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Asymptotic analysis of a nonlinear stochastic

eco-epidemiological system with feedback control

ZHANG Sheng-giang!? MENG Xin-zhu'*

Abstract. This paper proposes a new stochastic eco-epidemiological model with nonlinear
incidence rate and feedback controls. First, we prove that the stochastic system has a unique
global positive solution. Second, by constructing a series of appropriate stochastic Lyapunov
functions, the asymptotic behaviors around the equilibria of deterministic model are obtained,
and we demonstrate that the stochastic system exists a stationary Markov process. Third, the
conditions for persistence in the mean and extinction of the stochastic system are established.
Finally, we carry out some numerical simulations with respect to different stochastic parameters
to verify our analytical results. The obtained results indicate that the stochastic perturbations

and feedback controls have crucial effects on the survivability of system.

81 Introduction

In the last many decades, epidemic has been a leading cause of death. To prevent outbreak
and expansion of infectious diseases, people have implemented some suitable measures, where
epidemiological models [4, 13, 24-27, 30, 32, 40] have given important insights to analyze the
spreading and control of epidemic. In general, we assume that the population comprises two
subgroups: susceptible individuals (S) and the already infected individuals (I). In [6], the ST
model is given by:

AS() _ go (0 psie) — o
e s(0)(a—bS() — e1(1)). (1)
S = 1(aS) — e~ f1(1)),

where a, b, ¢, d, e and f are positive constants. a denotes the recruitment birth rate, b and
f stand for the density restriction coefficients of S(t) and I(t), respectively. ¢ is the contact
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rate, d is the rate of transmission, e is the diseased death rate. There are some scholars who
have discussed several different ST models, the readers can refer to [16,23,31,41] and references
therein.

However, the infectious rate is a crucial factor in ST models, and there are some different
communication forms of infectious diseases according to principle of mass action. Bilinear
and standard incidences have been extensively applied in disease analysis [2,22]. In 1973, [5]
introduced a saturated incidence (see e.g. [23,25])

kI
9IS =147

into epidemic model, where kI denotes infection force, ﬁ represents the inhibition action.

When a = 0, we notice that the saturated incidence turns into a bilinear incidence (g(I)S =
kIS). According to the crowding effect of I(t) or some protection measures to S(t), the number
of effective contacts may saturate at a high level because the saturated incidence rate includes

the behavioral change and crowding action of infective individuals.

In the real world, ecosystems are continuously disrupted by unpredictable forces [12]. Most
often, the disturbance functions are called as control variables. In the last decades, many
scholars prefer to study ecosystem with the help of feedback controls (see [11,12,28]). For
instance, Gopalsamy and Weng [11] considered a feedback control variables into the logistic
model with delay, and obtained the sufficient conditions for the global asymptotic dynamics
of solutions, where control variables satisfy properties of certain differential equations. [28]
proposed feedback control variables in ST model with the bilinear incidence to explore the
global stability of the model. Specifically, Tripathi and Abbas [28] proposed the ST model
which is described by:

= s@(a- b5~ -0 (),
dI(t) cS(t)
=10 ( —d—el) + T2~ qv(t)), o)
dz;“ = —prult) + uS()
dztt) = —p2v(t) + q21(t),
with initial condition
S(0) >0, 1(0) >0, u(0) >0 and v(0) > 0, (3)

where u(t) and v(t) denote feedback control variables. k is inhibitory effect, and py, p2, g1 and g2
denote the feedback control coefficients. The else parameters have the similar meanings as for
system (1). According to biological considerations, all parameters k, p, q, p1, p2, 1 and g2 are
positive constants. We know that the solution of (2) with (3) is positive when ¢ > 0 in [21]. In
(2), the basic reproduction number Ry = % controls whether or not the disease persists,
here P = ZDQEP% and QQ = bp1p+lpq1' If d = Qac, Ry < 1 and (2kd + P + Qc?)a = kd, then
Ey(So,0,u0,0) is globally asymptotically stable. If Ry > 1 and ckI, < min{2b, 2(e + ckS.)},
then F,(Sk, L, us, vs) is globally asymptotically stable.

On the other hand, many scholars only considered the deterministic models that ignore the
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effects of environmental fluctuations. However, in the real world, environmental noise is one
of the vital elements in ecosystems. And almost all practical observations showed that the
stochastic fluctuations in biological growth process are obvious, and the probability of random
fluctuations is not small. Since the fluctuations exist, a real ecosystem can not maintain at
a steady state, and environmental perturbation will break this equilibrium either by directly
affecting the density or by indirectly changing the values of parameters. Therefore, in many
cases, it is imprecise to use deterministic models to analyze and predict changes in ecosystem
behavior. In order to adapt to different practical needs, it is necessary to use the stochastic
biological mathematical models to describe the ecosystem, so that the objective reality can be
more comprehensive understanding. Inspired by these ideas, many authors (see [1,3,7-10, 14,
15,17-19,21,29,33-39,42]) showed that it is more precise to reflect how the environmental noise
influences the population dynamics. [10] formulated a stochastic eco-epidemiological model with
a nonlinear functional response. By making use of the technique of inequalities and Lyapunov
methods, the authors showed that the larger environmental interference destroys the persistence
of the eco-epidemiology model. [36] proposed stochastic SIR and SEIR models with nonlinear
incidence rate, and proved that under some conditions, the solution exists a unique stationary
distribution and is ergodic. Hence making use of the model with stochastic fluctuations can
more accurately predict the dynamic behavior of the system. In what follows, we suppose that
environmental perturbations are directly proportional to S(¢) and I(t) and are affected on the
dS(t) and %(tt)

T in model (2), respectively.

