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Certain averaging operators on Triebel-Lizorkin spaces

ZHAO Jun-yan! PAN Ya-lit2*

Abstract. In this article, we study the boundedness properties of the averaging operator S;
on Triebel-Lizorkin spaces szjq(R”) for various p,q. As an application, we obtain the norm
convergence rate for S} (f) on Triebel-Lizorkin spaces and the relation between the smoothness

imposed on functions and the rate of norm convergence of S; is given.

81 Introduction

For f € . (R™) and v > 0, we consider the spherical mean
L(y+n/2) 2\ 71
SHN@) = [ (1) ety
‘ m/20(y)  Jiy<a
where x € R™, ¢t > 0. For brevity, we denote S} (f)(z) = S7(f)(z) for ¢t = 1. In view of the
formula in [13, Theorem 3.3, p. 155] and the identity in [9, p. 576], we see that the Fourier

transform of S/ (f) is

S (&) = my (8) f(€)

with the multiplier

my(€) =Dy + 5)2°T *Wara (2 [€]), (L1)
where V,,(u) = 7, (v)u™", and J, () denotes the Bessel function of order v (see [13, Appendix
B, p. 573]). Since J,(u) is an analytic function on the domain {v € C: Re (v) > —1/2} for any
fixed u > 0, one may extend {S;} to be a family of Fourier multiplier operators with symbols
m (t€) on the region
n—1

2

In this paper, we consider the means S} for all real ~y satisfying v > —251. Thus, {S]} is a
family of convolution operators with v > —”7*1. It is well-known that S} (f) is the ball average
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of f and SY (f) is the spherical average of f (see Chap XI in [12]). Consider the following
Cauchy problem of the wave equation

(0?2 — Ayu(z,t) =0, (x,t) e R" xR,

u(z,0) =0, dwu(x,0) = f(x).

Tts solution wu(zx,t) is formally given by

ule,t) = eatS,* (1) (a),
where ¢, is a constant depending only on n.

This family of operators {S;} was extensively studied by many authors in the literature
(see e.g. [1,4,11]). One can also see [12, Chapter XI| for more information. Particularly, the
following theorem can be found in Proposition 4.1 and Remark 4.1 in [7].

Theorem A. ( [7, p. 86-88]) Letn >2,~v >0 andt > 0. Then S} (f) is bounded on the real
Hardy space HP(R™) and
tg%i 157 (f) — f||Hp(1Rn) =0
for f € HP(R™), provided p > #Zil-
We notice that the Triebel-Lizorkin space Fj (R") is a more general frame of function

spaces which takes the space HP(R™) as a special case
E0,(R") = HY(R™).
The first aim of this paper is to extend the known result on H?(R™) by studying the boundedness

of S} on the Triebel-Lizorkin space Fz‘ij (R™) for different indices p, g. We establish the following
result.

Theorem 1.1. Let v,a € R,y > —”7_1 and 0 < p,q < oo. One then has the following

boundedness properties of the averaging operator Sy on F];’fq(R"):
(1) Assume v > 0.

(a) S} is bounded on F;fq(R”) if 1 <p,q < oo;
(b) S is bounded on FEQ(R”) ifvy>n—-1)1/p—1) for0<p<1l<qg<o0;
(¢) For0<q<p<1, S} is bounded on ng(R") ifv>Mm—-1)(1/p—1).

(2) Let v =0.SY is bounded on Fﬁq(R”) ifl<p<ooandl <q< oco.

(8) Let =251 < v < 0. For 1 < p,q < o0, S is bounded on ngq(R") if

ro-af3-4-4]

Moreover,

(a) for 1 <p<q<2, 5] is bounded on ng(R") if

1201 (3-1);
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(b) for2<q<p< oo, S; is bounded on Fpofq(R") if
(n- 1)
-

Remark 1.2. Since Fg’Q(R") = HP(R™), Theorem 1.1 tells that when n > 2, v > =21 and
t >0, S] (f) is bounded on the space HP(R™) if

el

for all 0 < p < oo, which recovers Theorem A. Thus, Theorem 1.1 is a natural extension of
Theorem A. Precisely, for ¢ = 2, = 0, (1a) in Theorem 1.1 means that if v > 0 then m., (§)
is an LP (R™) multiplier for any p > 1; (1b) in Theorem 1.1 means that if v >0 and 0 < p < 1
then m~ (€) is an HP (R™) multiplier if v > (n—1)(1/p—1); (2) in Theorem 1.1 means that if
v=0and 1 <p < oo, then my (§) is an LP (R™) multiplier; (3) in Theorem 1.1 means that if
—2-l <y <0 and 1 < p < oo, then my (€) is an LP (R™) multiplier if

o[-

Collecting all above results, we conclude that Theorem 1.1 recovers Theorem A.

