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Inverting a k-heptadiagonal matrix based on Doolitle LU

Maryam Shams Solary

Abstract. The purpose of the present paper is to show a new numeric and symbolic algorithm
for inverting a general nonsingular k-heptadiagonal matrix. This work is based on Doolitle LU
factorization of the matrix. We obtain a series of recursive relationships then we use them
for constructing a novel algorithm for inverting a k-heptadiagonal matrix. The computational

cost of the algorithm is calculated. Some illustrative examples are given to demonstrate the

factorization

effectiveness of the proposed method.

81 Introduction

Mehran Rasouli

There are various methods for finding the inverse of band matrices (if these exist). Re-
cently, many authors worked in this way such as [1, 2, 4, 6, 8]. The inverse of band matrices
are necessary in solving many problems, such as, computing the condition number, parallel
computing, telecommunication system analysis, investigating the decay rate of the inverse and

solving a linear system whose coefficient matrix is banded, solving differential equations using

finite differences, heat conduction and fluid flow problems.

In this paper, we obtain a novel algorithm for inversing a k-heptadiagonal matrix by using

a lemma and recursive relationships. Our method is based on Doolitle LU factorization. The

computational cost of the algorithm is shown in the next section.

The n x n general heptadiagonal matrix 7T, takes the form:

ap by ¢ dy 0
er as ba Co da
fioe
n=\| g f
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L 0 0 gn-3 fo2 ena
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The n x n general k-heptadiagonal matrix T,(Lk) takes the form:

fap 0 ... O by 0 ... O ctc 0 ... 0 di O ... 0 1
0agc O ... 0 b O -+ 0 ¢ 0 -+ 0 do
- . .. ) . ) . 0
0 . dn73k
O €9 :
0 0
W = 0 1 e T T e e T T e T oy . (2)
foo . . ) .. . ) 0
0 fo
0 0
0 . bnfk
g1 O 0
0 g2
0 . . : Lot .. : Lot . : L. 0
L0 -+ 0 gnosk O -+ 0 frok O -+ 0 engp 0 -~ 0 ap |
where a;, b;, ¢;, d;, e;, fi and g; (i = 1,2,...,n) are finite sequences of numbers such that
bn7k+1:"':bnzoacn72k+1:"':Cn:07dn73k+1:"':dn:076n7k+1:"':en:
0, facoky1 =" =fn=0,gn3rr1 =" =g, =0and 1 <k <[5 and n > 4.
For | %] <k < |5] the matrix T is a k-pentadiagonal matrix, for [§| < k < n the matrix

TT(Lk) is a k-tridiagonal matrix and for £ > n is ordinary diagonal matrix.

82 Main Result

In this section, based on following lemma and [2, 5, 9] we are going to consider the construc-
tion of a new computational algorithm for inverting any nonsingular k-heptadiagonal matrix.

Lemma 2.1. If Dy(k =1,2,...,n), leading principal minor of order k, of ngk) are not zeros,
then the matriz Ték) has the only one Doolitle LU factorization as

Y = LPUL, (3)
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where
L =
U7(lk) _
and det(T,sk)) =

y1 0
Oyz.'

2’10

5o
H;L:1mi-
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According to (2), (3), (4) and (5), we can get the relations as

a;, i:1,2,...,l€
A — Xj—kPi—k, Z:k+1,,2k
- kDi—k (6)
a; — Yi—2kti—2k — Ti—kPi—k, i=2k+1,...,3k
a; — Zi—3kSi—3k — Yi—2kli—2k — Ti—kPi—k, 1=3k+1,...,n.
G i=1,2,... .k
my
= S YikPizk i=k+1,...,2 (7)
om
€i — Zi—2kli—2k yszpsz7 i=2%+1,....n—k
m;
b, i=1,2,... .k
Di = by —xigtig, i=k+1,...,2k (8)
bi — Yi—2kSi—2k — Ti—klik, 1=2k+1,...,n—k.
Ji i=1,2,.. .k
s
Yi = R ) (9)
Jizzowpick g o
my
¢, i=1,2,... .,k
t = (10)
Ci — Ti_kSi—k, t=k+1,...,n—2k.
=21 i=1,2...,n—3k (11)
m;
si=di, i=1,2,....n—3k (12)

~1
Let T be a nonsingular matrix and (Tr(lk)) — H = (Hy,Hy,...,H,)" where H; is jth row
—1
of (T¥M) " for j =1,2,...,n. Through the relation T\"(T")=1 = E (E is the n x n identity
matrix), we can get L%k)(UT(Lk)H) = FE. Let

LPX =E, (13)
then
UMH =X, (14)
where X = (X1,...,X,)t, E=(Fy,...,E,) and H = (Hy,...,H,)". By (13) we have
E, i=1,2,.. .k
B — s x Xir, k41, 2k
Xi: Ti—k k 1 + (15)
Ei —xi 1 Xi g — yi—oxXi—2k, i=2k+1,...,3k

B — i1 Xik — Yi—okXi—ok — 2i—3:Xi—3k, 1=3k+1,...,n.

