever 7 is a
fuzzy ideal defined on X so that Z(¢) > r V¢ < 0.6.

Proposition 5.1. Let (X, R) be a fuzzy approvimation space associated with X\ € IX r € I.
Then, the following are equivalent.

(1) (X, R) is r-fuzzy approzimation preconnected.

(2) uAv =0, pinty(p,r)=p, pinty(r,r)=v and uVr =1 imply p=0 or v=0.

(3) pAv=0, pcp(p,7)=p, pcp(,r)=v and pVv =1 imply p=0 or v=0.
Proof. (1) = (2): Let u,v € IX with pint}(u,r) = u, pint}h(v,7) = v such that
uAv=0and pVv=1. Then,

pelp(ur) = pelp(’,r) = (pintxp(v,r))° = v° = pu,
pelh(rr) = pelh(uS,r) = (pinth(ur)" = p° = v
Hence, pclj\%(u, ) Av= uA pclj\%(y, r) = pAv=0. Thatis, u,v are r-fuzzy approximation
preseparated sets so that Vv = 1. But (X, R) is r-fuzzy approximation connected implies
that u=0or v =0.
(2) = (3):, (3)=(1): Clear. O

Proposition 5.2. Let (X, R) be a fuzzy approzimation space associated with X\ € I r € I.
Then, for € I, the following are equivalent.

(1) p is r-fuzzy preconnected set.

(2) If v,p are r-fuzzy approzimation preseparated sets with p < (vV p), then
uAv=0 or uAp=0.

(3) If v, p are r-fuzzy approximation preseparated sets with < (vV p), then
p<v or u<sp.
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Proof. Direct O

Theorem 5.1. Let (X, R), (Y, R*) be fuzzy approximation spaces associated with A € IX, p €
IV, respectively, r € Iy, T a fuzzy ideal on X, and f : (X, R,T) — (Y, R*) a fuzzy mapping such
that pcly(f~1(v) < fUpch.(v)) Vv eIY. Then, f(n) € IV is r-fuzzy approzimation
preconnected set if n is r-fuzzy ideal approxrimation preconnected in X.
Proof. Let v,p € IV be r-fuzzy approximation preseparated sets with f(n) = vV p. That is,
pclh. (v,r) Ap=pclh.(p,r) Av="0. Then, n < (f~'(v)V f~!(p)), and from the condition
of f, we get that

pelg(f~ W), r) A fHp) <

FH g (v,r) A fH(p)
ftpcdh.(v,r)Ap) = f710) = 0,
and in a similar way, we have

pely(fH (). ) A ST ) < fTH el (o) AT ()

= [Hdg(pr)Av) = [7HO0) = 0.

Hence, f~!(v) and f~1(p) are r-fuzzy ideal approximation preseparated sets in X so that
n < (f~tw)Vf~1(p)). But from (3) in Proposition 5.2, we get that n < f=1(v) or n < f~1(p),
which means that f(n) < v or f(n) < p. Thus, from that n is r-fuzzy ideal approximation
preconnected, and consequently 7 is an r-fuzzy approximation preconnected set in X, and again
from (3) in Proposition 5.2, we get that f(n) is r-fuzzy approximation preconnected in Y. O

86 Compactness in fuzzy ideal approximation spaces

This section is devoted to introduce the notion of fuzzy ideal approximation compact spaces.

Definition 6.1. Let (X, R,Z) be a fuzzy ideal approximation space associated with A\ €
IX r € Iy. Then,

1 is said to be r-fuzzy approximation compact (resp. r-fuzzy ideal approximation compact
(1) n y y
if for any famil e IX it (i, ) = pj,j € JY with p < i, there exists a
y Y My R\ Hj H Hj
jeJ
finite subset Jy of J so that p < \/ u; (vesp. Z(uA (' py)) >7).
j€Jo J€Jo

(2) p is said to be r-fuzzy almost approximation compact (resp. r-fuzzy almost ideal approx-
imation compact) if for any family {u; € IX : int}(uj,r) = pj,7 € J} with u < \/ p;,
jeJ
there exists a finite subset Jy of J such that

p< N ehn) (esp TR (Y by, ) =)

(3) w is said to be r-fuzzy nearly approximation compact (resp. r-fuzzy nearly ideal approx-
imation compact) if for any family {u; € IX : int}(uj,r) = pj,7 € J} with u < \/ pj,
jeJ
there exists a finite subset Jy of J such that

p< Vot (ely(uy,r),r) (vesp. Z(pA (V inty(cly(py,r), 7)) = 7).
j€Jo j€Jo
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The fuzzy approximation space (X, R) (resp. The fuzzy ideal approximation space (X, R,
7) will be called r-fuzzy approximation compact, r-fuzzy almost approximation compact,
r-fuzzy nearly approximation compact (resp. r-fuzzy ideal approximation compact, 7-
fuzzy almost ideal approximation compact, r-fuzzy nearly ideal approximation compact)
if we replaced p with 1.