On the other hand, Fan and Zhao [7] studied the convergence rate of S (f) in the H? norm
and established its relation to the K-functional K ( f A,t2) v - They obtained the following
result.

Theorem B. ( [7, Proposition 4.2, p. 89]) Letn>2,v>0 andt > 0. If <2, then

1#77(S7 (f) = ) lee@ny = M=s(F)l o @y,
for any f € Ig(HP)(R™) provided #% < p < o0, where Ig(LP)(R™) is the LP-Sobolev space
defined below.

The Sobolev type spaces mentioned above were introduced by Strichartz [14,15] in a more
general setting. Let Ig denote the Riesz potential of order 5. For any function space or a space
of tempered distributions X, one defines the Sobolev space based on X using I3(X), to be the
image of X under I [15]. By this definition, it is easy to check that Ig(FI‘ffq)(R") = F;f;rﬁ (R™)
for all 0 < p,q < oo.

In order to obtain the convergence rate of Sy (f) — f in the space Fo our second aim is to

P.a
study the boundedness of the operator t=7 (S} (f) — f) on the Triebel-Lizorkin space E7, for

different p, q. Precisely, we will study the inequality
1472 (7 () = iy, =< M-, (12)
for f € Is(F2,).
Note that the Fourier transform of t=7 (S} (f) — f) is

_1 R
””f:jﬁ 67 7o)
and write |£|’8 f(f) =g (&) . Then (1.2) is equivalent to the statement that the function
s (6) = MO =1

€|
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is an Fpofq (R™) multiplier.
First, we observe that p, g (&) is not an LP (R™) multiplier for any p if 5 > 2. In fact, a
similar calculation of (1.1) and Lemma 3.2 in [6] enable us to get
1ﬂmwwfu—ﬂTﬂm%mms
7 1’ ’
where and in the following, A ~ B means that there exist positive constants ¢ and C' independent
of all essential variables such that ¢|B| < |A| < C'|B|. Thus, the Taylor expansion the sine

function yields, for small |¢],

1L —m, (§) ~ |25
TP €]

It says that j g () is not a bounded function if 5 > 2, which implies that it is not an L? (R™)
multiplier for any p. For this reason, we will mainly concern with the case 8 € (0,2] in the rest
of this paper.

We establish the following result.

Theorem 1.3. Letn > 2, a, 3,7 € R, 7>7"T_1, 0<p<2and0<p,q< oo
(1) Assume v > —p.

(a) vy (&) is an F;q (R™) multiplier if 1 < p,q < oo;
(b) py,p(§) is an Fgfq (R™) multiplier if v > (n—1)(1/p—1)=p, where 0 < p < 1 < ¢ < 00;
(¢c) vy, (§) is an F;fq (R) multiplier if y > (n—1)(1/p—1)— B and0<g<p< 1.

(2) Forv=—p,if1 <p<ooand1l < q < oo then iy g (&) is an Fﬁq (R™) multiplier.

(3) Assume —"T_l <y < —=B. Forl<p,q<o0, tiys (&) is an F;ffq (R™) multiplier if
1 1 1

v2-n |5 =35 -

Moreover,

(a) for 1 <p<q<2, pyg(&) is an Fgfq (R™) multiplier if
1

vz -1 (3-1) -5
p

(b) for2 <q<p<oo, pypg(&)isa FPqu (R™) multiplier if
n—1
v = oD B.
p
Remark 1.4. Since FSQ(Rn) = HP(R"), Theorem 1.3 tells that when n > 2, v > —2=1 and
t >0 then, for 0 < 8 <2, py g (&) is an F;fq (R™) multiplier if

v> -1 |5 - 3|3 -

which recovers Theorem B. Thus, Theorem 1.3 is an extension of Theorem B.
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As an application of Theorem 1.3, we have the following theorem about the convergence
rate, that is

1S (F) = Fll o @ny = 0(t”), as t =0 (1.3)
for f € Ig(F2,)(R™).

Theorem 1.5. Letn>2, a € R, v > —"771, 0<p <2, 0<pg<ocoandfe Ig(F]qu)(]R”).
(1) Assume vy > —f.

(a) (1.3) holds for any 1 < p,q < co;
(b) For0<p<1l<qg<oo, (1.3) holds ify> (n—1)(1/p—1) — 5;
(c) For0 < q<p<1, (1.3) holds ify > (n—1)(1/p—1) — 5.

(2) For vy = —f, (1.3) holds for any 1 < p < oo and 1 < g < 0.