For all we know, there are no investigators to consider the global dynamics of stochastic epi-
demic models with feedback control yet. Therefore, this paper discusses the global asymptotic
behaviors of a stochastic ST model with nonlinear incidence rate and feedback controls and
investigates the effect of environmental noise on the survivability of the model. Corresponding

to system (2), we take into account the stochastic system as follows:

dS(t) = S(t) <a —bS(t) — % - pu(t)> dt + 01S(t)dBy (),
dI(t) = I(t) (—d —el(t) + 1_7:1% - qv(t)) dt + 021 (t)dBa(t), (4)

du(t) = (=pru(t) + ¢ 5(t)) dt,

do(t) = (=p2v(t) + ¢21(t)) dt,
where 02 and 0 denote the noise intensity, B;(t) and By(t) are mutually independent standard
Brownian motions defined in the complete probability space (2, F, {F;}+>0, P) with a filtration
{Fi}+>0 satisfying the usual conditions.

Next, we mainly investigate the global dynamics of the new stochastic eco-epidemiological
model with nonlinear incidence rate and feedback controls. In view of feedback control, the
energy of the stochastic eco-epidemiological model is not conserved, which causes difficulties for
the model analysis. One of the main contributions of this paper is to solve the corresponding
difficulties.

This study is organized as follows. In the next section, the unique nonnegative solution of
(4) is proved. Section 3 discusses the global asymptotic behaviors of (4) around the equilibria
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of the corresponding deterministic system (2). And we validate that (4) exists a stationary
Markov process under certain conditions. In Section 4, the conditions for the persistence in
mean and extinction of (4) are obtained, we further present a number of simulations to illustrate

the main results and summarize our main results in Section 5.

82 Existence and uniqueness of the global positive solution

Ecologically, S(t), I(t), u(t) and v(t) in (4) are nonnegative for all ¢ > 0. Next, we verify
that the global positive solution is existent and unique.
Theorem 2.1. Model (4) with initial data (3) admits a unique positive solution (S(t), I(t), u(t),
v(t)) € RY with probability 1 for t > 0.

Proof. Since the coefficients of (4) are local Lipschitz continuous, then there has a unique local
solution (S(¢),I(t),u(t),v(t)) on t € [0,7.), where 7. denotes explosion time. Next, we prove
Te = 400 almost surely (a.s.), which shows that (S(t), I(t),u(t),v(t)) is global. Set ko > 1 large
enough such that S(0), I(0), «(0) and v(0) lie in [%, ko). For any k > ko, define the following
stopping time:

7 = inf {t € [0,7.) : min{(S(¢), I(t), u(t), v(t))} < % or max{(S(t), I(t), u(t),v(t))} > k}
Specifically, we let inf () = oco. Clearly 7, denotes a monotonically increasing function as k —
+o00. Let 7oo = limg—y 400 Tk, Whence 7o, < 7 a.s. If 7o = +00 a.s., so 7. = +0o0 a.s., for V¢ > 0.
By contradiction, there are constants T' > 0 and € € (0,1) such that P{roc < T} > . Thus,
for some ki > kg, it holds

Plre <T}>e, k> k. 5)
Next, one constructs a C?-function V: RY — Ry:
V(S, I,u,v) = qg(S—1—-InS)+qgp(l—-1—Inl)+ %UQ + %vz

+g(u—1—Inu)+ g (v—1—1nv)
= V(S I,u,v) + Va(u,v),
here
Vi(S, I, u,v) = q1g2(S — 1 —1InS)+qrgo({ — 1 —1InT) + %UQ + q%va
Va(u,v) = ga(u—1—Inu) + ¢ (v — 1 —Inw).
Using [t6’s formula yields
dV (S, I, u,v) = LVdt + q1g2(S — 1)o1dB1(t) + qrq2(I — 1)o2d Ba(t),

where LV = LV} + LV -

cl o?
L = -1 —bS — _ 1
|4 q1q2 ((S )(a —bS T A pu) + 5 >
cS o3
+q192 <(I 1)(—d — el + 5 il qu) + 2)

+pg2(—pru® + quS) + qq1(—p2v” + govl)
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2

cl o
= qq (aS —bS%?—a+bS+ Tkl + pu + 21) — p1pgau®

2

+qu+ 5

+q192 (—dI —el>+d+el — ) — qlqp2v2

cS
1+kI

¢ ¢
= —b 2 b— - I2 —d I
111(]2< S+ (a+ 1+M)S)+qup< el + (e + —I—kf) >
o} 03
+q2(—p1pu® + qipu) + ¢1(—gpav? + ¢2qv) + q1g2 (d a+ 5 + 5 ) ;

LV,

i (1-3) (= mu +a5@) +a (1- 1) (= o0 + er0)

S(t I(t
= q1¢2S(t) + p1g2 — prgau(t) — ql;}j(t)() + q1q21(t) + q1p2 — p2v(t) — mgz(t)( )

¢ ¢
LV = —bS? b— —— —el? +(e—d I
|4 (J1CI2( S+ (a+ 1+k1)5>+Q1Q2< el + (e + +k1) )
2 2 % U%
+q2(—p1pu” + qipu) + q1(—qp2v” + q2qv) + 162 <d a+ > + > )