It is clear that:
r-fuzzy approximation compact = r-fuzzy almost approximation compact = r-fuzzy nearly
approximation compact.
(resp. r-fuzzy ideal approximation compact = r-fuzzy almost ideal approximation compact
= r-fuzzy nearly ideal approximation compact).

If Z=17°, then
(1) r-fuzzy approximation compact and r-fuzzy ideal approximation compact are equivalent.

(2) r-fuzzy almost approximation compact and r-fuzzy almost ideal approximation compact
are equivalent.

(3) r-fuzzy nearly approximation compact and r-fuzzy nearly ideal approximation compact

are equivalent.

Definition 6.2. Let (X,R,Z) be a fuzzy ideal approximation space associated with A €
IX,r € Iy. Then, X is said to be r-fuzzy regular (resp. r-fuzzy ideal regular ) space if for each
n € IX with inty(n,r) =7,
n=\/{n; : inty(n;,r) =n;, clp(n;r) <n}.
jeJ
(resp. n=\/{n; : inty(n;,7) =mn; cly(n;,r) <n}).
jeJ

It is clear that every r-fuzzy regular space is r-fuzzy ideal regular space. If Z = Z°, then the
concepts of r-fuzzy regular and r-fuzzy ideal regular are identical.

Theorem 6.1. Let (X, R,T) be r-fuzzy almost ideal approximation compact and r-fuzzy ideal
reqular. Then, X is r-fuzzy ideal approximation compact space.

Proof. Assume a family {u; € I :int}(uj,7) = pj, j € J} with T = \/ pj.
jEJ
By r-fuzzy ideal regularity of X, then for each int}(u;,7) = p;, we have
S A A
Hj = \/ {/’I’jk : lntR(/ij,T) = Hj> Cl@(ﬂjkar) < Mj}'
JkE€EJK
Hence, 1 = \/ ( V pj,). Since X is r-fuzzy almost ideal approximation compact, then there
j€J jreJK

exists a finite index subset Jy x Jx of J x J such that

ZIA (V (V dalug,n)) =

Jj€Jo Jr€EJK
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Since for each j € Jo, we have \/ I3 (5., 7) < 15, then we get that
Jk€JK

TA( \/ ( \/ cly (i, 7)) > TA( \/ ). Therefore,
Jj€Jo jr€IK Jj€Jo
IZ(AA(V uj))>r, and thus (X, R,7) is r-fuzzy ideal approximation compact. [J
J€Jo
Theorem 6.2. Let (X, R,T) be r-fuzzy nearly ideal approzimation compact and r-fuzzy ideal
reqular. Then, X is r-fuzzy nearly ideal approximation compact.

Proof. Similar to the proof of Theorem 6.1. O

Theorem 6.3. Let [ : (X,R,Z;) — (Y, R*,I5) be injective fuzzy approximation continuous
mapping between two fuzzy ideal approximation spaces associated with X\ € IX, u € IY re-
spectively, r € Iy and Iy (v) > r = Ly(f(v)) > r Vv € IX, and n € I¥ is r-fuzzy ideal
approximation compact set. Then, f(n) is r-fuzzy ideal approximation compact as well.

Proof. Let {¢; € I :inth. (&) = &;,j € J} be a family with f(n) < V &;.
jeJ
By fuzzy approximation continuity of f, int}(f~(¢;),r) = f~*(&) and n< \/ f71(&;). By
JjeJ
r-fuzzy ideal approximation compactness of 7, there exists a finite subset Jy of J such that
LA (\ (U >
Jj€Jo
Since 7, (v) > r = To(f(v)) > r Vv € IX, then

(fn A (N (F7HEN)) =7

Jj€Jo
From f is injective, then f(n A ( é{l (7)) = fA (é/J (&5)). Thus,
LUm A\ (€)=
Jj€Jo

Hence, f(n) is r-fuzzy ideal approximation compact. [J

87 Conclusion

Let X be a non empty set and let Z,G : I* — I be two mappings satisfying the following
conditions:
Zg(N) = \/{r : G <r;rel} vAeIX, (12)
Gr(\) = N{r : Z(V) =r; rel} vaer. (13)
If G is a fuzzy grill on X ( [1]), then Zg is a fuzzy ideal on X generated by G. Also, if 7
is a fuzzy ideal on X, then Gz is a fuzzy grill on X generated by Z. This correspondence is
given by (12), (13).
That is, studying topological properties in fuzzy ideal approximation spaces will be the
same if we studied these properties in fuzzy grill approximation spaces in Sostak sense, and
consequently in Chang sense. So, r-fuzzy approximation separation axioms or r-fuzzy approx-
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imation connectedness, or r-fuzzy approximation compactness introduced in this paper could

be redefined and give us the same results if we replaced Z with the notion of fuzzy grill G.

1]
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