(3) Assume "5 <~y < —f and 1 < p,q < co. (1.3) holds if

Moreover,

(a) for1<p<gq<2,(1.3) holds if

vz -1 (3-1) -5

(b) for2 < q<p< oo, (1.3) holds if

Before ending up this section, we give an application of Theorem 1.5 to the wave equations.

n—3

Recall that u(z,t) =tS, 2 (f) () solves the Cauchy problem for the wave equation
(02 — A)u(z,t) =0, (z,t) e R" x R,
u(z,0) =0, du(x,0) = f(x).

We have the following corollary.

Corollary 1.6. Letn > 2, v > —"T_l, 0<f<2andl0<p<oo. If f e Ig(ng)(R”) with p
satisfying

1_1 <ﬂ+1’
p 27 n-—1
then we have
ot
Mff =o(t?), ast — 0T.
t Fe (R™)

This paper is organized as follows. In the second section we will introduce some preliminaries
and necessary lemmas that will be used throughout this paper. Then we will prove Theorem 1.1
in Section 3 and Theorem 1.3 in Section 4 respectively. Finally, Theorem 1.5 will be proved
in Section 5. Throughout this article, we use the symbol A < B to mean that there exists
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a constant C' > 0 independent of all essential variables such that A < CB. We use the
notation A ~ B if |A| < |B| and |B| < |A4| and use the symbol A ~ B to mean that there
exists a constant C' independent of all essential variables such that A = CB. Also, ag, by, cg,
k=1,2,..., represent some constants that may be different at each of their appearances. For
quasi-normed spaces A; and Ao, A1 C As means that A; is continuously embedded in As. i.e.

there exists a constant ¢ such that ||al|4, < c|la]|a, holds for all a € A;.

§2 Preliminaries

Let @ : R™ — [0,1] be a smooth radial cut-off function, say,

1 §l<1,
®(&) =< smooth 1< [¢] <2,
0 €] > 2.

Denote ¢(&) = ®(§) — ®(2€), and we introduce the function sequence {y}pe:
er(§) = p(27%), kEN,
Po(§) = 1= 2252, #r(§) = 2(8)
Since supp(p) C {€: 271 < |€] < 2}, we easily see that supp(pr) C {€: 2871 < |¢] < 2R+
k € N, and supp(po) C {£ : €] < 2}. Let
o0
W(E) =1-0(&) = wk(€).
k=1
U is a nonnegative and radial Schwartz function supported in the set {£ € R™ : || > 1}, and
equals to 1 on the smaller set {{ € R™ : || > 2}. Define
A = 54‘_1@,“9'7 keZ,
_ o 1s the Littlewood-Paley (or dyadic) decomposition operator. Let
F(R") = {th|p € S (R™) : %(4))(0) = 0 for every multi-index a},

which is equivalent to

where {Ag}ro

/ Y (x)dx =0
for every multi-index «. .#(R") is the subspace of .%(R") that inherits the same topology as
Z(R™) and the dual space of .#(R™) under the topology inherited from .7 (R") is
J'R") =S (R")/ PR,
where ./ (R™)/ 22 (R™) denote the space of tempered distributions modulo polynomials.
For o € R, 0 < p,q < 00, the Triebel-Lizorkin space F[ﬁ’fq(R") is the set of all f in Y’(R")
satisfying

/1

fa @y = || | D0 @181 < 0. (2.1)
JEL

. Lr(R™)

It is well-known that Fy, (R™) is a quasi-Banach space if —0o < a < 00,0 <p < 00,0 < ¢ < o0

and that the function ¢ in the above definition is flexible in the sense that any two different
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functions ¢ give the equivalent norms (2.1). By this definition, F;fq(R") o~ Ia(lﬁ-}gq)(R”)7
FO,(R™) ~ HP(R") and FSy(R"™) = I,(HP)(R") for 0 < p,q < cc. Furthermore,

S(R™) C FS (R") € 7' (R)
for —co < @ < 00,0 < p<ooand 0 < g < oco. IfaeR,O<p,q<oo,thenF;jq(R")is
complete, .7(R") is dense in F}! (R"), and

[0

For brevity, we denote by Fgfq(R") = Fﬁq.
The Triebel-Lizorkin space ng(R”) has the following imbedding and lifting properties.

! ds} v (2.2)

S

1 g, oy ~

Lemma 2.1 (Imbedding). ( [16]). The space Fzﬁfq has the imbedding relationship:

(1) Fora € R, 0 < p<oo. if ¢1 < qo, then Fz‘ffql CFpOjW.