S(t I(t
+q1q25(t) + p1g2 — p1gau(t) — (hfj(t)() + Q@) + qp2 — ap2v(t) - quQ(t)()

_ 12 __ ¢ —el? + (e —
- q1q2( bS2 + (a+b+1 1+M)S)+q1qQ( eI + (e d+1+1+k1)1)

2 0.2
+q2(—p1pu® + (1p — p1)u) + q1(—qp20? + (g2q — p2)v) + q1go (d —a+ =+ 2)

2 2
St agel(l)
+p1g2 + q1p2 (D) )

< —pS2 __ ¢
< max{q1q2< bS —l—(a—i—b—i—l 1+k])5)}
+max{qlfI2 [—612 (e—d+1+ 1+k1)f]}+maX{Q2(—p1pu2+(q1p—p1)U)}
2 ‘7% U%
+maX{(I1(—(IP2@ +(Q2q—p2)v)}+Q1Q2 d—a+?+7 +p1g2 + q1p2
< K

for some constant K > 0. Therefore
dV (S, I, u,v) < Kdt + q1g2(S — 1)o1dB1(t) + q1g2(1 — 1)o2d B (t). (6)
Integrating (6) from 0 to T A 7, = min{T, 73 }, further taking expectation, we have
EV(S(T A7), I(T A1), u(T A7g),v(T A1) < V(S(0),1(0),u(0),v(0)) + KE(T A 7%).
Therefore, we yield
EV(S(T A7), (T A7), u(T A7), v(T A1) < V(S(0), 1(0),u(0),v(0)) + KT. (7)
Let Q = {rx < T} for all k > k1, according to the inequality (5), we know that P(€y) > e.

Hence for any w € Q, there exists at least one of S(7y,w), I(7k,w), u(mg,w) or v(7g,w) which
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equals either % or k. As a result, we have

V(S(g,w), I (T, w), u(Tk,w), v(T, w)) > min {k —1—-Ink, % -1+ lnk} .
Then
V(ST A7), I(T A7)y w(T A1), v(T Ai)) > (k—1—1nk) A <; -1+ lnk) . (8)

Then combining equations (7) and (8), we yield
V(5(0),1(0),u(0),v(0)) + KT E [ng (W)V(S(1,w), I (g, w), u(7g, w), v(7, w))]

Y

Y]

e(k—1—1Ink) A <]1 1+1nk:),
where yq, is the indicator function of ;. When k — 400, we get
+oo0 > V(5(0),1(0),u(0),v(0)) + KT = +o0,

which is a contradiction. Thus, we prove that 7., = +00 a.s. O

83 Asymptotic behaviors

In [28], the authors have obtained two equilibria Eq(Sg,0,ug,0) and FE,(Sk, L., ., vs) for
model (2), and under certain conditions, they are globally asymptotically stable, respectively.
However, for corresponding stochastic system (4), the two equilibrium points are not existent.
In the part, we study the asymptotic behaviors of (4) around Ey and E, of (2), respectively.

3.1 Asymptotic behaviors around Ej of (2)

If d = Qac, Ry < 1 and (2kd + P + Qc*)a = kd, then Ey(So,0,uq,0) of (2) is globally
asymptotically stable. However (4) does not exist any equilibrium. Hence we investigate the
asymptotic behaviors of (4) around Ey(Sp, 0, ug,0).

Theorem 3.1. Assume that (S(t), I(t),u(t),v(t)) is the solution of (4) with the positive initial
data (3). When d = Qac, Ry <1 and (2kd + P + Qc*)a = kd, then
1 t 2 2
limsup +E /0 {(S(G) - so) L 10)? + (u(e) - uo) + v(a)ﬂ 9 <

t—+oo

S()U%
2L’

whereL:min{b, e, B2 M}.
q1 q2

Proof. Since Ey(Sp,0,ug,0) is the disease-free equilibrium of (2), then we get

api aqi
bSy +pug =a, —prug+qSo=0, So= ———, Ypg= ————.
0 T PUo P1uo T q150 0 PaL + b1 0 PqL + bp1
Define
S u— ug)? 02
V(S,I,u,v) = qq2 (S So — Soln S) +Q1QQI+PQ27( 5 o) +QQ1?-
0

Then
dV (S, 1, u,v) = LVdt + q1g2(S — So)o1dBi(t) + q1g2lo2d Ba(t), (9)
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where

2
LV = q [(S — ) (a —bS — S‘)"l]

_p“)+ 2

c

1+ kI
cS

—|—q1q2I< —d—el + Y qv)

+pga(u — ug) (—p1u + (hS) +qq1v(—p2v + q21)

= N4 {(S_ 50)[— b(S — So) — p(u —ug) — L} + SOU%}

1+kI 2
c eS|
Jrql(IQ(*dI*eIQ + 1+k1(5*50)1+ 1+2:11qu1)>

+pga(u — Uo)( —p1(u —ug) — pruo + ¢1(S — So) + Chso)
+qq1 (—p2v® + g21v)

= —q1q2b(S — 80)* — qigael® — p1pga(u — up)? — p2qqiv?
4192650 016250
I
Tkl T2 O
= —qq2b(S — S0)® — qugeel® — pipga(u — ug)® — p2qquv’
acpi1qiqe 1 419250 o
+ -1+ o
pqr +bpy 14Kl ) 2 1