Similarly, by (14) we can get

X; .
— i=nn—1,....n—k+1

W

Li “Pillitk i=n—k...,n—2k+1
C— m;

H; = X —tiHiior —piHiyy 10

, i=n—2k,...,n—3k+1
m;
Xi— siHiqsk _tz’Hi+2k_piHi+k7 i—n -3k 1

m;



344 Appl. Math. J. Chinese Univ. Vol. 37, No. 3

Now, relations (6)-(12), (15) and (16) enable us to construct the algorithm.

Algorithm 2.2. Symbolic algorithm for inverting a k-heptadiagonal matriz.
To find the inverse of a k-heptadiagonal matriz in (2), we may proceed as follows:
INPUT: Order of matrix n, value of k and the values of a;, b;, ¢;, d;, e;, f; and g; for
i=1,....nand by_py1 = - - =b, =0, cp_ok+1 = =¢, =0, dp_3k41 = --- = d,, =0,
enkyr1=-=¢ep, =0, fpopy1=-=fpn=0and gn_3pr1=--=go=0.
OUTPUT:The inverse matrix H.
Step 1: For i=1,2,....k do

Set: m; = a;.

If m; =0 then m; = u end if.

pi = by, t; = ¢4, 8 = d;.

Compute and simplify:

€ Ji gi
xi:;i’yi:;i’ Zi:;i-

end do.

Step 2: Fori=k+1,k+2,...,2k do
Set S; = dz
Compute and simplify:
Mi = Qi — TikPiek-
If m; =0 then m; = u end if.

D = by — xi_pti—,
_ €~ Yi—kPi—k

=,
m;
_ fi — Zi—kpik
Yi = )
my;
ti = ¢ — Ti—kSi—k,
9i
Zip = —.
m;
end do.

Step 3: For i =2k+1,2k+2,...,3k do
Set:s; = d;.
Compute and simplify:
mi = a; — Yi—2kti—2k — Ti—kPi—k-
If m; =0 then m; = u end do.
Di = b — Yi—orSi—ok — Ti—kli—k,

e — Zi—akli—ok — Yi—kDi—k
T; = )

m;
_ fi — zickpik
Yi = )
m;
ti = ¢ — Ti—kSi—k,
gi
Zi = —.
m;
end do.

Step 4: Fori=3k+1,3k+2,...,n do
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Set: s; = d;.

mi = Q; — 2;—3kSi—3k — Yi—2kti—2k — Ti—kPi—k-
If m; =0 then m; = u end do.

Di = bi — Yi—okSi—ok — Ti—iti—k,

e — Zi—okli—ok — Yi—kDi—k
Ty = )

mg
_ fi — Zi—kPi—k
Yi = )
my;
ti = ¢ — Ti—kSi—k,
gi
Zp = —.
m;
end do.

Step 5: Substitute the actual value uw = 0, then compute det(Tka)) =TI, mi.
the matriz T,(Ik) is singular, then OUTPUT (”Singular matriz”); stop.

Step 6: Fori=1,2,....k

end do.
Fori=k+1,k+2,...,2k

do Xi, = Ei — -Ti—kXi—k~
end do.
For i=2k+1,2k+2,...,3k

do X;=FE; —x; ;1 Xi  — i Xi 2k
end do.
For i=3k+1,3k+2,...,n

do X;=FE; —x; 1 Xi p — Yi—oxXi—or — 2i—36Xi—3k-
end do.

Step 7: Fori=n,n—1,....n—k+1
X;
end do. '
Fori=n—-kn—-k—1,...,n—2k+1
X; — p:H;
do H; = =i Piitk
m;

end do.
Fori=n—2kn—-2k—1,....n—3k+1

do H, — Xi —tiH; o _piHiJrk.

m;

end do.
Fori=n—-3kn—-3k—1,...,1

do H, — X —siHijy3, — tiHiypor *pz'HHk'

m;
end do.

Step 8: The inverse matriz is H|y—o.
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If det(TF) = 0,

The computational cost of the algorithm (2.2) is given in table below. According to the
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Table 1. The computational cost of the algorithm (2.2).