(2) Given reals —0o < ag < a1 < 00 and 0 < p; < 00, 0 < g1,q2 < 00, let 0 < py < o0 be

determined by ay — pﬂl =y — ;—;. Then
oy s
Fpl,th C sz,%'

Lemma 2.2 (Lifting). (see [2, p. 2073]). The space F;fq has the lifting property:

1 g, ey = I () g oy

where (I_o f)"(€) = |€]* f(£).

By the lifting property, as is pointed out in [2], to prove that a convolution operator T is

bounded on the space Fo it suffices to show its boundedness on ngq.

P’

Let T}, be a convolution operator and T),(f)(§) = u(§) f(€), where p is called the multiplier
of T,,. If T}, is a bounded operator on the Triebel-Lizorkin Space F;Q(R”), then we say that p
is an F;jq (R™) multiplier and denote by

||H(')|\F;q(Rn)—>F3q(Rn)
the operator norm of 7}, on the space F;jq(R"). By a scaling argument, it is not difficult to
show the following lemma.
Lemma 2.3. Let 0 < p < oo and let p be an ng(R”) multiplier. Then for any t > 0,
e Ol e @ry oo @y = 10 @) e @y e @y -

The following F;ij (R™) multiplier theorem will be frequently used in this article.
Lemma 2.4 (Hormander multiplier theorem). ( /5, Theorem 5.1, pp. 851]) Let a, 3 € R,
0<p<ooand0 < q < oco. Suppose that £ is a nonnegative integer and p € C*(R™ \ {0})

satisfies the condition

sup R—"+2a+2lal/ 07u(©)|” de ) < Ay, o] <0 (2.3)
R>0 R<|¢|<2R

with € > max{n/p,n/q} + n/2. Then
||Tu(f)”F;;rﬁ(Rn) = C||f”F§q(Rn)~
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When o = 0, (2.3) is known as the Hormander condition (see [9, Theorem 6.2.7, p. 446]).
The Bessel function 7, (r) has the following asymptotic expansion as r — o0o.

Lemma 2.5. (see [7, Proposition 5.1, p. 93]). Let r > 0 and v > —1/2. For any positive
integer L, on the interval [1,00) we have

L L
2 U T 1 1
Tu(r) =4[ —cos (r— 5 Z) +]Z::1aje”r 277 +]Z::1bj€ Trm2 T+ By (r),
where a; and b; are constants for all natural numbers j, and Er,(r) is a C* function satisfying
Eék)(r) =0 (r_%_L_l) ,  as T — 00,

for all nonnegative integer k.

Let ¥ be the function defined as in the definition of F;fq. W, is a wave operator if it is
a Fourier multiplier operator with symbol @ (&)e*ll |€|™" for a fixed nonzero constant ¢. One
has the following estimate on W,.

Lemma 2.6. (see [3, p. 760]) Let « € R and 0 < p,q < co. One has the following estimates
for wave operators.

(1) For1<p<qg<2o0r2<q<p<oo, W,(f) is bounded on the Triebel-Lizorkin space Fﬁq

if
1 1
az(n—l)‘—‘.
2. p

(2) For1 <p,gq<ooor0<q<p<1, W,(f) is bounded on the Triebel-Lizorkin Space Fﬁq if

(8) For0<p<1<gq<oo, W,(f) is bounded on the Triebel-Lizorkin Space Fp”fq if
1 1
>tn—1)(--2).
oz @-1) <p 2>

83 Proof of Theorem 1.1

By Lemma 2.2, to prove S is bounded on Fpofq,

0 : « : « — oal; :
F, ,- Without loss of generality, we may assume ¢ = 1 by the scaling argument in Lemma 2.3.

we only need to show its boundedness on

First, when Fg’q is a normed space (i.e. 1 < p,g < 00), we observe that Theorem 1.1 is
trivially true for the case v > 0. In fact, by the Minkowski integral inequality, it is easy to

obtain that
T 2 -
1S (F) (@)l o < M/Hd (1 = Iy|z>7 1FC =9l o dy

_ (T +n/2) 27! |
- ( T /|| (1-1vP) dy> £l

<1 £l
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y—1
since fly\<1 (1 — |y|2) dy < oo if v > 0. By this observation, in the following we mainly
concern with the case either v < 0 or the case that Fg 4 18 not a normed space. More precisely,

our purpose is to find the optimal relation between vy and p, ¢ to ensure that m.(§) is an Fg}q
multiplier in the case when v < 0 or in the case that Fz?,q is not a normed space.