—q1g2d] +

419250 o2

< —qgeb(S — So)? — qig2el® — pipga(u — ug)? — pagqiv® + —o— 5oL

Integrating (9) from 0 to ¢, and taking expectation, we have

EV(t) —EV(0) < —qlngE/Ot (5(9)—50) dﬂ—qlqgeE/OtI(g)ng
/ t (6)%d9

t 2
—plpng/ (u(@) - uo) df — poguE | v
0 0
S
+q1q22 0052t. (10)
Hence, dividing inequality (10) by ¢ and taking the limit superior yield

t
lim sup E/ [qlng(S(Q) - 50)2 + q1q2eI(0)? + p1pgo(u(8) — ug)? —i—pzqqlv(@)ﬂd@

t——+o0

< (J1(12500 %
Dividing both sides of the above equation by ¢1¢2, we get

lim sup 1E/t [b(S(@) — So)% +el(0)* + Plp( (0) — up)? i P2Qv(9)2}d9 < Soo'%’
0

t—+o00 t q1 q2 h 2
i.e.
2 Sno2
lim sup ]E [ 0 + I1(6) + (u(@) - uo) + 1}(9)2:| do < 071 ,
t—4o0 2L
where L = min {b e, pq—, pquq} . O

Corollary 3.1. Taking into account Theorem 3.1, when o1 = 0, then

LV < —q1q2b(S — S0)?* — qigael® — p1pga(u — ug)® — pagqiv® < 0,
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hence, if d = Qac, Ry < 1 and (2kd + P + Qc?®)a = kd hold, then Ey(So,0,u0,0) of (2) is
globally asymptotically stable.

Remark 3.1. To Theorem 3.1, when the environmental fluctuation is small enough, the
solution (S(t),I(t),u(t),v(t)) of (4) fluctuates around Ey(Sp,0, up,0), and the noise intensity

is dependent on o?.

3.2 Asymptotic behaviors around E, of (2)

If Ry > 1, ckl. < min{2(e + ckS.),2b}, system (2) has an equilibrium FE, (Sk, L, ., vs).
However, (4) does not have stead-state. Next, we prove the asymptotic behaviors of (4) around
E.(Ss, I, uy,v,) under certain conditions.

Theorem 3.2 Assume that (S(t), I(t),u(t),v(t)) is the solution of (4) obtained in Theorem 2.
When Ro > 1, ckl, < min{2b, 2(e+ ckS.)}, we derive

215

lim sup 1E/O [(S(G) — 8%+ (I(0) — L)? + (u(8) — u)? + (v(0) — v,)?|do <

t——+o0
where

. P2qq1 }’ W= 41925+« o a1q21 5

q192¢ o2 1 o
1+ k1 PP 15 2 VT + kL)Y
stmultaneously (4) exists a stationary Markov process.

m = min {Chthb,

Proof. Tt follows from E, (S, L, u., vs) of (2) that
cl,

a—bS, — 1_’_%’* — pu, =0,
CO«
—a — I* - x — U,
d—el, + 15 kL qu 0
—p1us + @15« =0,
— P2V "‘QQI* =0.
Define
V(S I,uv) = S—S -S4+ 12 (il
s 4y Wy 4142 * * S* 1—'—]{}]* * * I*
(u—uy)? g (v—vy)?
PR T 2
L q1q2 qq1
= qqgVi+ 1+I<:I*V2+pQQV3+71+kI*V4'
With help of Itd’s formula, we have
dV1 = L‘/ldt + (S - S*)O'ldBl(t),
with
[ cl S,.02
LVi = (S—8)|a—bS——“— _ +07
7 (S S)_a S T pu—|—2
I cl, cl S.o?
[ eI —1,) S.o?
( )| G (1+kl)(1+k:1*)] 2
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oS~ S)(I L) , S.o}

= WS =857 =p(S = S)u—w) ~ A TR T

Similarly, we have

LV, = (I

:([

:([

= —e(I L) —q(I —L)(v—u.)+ >

dVy = LVadt + (I — I*)O'QdBQ(t),

cS I*ag
—I*)[—d—el—l—l_‘_kl—qv}—i— 5
cS. cS I.02
— 1) |el. — - e—el + ——— — *22
)[e Trkr, T T q“}“ 2
c((s=8)=k(S.I-SL))] 1.3
“ L) |—e(I = 1) = q(v—v. *
J|meI = L) =av = v) + =4 A L

325

(S—S)I-1) ckS.(I-L)* | Lo}

1+ kI (14 kI (1 + KI,)

Also, we get

Thus, we have

LV =

IN

Obviously, we

G1q2Ss o @1q21L,

dVs = (u—us)(—pru+ @1 S)dt
= (u—u*)[—pl(u—u*)—plu*—i-ql(S—S*)—i-qlS*]dt

= [—pl(u—u*)2—|—q1(S—S*)(u—u*)]dt
dV4 = (?] — ’U*)(—pQU + QQI)dt
= (v—v*)[—pz(v—v*)—pgv*+qz(I—I*)+qzl*}dt

= [71)2(1; —v)? 4 (I — L) (v — U*)}dt.

q1q2(I — L)

dv = LVdt — S)ordBy(t dBy(b),

v Vdt + q1g2(S — S«)o1dBy(t) + A 2(t)
4192 qq1

q1g2 LVy + T4 bl LV3 + pgadVs + 1+kI*dV2L

—q1q2b(S — S*)2 — 0142p(S = S:)(u — ux) — q“ﬁC—(kSk;)(Sl*)-ilk;*)l*)

0192507 qigee(I = L)*  qigackS.(I — L) qigaq( — L)(v — vs)

T T T ifEL (1 + k(1 + k)2 1+ kL,

n1gac(S = S)(I = L) | qig2lo3
(1+kI)(1+ kL) 2(1 + kI,

2

) — p1pga(u — uy)

P2q149 2 q14929
F0aap(S = S)(u— ) = 20— 0 + BT L) -0,
e
~q1g2b(S — S5.)% — LT 1)? — pipga(u — w.)?