Step [ 1 2 3 4 5 6 7

X4\ 3k 8k 13k 12n—36k n 3n?—6kn 4n% —6kn
+,—(=) | 4k 6k 9k 10n—30k 0 3n%?—5kn 3n?—6kn

table 1, it is obvious that the computational cost of the algorithm is O(n?).

83 Illustrative examples

In this section we are going to consider two illustrative examples.

Example 3.1. Find the inverse of the 8 X 8 matrix.

1 0 -1 0 2 0 2 0
01 0 2 0 3 0 1
1 02 0 1 0 —-10
@ _| 0 2 0 3 0 4 0 1
8 -10 -1 0 2 0 3 0
02 0 3 0 1 0 4
30 -2 0 -30 1 0
L 0 4 0 -4 0 1 0 3]
Solution:
By applying 2.2 algorithm, we get:
em = (1,1,3,-1,%,-3,12 24).
edet(T{Y) = [T5_, mi = 2736.
1 0 0 0 0 0 0 0]
0 1 0 0 0 0 00
-1 0 1 0 0 0 00
x—| 0 20 1 0 000
|3 0 2 0 1 0 00
0O 0 0 -1 0 1 00
-2 0 I o £ o0 10
L 0 20 0 -2 0 £ 0 1]
5 0 L 0 -3 0 & 0]
o -3 o0 2 0 £ 0 %
- 0 £ 0 4#H 0 L 0
1 3 1 1
H=| 0 & 5 & _o & o o
19 5 38 o5 19 1 38 1
o 5 0 -5 0 -5 0 5
% 0 % 0 4 0 g5 0
L0 3 0 -5 0 5 0 5]

Example 3.2. Find the inverse of the 9 X 9 matriz Tém.
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2 0 1 0 -1 0 2 0 07
0 -1 0 2 0 1 -2 0
1 0 1 0 2 0 -2 0 4
01 0 -2 0 1 0 -1 0
=11 0 -1 0 1 0 -1 0 2
0 -1 0 2 0 -1 0 3 0
2 0 1 0 1 0 1 0 -1
0 -2 0 -1 0 -1 0 -1 0
L0 0 1 0 2 0 -2 0 2 ]
Solution:
By applying 2.2 algorithm, we get:
om = (2,1, %,u, 9,—-2, lﬁ;‘, 202;9“, I—;’)
odet(Ty?) = (TT0 mi)umo = (22520),_4 = —100.
o(T{) ™1 = Hlyeo.
1 0 0 0 0 0 0 0 07
0O 1 0 0 0 0 0 0 0
-+ 0 1 0 0 0 0 00
0o 1 0 1 0 0 0 0 0
X=|-2 0 3 0 1 0 0 0 0
0 -1 0 0 0 1 0 0 0
5 2 2
0 —Ol 0 g 0 - *?‘”3“ (1) (1) 8
2 U 2 U
LS o -3 0 3 0 -2 0 1]
12 0 -7 0 2 0 -0 0 A
g 4u—6 (5) —13 o Gu-11 (5) u—8 g
20 — 9u 20 — 9u 20 — 9u 20 — 9u
4 0 - 0 0 0 =2 0 7
5 5 5 5
0 2 0 -9 0 =3 0 —4 0
20 — 9u 20 — 9u 20 — 9u 20 — 9u
H=| -3 0 4 0 -2 0 2 0 5
10 — Tu 25 15— 3u 5u
O %09 % 2-ou ® 20-0u ° 20-9u °
-19 0 fd 0 -3 0 12 0 =37
5 5 5 5
0 —u 0 10 0 10 — 3u 0 2u 0
20 — 9u 20 — 9u 20 — 9u 20 — 9u
_ 0 1 0 -1 0 3 0 -13
L 5 5 5 5
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% 0 —_517 0 2 0 %6 0 %
-3 ~13 ~11 9

o —-2 o 2 — 0 = 0
10 20 20 5

4 o 2 o o o 22 o U

5 5 5 5

o L o 2 o 2 o X g
10 20 20 5

=| -3 0 4 0 -2 0 2 0 -5

0 % 0 Z 0 Z 0 0 0

-9 2 0 e e

5 5 ) . 5 5

0 0 0 5 0 3 0 0 0

-6 11 3 —13

_ il 1 =z -

L 5 0 5 0 0 5 0 5 |

84 Conclusion

In this work a new numeric and symbolic algorithm has been developed for finding the

inverse of a general nonsingular k-heptadiagonal matrix. The algorithm is based on Doolitle
LU factorization and it is reliable, computationally efficient. At last, we confirmed the validity of
the algorithm by two illustrative examples and we wrote a MAPLE procedure of the algorithm.
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