If either v < 0 or Fg,q is not a normed space, then we let ¥ and ® be the same as above,
that is to say ¥ and ¥ are C*°(R") radial functions with ® (§) = 1 — ¥(£) and ¥ satisfying
U(E)=0if | <1, ¥(&) =1if || > 2. We write

n, n-2
my(lEl) = Ty + 5)2°F Wz (2 €]

n—2

=T+ 5)2°7 %7 (Vg (€D @) + Varz ., (1ED)V(O))

Using the derivative formula for the Bessel function

Wlt) — —rat), (3.1)

and the well-known formula

Vo(leDl < 1 if ¢ <1, |
by the condition of Lemma 2.4, we can easily see that = o ([ED2(E) is an F? , multiplier for
any p,q > 0. By Lemma 2.5, the second multiplier can be written as

Vaz  (JE)W(E)

L _ - L _ n—1 o (3.2)
= a; )T T L Y b w(€)e g T T + B (€) W),

j=0 j=0

where Ep(€) is a C™ function satisfying

GFEL(E)] < | T whenever Je] > 1

for any multi-index o. Noting U(£) = 0 if |£] < 1, we choose a suitably large L such that

o¢ (Ew) (©)| < Colel ™

for any multi-index o, which satisfying (2.3) with o = 0. Invoking Lemma 2.4, it follows that

EL(g)\I/(é“) is an Fg’q multiplier for any p, ¢ > 0. Furthermore, we know that, for each j,

; _n=1l___ _ i _n=1___
mf (&) = W(E)e g7 = T or my(§) = w(E)e ¥ fg|T = T
is a multiplier of the wave operator W, with v = "T_l + v+ 7. By Lemma 2.6, we know that

in the expression

L L
Vaca (€D =D aymf (&) + D bymy (€) + Er (€) U(€),
j=0 §=0

mg (€) and my (€) are ng multipliers for any p, g > 0 satisfying the condition in Theorem 1.1.

Also, it is easy to see that if W(£)eFlél |¢|™ is an FC, multiplier, then ¥(£)e* ¢l [¢]7" 7% for
any positive ¢, is also an Fz?,q multiplier for the same p and ¢. Thus, all mj(g) and m; (§),
j=12,...,L, are ng multipliers for p,q > 0 satisfying the condition in Theorem 1.1. As a
consequence, we obtain that, for v < 0 or Fﬁq is not a normed space, Vanz+W(|§|)\Il(§) is an F]?,q
multiplier for 0 < p, ¢ < oo satisfying the condition in Theorem 1.1. The proof of Theorem 1.1
is completed.
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84 Proof of Theorem 1.3

In this section, we devote to prove Theorem 1.3. Also, in this section and the rest of the
paper, we always assume f € (0, 2].

By Lemma 2.2, to prove Theorem 1.3, it suffices to show that u, g(§) is an Fz?,q multiplier
under the assumption in the theorem.

Recall that ® is a radial C*°(R"™) function satisfying ®(£) =1 if |{] < 1 and supp ® C {¢:
|€] <2} and ¥ () =1 — ®(&), we decompose

8 (&) = py,8,1 (§) + 1,82 (£)
where

ty,,1 (€) = P(E)piny,8 (€) a2 (§) = W(E)y,6 (§) -
Let

my.5(€) = my (€) €] 77 W(e), (4.1)

where m., is the multiplier of S]. We may write

fy,8,2 (§) =My (&) — (O[] &

The following lemma will play a crucial role in the proof of Theorem 1.3.

Lemma 4.1. For 8 € (0,2] and 0 < p,q < 00, iy, i an ng multiplier if and only if m~ g is
an Fg,q multiplier.

Proof of Lemma 4.1. Using Lemma 2.4, it is easy to see that W(£)[¢| =7 is an Fzﬂq multiplier for
any p,q > 0. A direct calculation shows that

o € = 2 ( | - 2 F s (role s ). (42)

0
By Taylor’s expansion

sin (7€) ZC (1€]s)** ! + 0 (le]s)
k=0

where, in the support of ®, ©(t) is a C*° function satisfying that, for k < 2N + 3,

oM@y =0t"""") ast — 0.
Thus, invoking (4.2), we obtain
1 N
pr5.1 (6) = D(E)[E] 7 (/0 (1-s)" = {ch (lgls)* " + o (|§|S)} 2d5> - (4.3)
k=0

To obtain the estimate on 9¢ (u4,5,1) (§) , by choosing a large N in (4.3), it suffices to work with
each term .
Hh(E) = D(QIgPH D (/ (1- 32>"2‘3+vs2<2k+1>ds) .