14kl

S, I,
- ﬁgg (v =0+ Chq; ot 2(6111121 )05'
note that if

q192€

IZ, pipgau

2

2 : 2 2 D2q1q4 o
01+2 05 <mm{q1q2b5*, - 1+kI*U*}’

(14 kL) 1+ kI,

2



326 Appl. Math. J. Chinese Univ. Vol. 37, No. 3

then the domain

—q1g2b(S — S.)?  — n2e

1+ kI,
P2iq o 01925k o q1g2ls
TR T T s
lies entirely in Ri. With the help of [9, Lemma 3.1], let U be any neighborhood of the domain
with U C R%, thus for every (S,1,u,v) € R} \ U, we get LV < —C (C represents a positive
constant). Therefore, the system (4) has a stationary Markov process.

(I - I*)2 —p1p92(u - u*)2

02 <0

Further, integrating (11) from 0 to ¢, then taking expectation, we yield
¢

EV(t) —EV(0) < —qlngE/O (S(Q)—S*)2d9—p1pq2]E/0 (u(f) — u,)?do

Cawe g (Mo a2 [Ce e
E/O (1(6) — 1.)%d0 IE/( (6) — v,)2d

1+ kI, 1+ kL J,
(I1q25* 2 thqﬂ* 2
t t.
Tt )

By simple calculation can get

1 t I _ I* 2
lim sup ZIE/ [(hng(S(G) _ S*)Q + q1q2e(1(0) )
0

+ p1pg2(u(f) — u.)?

t——+oo 1 + kI*
p2q1q(v(0) — vy)? G125 5 agl.
do < =
TR =Ty a7
clearly
t
E fy [(S(0) = 8.+ (1(0) = L)* + (u(0) = w.)* + (v(0) — v.)2] a0y
lim sup < —, (12)
t—+o00 t m
where
. q1qe€ D241 41925+ o qals 5
- p, 42 dw = )
m mm{m "1t kL PP 1+kl*} and W 2 ‘1T o1+ k)72
O

Corollary 3.2. Taking into account Theorem 3.2, when o1 = 09 = 0, we yield

q192¢ p2a19
LV < —qipb(S = 8.)° = T (1= L) = papga(u = wa)? = 75 (v = v)* <0,

Therefore, if Ry > 1, ckl, < min{2(e 4 ckSy),2b}, then E.(S«, L, u.,vi) of (2) is globally
asymptotically stable.

Remark 3.2. It follows from Theorem 3.2 that if the environmental fluctuation is small
enough, then solution of (4) fluctuates around E, (S, L, u+, v.). In addition, the noies intensity

is positively correlated with o2 and o3.

84 Survivability analysis

In random sense, we know that (4) does not exist equilibria, though we have learned the
stability of the equilibrium points for (2), it can not illustrate the persistence of (4). Based on
this, in the following, we study the persistence in mean and extinction of (4), because these two

properties are vary important in a ecosystem.
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Definition 4.1. ( [23]) Extinction and persistence in mean are defined as follows.

1. We call the population X () extinct if
lim X(¢t) =0 as.

t—+o00

2. We call the population X (¢) persistent in mean if

1 t
liminf fE/ X(6)dd > 0 a.s.
0

t—+oo t

4.1 Persistence in mean

Theorem 4.1. Assume that (S(t), I(t),u(t),v(t)) is the solution of (4) with (3). When Ry > 1,
ckl, < min{2b, 2(e + ckS.)} and

0 = max{on. o2} < min {8 [ 1[G [ o [

hold, then we get

t—+oo t

1 t

lim inf fIE/ S(6)do > 0,
0
t

lim inf 1IE/ 1(0)do > 0,

t—+oo t 0

1 t
lim inf fE/ u(6)dd > 0,
0

t—+oo

1 t
lim inf fE/ v(0)dd > 0,
0

t—+oo t
where
_ 01925 q1G21

Wo > o0+ kL)

and m is defined in Theorem 3.2.

Proof. Taking into account inequality (12) in Theorem 3.2, we yield

t
lim sup 1]E/ (S(0) — S.)%do < —,
0

t——+oo

t
lim sup 1]E/ (I(0) — I,)%do < —,
0

t—+oo

t——+o0

m
1 t
lim sup f]E/ (u(8) — u*)2d9 < K,
O m
w

1 t
lim sup fIE/ (v(0) — v,)*d <
0 m

t—+o0
When S(t) > 0 and S, > 0, applying the inequality 25(¢)S, > S? — (S(t) — S.)?, we get
S, (S(1) - 5.)°

t) >
S( ) - 2 25,
Moreover
01925+ q1q21. o o | q1q25x q1q21« 9
W = < = a“Wy.
2 Ut k)2 TR A ] R
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If o < S, %, we yield

Similarly, if a < I,

¢
lim inf 1I[-E/ 1(9)do
0

t—+oco t

If a < usy Wﬂo’ we have
t
lim inf f]E/ u(6)dé
t——+o0 0
If o < v, %, we have

completing the proof.

v

Y

vV

Y

v

v

v

IV
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t _ o2
S — limsup 1E/ (500) = 5.)°
0

2 isteo 28,
% _ w > & _ a2W0
2 25.m — 2 25.m
0.

de

2
)d0

2
)d9

I, 1, [t 16 -1,
— — limsup fE/ L
2 t——+o0o 0 2[*

£ - w S E - a2Wy

2 2I.m — 2 2I.m
0.

* 1 t — Wx 2
Y Jimsup LR / (W) = us)® 10
2 t——+oo 0 2“*

Us w S Us oWy

2 2u.m — 2 2u,m
0.

Vs 1 b (v(0) — .
i “E MY PR

R
Vs W S Vs oWy
2 2u,m 2 2u,.m
0,
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O

Remark 4.1. Theorem 4.1 indicates that if Ry > 1, ckl, < min{2b, 2(e + ckS.)} and the

noise is sufficiently small, system (4) will be persistent in mean. And it also illustrates that the

population can resist a sufficiently small intensity of random disturbance from environmental

to keep persistence.

4.2 Extinction

Extinction is also an important property in biological mathematical system. In the subsec-

tion, we give a lemma which is used for the proof of population extinction.

Lemma 4.1. ( [20]) Suppose X (t) € C[Q x Ry, R}], here R} := {ala > 0,a € R}.

1. If AN, B; and constants Ao > 0, T > 0, when t > T, satisfying

t n
In X (t) < At — )\0/ X(0)do +>_ BiBi(t) as.,
0

i=1
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then
lim X(¢t) =0 a.s., if A <0
t—4o0
A
lim sup f/ X(0)dd < — a.s., if A >0.
t—+00 Ao

2. If 3B; and constants A > 0, A\g > 0, T > 0, when t > T, satisfying

t n
In X (¢) > At — Ao / X(0)d0+ > BiBi(t) a.s.,
0 i=1
then hmmf / X(0)do > — a.s.

Theorem 4.2. Assume that (S(t),I(t),u(t),v(t)) is the solution of (4) with (3). If 0% >
2a, then

lim S(t)=0a.s., lim I(t)=0a.s, lim u(t)=0a.s, lim v(t) =0 a.s.

t—+oo t—+oo t——+oo t——+o0

Proof. By Ito’s formula to (4) implies that

_ () o?
dinS(t) = ( IR —pu(t) — 5 dt + 01d By ()
S ( - — bS )) dt + O'1dB1( ) (14)
then by direct calculations, we yleld
1, S(t) o? b [t 1/t
Z < 1)z Z .

Since 0§ > 2a, from Lemma 4.2, it holds

lim S(t) =0 a.s.

t——+o0
Similarly, we have

dlnI(t) = (—d —er(ty + W

2
93

———— —qu(t) — = | dt dBs(t).

1+ kI(t) wit) =5 ) +024B2(t)

According to lim;_, S(t) = 0 a.s., when ¢t > T, there exists a constant ¢ > 0 small enough

satisfying S(t) < ¢, therefore

dlnI(t) < (e —d—el(t) — Gf) dt + o2dBs(t). (16)

1 (()) <6d02§):/()tI(H)d9+1/0t02d32(9)~

Combined Lemma 4.2 with the arbitrariness of ¢, it yields

lim I(t) =0 a.s.

t——+o0

then

Thus, from (4), one has

lim u(t) =0as., lim v(t)=0as.
t——+o0 t—+o0
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Remark 4.2. Theorem 4.2 indicates that when environmental noise is large enough, the
populations will be extinct.
Theorem 4.3. Assume that (S(t),1(t),u(t),v(t)) is the solution of (4) with (3). When

bos + coi > 2(ac — bd),

0? < 2a and ba <1
bps
hold, then we obtain
2

— 102 LS(6)d6 ts@yao (a- %) (1- )

27 3% > 1imsupu > lim inf fO ) > 2 P >0 a.s.,
b t— 400 t t—+o0 t b

lim I(t) =0 a.s.,

t—+oo )
(o= %) (- 8)

w > ligligop u(t) > ltiinjg u(t) > prl 1) 5 0as ,

lim v(t) =0 a.s.
t—+oo

Proof. Since the solution of (4) with (3) is nonnegative, and from (4), it yields
dS(t) < S(t)[a — bS(t)]dt + o1 S(t)dBs. (17)
We therefore have (15) by simple calculation (17). When o? < 2a, in other words, a — %% >0,

by Lemma 4.2, we find that
1.2
a— 50
271 as.