0
We may write

pF () ~ @(&)[¢PEFHDF,
since

1
/ (1 — s2) T +752Ck+D) gg — (gk 4+ 2 3 m— —
0

for any v > —2=L. Noting that 8 € (0,2], k € N{J{0}, we have 2(2k + 1) — 3 > 4k > 0. It is

+’y) < 00
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easy to check that
07 (1)) | = |og (@@€7 < Cp 117V
for any multi-index ¢ satisfying (2.3) with a = 0. Invoking Lemma 2.4, it follows that u*

an Fg’q multiplier for any p,q > 0. Combining (4.2) with (4.3), we obtain that u. g1 is an Fg,q
multiplier for any p,q > 0. On the other hand, we have

Moy, (&) = 8,1 (€) + My, 5(8) — V()€™ 7
Hence, ji, g is an ng multiplier if and only if m, g is an ng multiplier, as desired. O
By Lemma 4.1, to prove Theorem 1.3, it suffices to consider the multiplier m, g. We need
the following proposition to complete the proof.

Proposition 4.2. Letn > 2, v > f%’l and 0 < B <2. Ify+ 8 >0 and ngq is a normed

space, then m. g is an F[?,q multiplier.

We postpone the proof for Proposition 4.2 to the end of this section. First, let us describe
how to conclude the proof of Theorem 1.3 by virtue of the proposition.

From Proposition 4.2, to prove Theorem 1.3, we only need to concern with the case either
v+ B < 0 or the case that Fz?,q is not a normed space. More precisely, we aim to find some
relation between v and p, ¢ to ensure that m., g(§) is an F[?_’q multiplier for v+ 8 < 0 or in the
case that Fz?,q is not a normed space.

Assume that v+ 5 <0 or Fpqu is not a normed space. Using Lemma 2.5, we write

Moy (€) = my (€) €] W(E) ~ [¢]” aa  (2m[€]) T (1€])

cos (27T|§| = (7171) (1) N ZL: a; e IE (|¢])
|§|%+7+6 |£|%4+7+B+j (44)

~

Jj=1

L —1271'
Z S (e)) | B (2rle) ¥ ()

Bty +B+i €| 2y +B

Here we choose a positive L such that the error term Ey, (27[€]) U (€]) |€]~ "= ~7=# satisfying

ge  ErCrle) Y (€)
¢ €|+t

for any multi-index o, which satisfies (2.3) with @ = 0. Invoking Lemma 2.4, it follows that

Er (2m|]) W (I]) 1612

rest terms in (4.4). This procedure can be done by employing the same proof as that for

< C, ¢!

o multiplier for any p,q > 0. So, we need to study the

Theorem 1.1 in Section 3. Thus, Theorem 1.3 is proved. O
Finally, it remains to prove Proposition 4.2.
Proof of Proposition 4.2.

Let T}, , be the convolution operator K, g * f, where K., 5 is the function defined as
Ko (@)= [ (€ e (45)

To prove Proposition 4.2, it is equivalent to prove T,,_ . is bounded on ngq for v+ S > 0 and

.8
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. -0 . .
p,q > 1. By (4.4), we know that T, , is bounded on F})  if and only if
cos (2mlé] — 3 — “5UT) w(J¢))

n—1
|§| > +7+8

v(€) =

. 0 . .
is an F; , multiplier.

e Case 1. v+ B > 1. Using Theorem 3.3 of Chapter 4 in [13], the inverse Fourier transform
of v is given by

U\/ (x) _ /n v (|€|)COS (27T|§| - % B nT_lﬂ-) ezwim.gdg

n—1
|£| 5 +v+8

U (t omt — 4 — oL
:/ (1) cos (2t — % 4”)vnT_2(t|x|)dt.
0

n—1
to T T s
We want to show that vV (z) is an integrable function. To this end, from Lemma 2.5, it suffices
to estimate its leading term

1 U (t) yr n-—1 n—1
L, (z) = ngl/o B OO <27rt2 1) cos 27t x| — Y dt.

- lal
If |z| < 1 then we have
U (t) 1
dt| = . 4.6
J=CF = (16)

If |z| > 1 we keep using integration by parts N times ( N sufficiently large, say N > ["T'H] +1,).

Ly (2)] < —

— n—1
|72

It is easy to get
Lo () | ~
B 1
= ‘x| n,;l +1
1
=
(4.6) and (4.7) conclude that, if v+ > 1, vV (x) € L'. Thus, if Fz?,q is a normed space, by the
Minkowski integral inequality, it is easy to obtain that v (£) is an Fz?,q multiplier.

. n—1 Y\ d (¥(t)cos (2mt — L — 2tm)
/o 51n(27rt|x|— 1 7T>dt< o dt

e Case 2. 0 < v+ B < 1. In this case, we need an auxiliary lemma, and its proof can be
found in [8, p. 171].