1 t
limsupf/ S(6)do < (18)
t—+oco b Jo b
Next, we investigate the second equation of (4). Making use of (18), we yield
_ 152
dI(t) < I(t) {—d —el(t) + M] dt 4+ 021 (t)dBa(t). (19)
Using It6’s formula to (19), we can obtain
_ 1,2 2
dlnI(t) < <d —el(t) + C(a%f(jl) - 022> dt + o2d Ba(t). (20)

Simple calculations shows that
1. I(t) 03 cla—30}) e /t 1 /t
-h—=<(-d-——+——F"———=|—- [ I(#)dd+ - dBs(0).
tnI(O)_( > T p ), (03045 | o2dBs(6)

If bo3 + co? > 2(ac — bd) hold, that is to say, —d — %5 + c(a%ﬁ‘f) < 0 hold, making use of

Lemma 4.2, we know

N

lim I(t) =0 a.s. (21)

t——+oo

By (4), when equation (21) is satisfied, we easily get

lim v(t) =0 a.s.
t——+o00
Taking account of the third equation of system (4), when equation (18) holds, we get
1.2

du(t) < (—plu(t) n ql(“;?"l)) dt,

a—Lto2)
x(t) = 7(]1( ; 271) + cexp(—pit)
P1
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is the solution of the following equation:
_ 1,2
da(t) = <—p1x(t) n M) dt.

According to comparison theorem u(t) < x(t), we yield
1
2

1 2
< qi(a o)

u(t) <

+ cexp(—p1t),
o (—p1t)

then

limsupu(t) < ————=—= as., (22)
t—+o0 bp

where ¢ is some constant.

Next, we consider the first equation of (4) again, when equation (21) and equation (22)
hold, we yield
qi(a — 30%)

ds(t) > S(t) {a —bS() = = -

Similarly, by Itd’s formula to (23), we get

() () s oo

Ifa— % > 0 and % < 1 hold, that is to say, (a - %f) (1 - %) > 0 holds, by Lemma 4.2, it
yields

ba1

Eighigofi/ot S(0)dé > <a _ [;l)b( _ le) >0 a.s. (25)

Finally, we consider the fourth equation of (4) again, when (25) holds, we have

du(t) > |—pru(t) + z (a _ 0212) ( _ %) dt,

by computation, we find that

D8

liminfu >0 a.s.
t—+oo bp1
Based on the above work, when
bos + coi > 2(ac — bd),
0? < 2a and ba <1
bp1
are satisfied, we get
2
— 102 ' S(6)do ‘s@oydo (a— %) (1-2)
4739 > lim sup M > lim inf fo (9) > 2 P > 0 a.s.,
b t—+o00 t t—-+o0 t b
lim I(t) =0 as.,
t—+o0 )
(o9 (- )
M > limsup u(t) > liminf u(t) > 2 1) S 0as ,
bp1 t—+00 t—+o00 bp1
lim v(t) =0 a.s.
t——+o00
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Remark 4.3. By Theorem 4.2, we can give these biological significance as follows:

1. The condition bo3 + co? > 2(ac — bd) shows that when the intensity 0% and o3 of envi-

ronmental fluctuations are bigger, the infected individuals I(¢) is extinct;

2. The conditions of < 2a and P < 1 implies that when o7 is smaller and the feedback con-
trols have also less harmful to the susceptible individuals, then the susceptible individuals

S(t) is persistence in mean.

Therefore, we can obtain that making use of the environmental fluctuations reasonably and
decreasing the perniciousness of the feedback controls to the susceptible individuals S(¢) which

are advantageous to control the development of infectious diseases.

85 Simulations and Conclusions

Next, we present some numerical simulations. We investigate the discrete equations as

follows:
cl,
= n - n - n A nAW 3
Spy1 =5+ 8 (a bS, 15 kL pu t+ o015 1k
cS,,
In+1 =1,+1, (d —el, + it kIn — qUp At + (TQInAWQk,

Unt1 = Up + (—prun + q15n) At,
Unt1 = Un + (=pavn + q21n) At,
where At = 0.01, AW, = Wi(tgr1) — Wi(te) (0 = 1,2) is the Gaussian distribution N (0, At).
In Figure 1, we set S(0) = 0.12, I(0) = 0.12, w(0) = 0.12, v(0) = 0.12, a = 0.35, b = 2,
c=3,d=02l,e=1,p=15,q=1,p1=1,p2=2,¢1 =2,q2 =1, k=0.1, 07 = 09 = 0.02,
and At = 0.01.
By computation, we get that

Eo = (So,Io,uO,Uo) = (0.07,0,0.14, 0), RO =0.018 < 1.
The result of Figure 1 shows that it satisfies the result of Theorem 3.1.

(a) (b) (©
02 }
—s()
—I 0.1
=015 —u) =0.
2 v(t) = 0.08
ERO 3 £0.06
= = 0.04
Z o005 =
< < 0.02
0 0
0 50 100 150 200 0 50 100 150 200 004 006 008 01 0.12

t t S(b)

Fig 1. (a) The deterministic model (2) with 03 = o2 = 0; (b) The stochastic system (4) with
o1 = o2 = 0.02; (c) Phase portrait: the red line describes (2), and the blue orbit expresses (4).

In Figure 2, we set S(0) = 0.12, I(0) = 0.12, u(0) = 0.12, v(0) = 0.12,a = 0.3, b =2, ¢ = 3,
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d=015,e=1,p=02,¢q=001,p1=1,p2=8,¢q1: =15, ¢ =2, k=8, 0y = 05 = 0.02, and
At = 0.01.

a b
0.2 @ 0.2 (b} 0.12
—S(t) —S(t)
—I(t) —I(t) 0.1
=015 —u(t) =015 —u(t)
= - > -
3 v(t) s v(t) 0.08
301 301 =z
= = 0.06
= =
& 0.05 K & 0.05 w 0.04
0 0 0.02
0 50 100 150 200 0 50 100 150 200 0.06 0.08 0.1 0.12 0.14

t t S(t)

Fig 2. (a) The deterministic model (2) with o1 = o2 = 0; (b) The stochastic system (4) with
o1 = o2 = 0.02; (c) Phase portrait: the red line describes (2), and the blue orbit expresses (4).