Lemma 4.3. (see page 171 in [8]). Let € >0 and v # —1. Then
/ e dr =i’ T (y+ 1) (s +ie) "7,
0

where I' (v + 1) is the Gamma function.

For £ > 0, the Abel mean G, (f) of f is

Ge(N)(©) =ef ().
The kernel of G is an L' (R™) function and its L! (R™) norm is independent of € > 0 (see [13, p.
10]). Thus, the Minkowski integral inequality yields that for 1 < p,q < oo

IGe (Dllsg. =1 F Ny - (48)
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and
li — fllgo =0.
| Jim |G- (.f) fllge, =0
for all f € F)),. To show that v (£) is an Fj , multiplier for 0 < v+ < 1 and p,q > 1, it
suffices to show that e~I¢lv (€) is an F]‘;’q multiplier uniformly on ¢ > 0. To this end, we need
to prove that the kernel

or|¢| — 2= — =D g ((¢)) e—elél
mx)/ncos(”" - 20T w(fg)e

27riz~§d
g+ oo

is an integrable function for 0 < v+ 4 < 1 and its L! (R") norm is independent of ¢ > 0. In
fact, suppose this is true, since Fg’q is a normed space, by the Minkowski integral inequality we
have that

IR # fll o < /]R (RIS =)l po dy

_ (/R ms(y)ldy) 1f 1z,

<1l -
Combining this with the fact that for p,q > 1

T, (f)”F,?,q < 51_1)1(155r [|Re * fHFgﬂ )

we conclude that T, is bounded on Fz?,w that is, v (§) is an Fg’q multiplier for 0 < v+ 8 <1

and p,q > 1.

Hence, to complete the proof of Proposition 4.2, it only remains to prove that R. (x) is
an integrable function for 0 < v+ f < 1. The method is analogous to that in the proof of
integrability of R (x) for the case v+ 3 =0 and S = 2 in [17]. For the sake of completeness,
we present its proof below.

By using the formula in [13, Theorem 3.3, p. 155], a computation of the Fourier transform
yields

v (|€|)COS (27T |€| -5 - uﬂ) —e Tix-
R. () = / g "

_ W (t)e“tcos (2mt — L — 2y
0 t%+”{+3
From Lemma 2.5, since the estimates of all terms in the above expansion of . are the same,

)VWT_Q (t|z])dt.

it suffices to estimate the leading term

L. (z)
1 OO\I’(t)eist N n_l n_l
e /0 B 08 (27” — T T)cos ot || — T dt
~ ! (4.10)
~ 1_1 / v ii):g (a2 itAFIE) 4 gpe=2mit(tz])
27 Jo

+ aze?™t1=leh 4 g, o= 2mit=lzl)y gy,
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For |z| < 1/2, we have

1 (1) 1 1
e = | [ | 2 e (a.11)
For |z| > 2, integration by parts for n times yields
_1)" ol
|Le ()| = (|$||n22 <zt e Lh (4.12)
x

For 1/2 <|z| < 2, if v+ 8 = 1, invoking (4.10), to estimate L. (x), we only need to deal with

the term - .
—&
03_1/ V(t)e e2mit(i=lz)) gy
x| 2 0

t
since the estimate of other terms are similar. Using integration by parts we now have

o0 gitl(1-|a])+ie] i iy d (W (t)
— V(A= ————— lA=leDtie] — (20 gy
/0 ¢ ®) [(1—\x|)+i5]/0 ¢ at \ ¢

By the definition of ¥ (¢), it is easy to see

00 it[(1—|z|)+ie] 1 1
/ R dt’ < < .
0 t |(1—|z|) +ie] = [1—|z]|

Hence, if v+ 8 =1, then |L. (z)] = I\ém,
xT 2
On the other hand, if 0 < v+ 8 < 1, for 1/2 < |z| < 2, we write

e} —et
1 / U (t)e ® (a3€2m(17|x|) +a4e*2““(1*|x|))dt
0

which is integrable on R™ for 1/2 < |z| < 2.

n—1
|J»‘|72 t'Y"l‘ﬂ
oo efst ) )
2/ ,B(a3627rzt(1—|m|) +a4€—2‘n’zt(1—|x\))dt
O+
0

tr+B8
Here, by the definition of ®, we know that

P (t)e et . .
/ (ﬂ)fﬁ (a3€27rzt(1—\z\) n a4€—27r1t(1—\m|))dt —0(1)
0

uniformly for 1/2 < |z| < 2 and ¢ > 0. Invoking Lemma 4.3, by the fact that I'(1 —v —3) >0
when 0 < v+ 3 < 1, we obtain that

o efat . .
/ e (a3627mt(17|:v\) + a4672‘mt(17|w\))dt
tY
0

e s} —et
_/ O (t)e ¢ (a362ﬂ-it(1f|x|)_’_a4672ﬂ'it(lf|w\))dt.
0

~ /°° () git (ol ie) | p—(v+8) git(1—|z|—ic) gy
0
1 1

=1 —~ — _

0=~ 8) | T~ A
(1— x| —ie)t=7 =8 — (1 — |o| +ig)t—7=F

(1= |22 +e2)' 7777
sin ((1 — v — () arctan 1%@')
158
(1= )2 +e2) 2
€ 1

Sl (e e

= i(1—-5)

~
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for sufficiently small €. Thus, we have

L. (x) !

%=
Pl (a2 )
uniformly for 1/2 < |z| <2 and € > 0. This together with (4.9) and (4.11) yields

€ 1
|%5 (ZE)| = 1— | ‘ ' 1-~v-8 + 0(1)7
A=z +e)
uniformly for € > 0, where 1/2 <|z| <2and 0 <~vy+ 3 < 1.

With (4.11), (4.12), (4.13) and (4.9) in hand, we can derive the following estimate on R, (x) .

+0(1), (4.13)

1—v—8

Lemma 4.4. Assume 0 <~y + 3 <1. If [z| < 1/2 then
[Re (@) < Jof 7
If |x| > 2, then
R ()] < [T
For 1/2 < |z| <2, we have if v+ 3 =1, then |R. (z)]| = mﬁﬁ, if0<y+8<1,

e ()] < L o),
L (CEE R

uniformly for e > 0.

Now we are able to prove that R. (z) is an integrable function for 0 < v+ 8 < 1. By
Lemma 4.4, if v+ 8 = 1, then

dzx dx 1 1
[Rell 1 (gem) j/ —a=T +/ eSS +/ T T
el<1/2 |22 lo|>2 || {1/2<a1<2) |22 1= [zl

=<1

7

ifo<y+p8<1,

1R | = / _dr +/ _dx
SHLIRT = lz|<1/2 m% || >2 \a:|”+1
13
+/ ————dx
{1/2<el<2}n{| (= el > 105} (1 — |2[)?77 77
1
+€"’+ﬁ/ 7dx+/ dx
{1/2<]el<23n{l(1— |z <10} |1 =[]l {1/2<]e|<2}
= 1,
as required. 0

85 Proof of Theorem 1.5

The proof of Theorem 1.5 is based on Theorem 1.3 and a standard dense argument. We
only prove the case 0 < 8 < 2. Once Theorem 1.3 is established, Theorem 1.5 will be a direct
consequence of it and the fact that the means =7 (S} (h) — h) converge to 0 in F;’q norm for
h in a dense subclass of I5(F;",)(R™). Such a dense class is .7’(R"), where .#(R") is the space
of all Schwartz functions h whose Fourier transform satisfying

S (R™) = {h|h € L (R") : 9*(h)(0) = 0 for every multi-index a’}.
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For a function h in this class, we easily see that t=7 (S} (h) —h) — 0 pointwise as ¢t — 07.
Indeed, noting the fact that

88y (h) — h) (z) = fﬂ/ (1 = ) () R(E)e> € de

n

1 K -~ .
~ t_'g/ / sin?(wst|€]) (1 — 52)%_3+7dsh(§)e2m§‘rd£,
n 0

since h € .# and |sins| < |s| for s € R, we have

+—B (S7 (h) —h) (z) = =P8 //0 (t|§|s)2 (1- 32)%3+7dsﬁ(5)62”5“d§

R G (1)
3 n—1

— 28 =

it (2, 5 +7>g(33),

where B(-, -) is the beta function, and g € .# since we know the fact that if h € .# then so does
(J€]2h(€))Y for all z € C (see [10, p. 4]). Also,
3 n—1
7 (57 ) = 1) )] = 7B (3,75 49 ).
Then t=# (S} (h) — h) — 0 pointwise as t — 07 for 0 < 8 < 2 and v > —251. On the
other hand, from (5.1) we know that if ¢ < 1, the functions =% (S} (k) — h) (x) are pointwise

controlled by the function g € . Invoking (2.2), the Lebesgue dominated convergence theorem

implies that =2 (S} (h) — h) converges to 0 in F;fq. Finally, using (1.2) and the results in
Theorem 1.3, a standard /3 argument yields t=# (S} (f) — f) — 0 in Fﬁq for general IQ(F;fq)
functions f. This completes the proof.
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