Then, we get that
E, = (S, I, us,v,) = (0.0878,0.0443,0.1317,0.011),
Ry =1.4263 > 1, 2b =4 > ckl, = 1.0632,
2(e + ckS,) = 6.2144 > ckI, = 1.0632.
The result of Figure 2 proves that it satisfies our conclusion in Theorem 3.2.
In Figure 3, we choose 01 = 02 = 0.01, other parameters are all same with Figure 2. Figure
3 indicates that the solution for the stochastic system (4) fluctuates in a sufficiently small
domain. Considering Figure 3 (b) and (c), one can know that there exists a stationary Markov

process. The result of Figure 3 shows that our conclusions are true.

a b C
0.2 (@ 100 (b) 200 ©
—S(t)
—I(t)
=015 u 8 150
> —
3 v(t) 60
,3 0T bt i / el 100
e MM 20
=
T 0.05 fuapmmtrs ks s o 20 50
0 0 0
0 500 1000 1500 2000 0.07 0.08 0.09 0.1 0.11 0.12 002 0.04 006 0.08 0.1 0.12
t The density function of S(t) The density function of I(t)

Fig 3. (a) Time series diagram of (4); (b) The density functions of S(¢); (¢) The density
functions of I(t).

In Figure 4, one can choose the parameters of (2) as follows:
5(0) = 0.12, I(0) = 0.12, w(0) = 0.12, v(0) = 0.12, a = 02, b =2, c =3, d = 0.1, e = 1,
p=05,¢=01,p=1,p2=6,¢ =15, ¢ =2, k=6, and At =0.01.
Under this condition, we obtain that
E, = (S, L, us, v) = (0.04856, 0.0255,0.0728, 0.0085),
Ry =1.1888 > 1, 2b =4 > ckl, = 0.459,
2(e + ckS,) = 3.74816 > ckI,. = 0.459.
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0.15

—S(t)
—I(t)
= —u(t)

> 0.1 vit)

=005

S(),1(t),u(t),v(t)

0 50 100
t t t

Fig 4. (a) The deterministic model (2) with o1 = o2 = 0; (b) Persistence in mean of stochastic
system (4) with o7 = 02 = 0.05; (c) The extinction of stochastic system (4) with o1 = 0.66,
09 = 0.01.

In Figure 4 (b), we let 01 = 09 = 0.05. Then, we have

a—max{01,02}005<m1n{ \/> \/» u\/> \/>}—04613

Therefore, Theorem 4.1 holds. Figure 4 (b) illustrates that if the noise perturbations are small
enough, the solution is are persistent in mean.

In Figure 4 (c), we set 01 = 0.66, 05 = 0.01. Then we get 07 = 0.4356 > 2a = 0.4, which
satisfies Theorem 4.2. Figure 4 (c) shows that if the noise perturbation o is large enough, the
solution is extinct.

In Figure 5, we choose the parameters of (2) as follows:

S(0) = 0.03, 1(0) = 0.03, u(0) = 0.03, v(0) =0.03, a =0.1,b=1,c=0.3,d =0.02, e = 0.1,
p=01,¢=001,p=1,p2=6,¢ =1.5,¢g2 =3, k=6, and At = 0.01.
Then, we obtain that
E, = (S«, L, us,vy) = (0.0823,0.0198,0.1235,0.0099),
Ry =3.698 > 1, 2b =2 > ckl, = 0.0356,
2(e + ckS.) = 0.3481 > ckl,. = 0.0356.
In Figure 5 (b), we let 01 = 0.2, 02 = 0.2. Then, we have
bos + cot = 0.052 > 0.02 = 2(ac — bd),

02 =004 <0.2=2a and éﬂ =015 < 1.
P1

Therefore, the all conditions of Theorem 4.2 are satisfied. Figure 5 (b) illustrates that if the
feedback controls have less effects on the susceptible individuals, then the healthy individuals
are persistent in mean.
In Figure 6, we choose the parameters of (2) as follows:
S(0) =0.03, I(0) = 0.03, u(0) = 0.03, v(0) =0.03, a =0.11, b=1, ¢ = 0.5, d = 0.026, e = 0.1,
p=20.5,¢q=0.01, p1 =0.99, po =6, 1 =2, g2 = 3, k =6, and At = 0.01.
Hence, we obtain that
E. = (S, L, ux, vs) = (0.05386,0.00354, 0.10881, 0.00177),
Ry =2.7568 > 1, 2b =2 > ckl, = 0.0106,
2(e + ckS,) = 0.5232 > ckl. = 0.0106.
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a b
015 (@) 4 (b)
—S(t)
1t H

= —u(t)
2 0l / —v
3 F
=005
RER N

0

0 200 400 600 800

t t

Fig 5. (a) The deterministic model (2) with o3 = o9 = 0; (b) Persistence in mean of stochastic
system (4) with o7 = 09 = 0.2.

In Figure 6 (b), we let 01 = 0.2, 02 = 0.2. Then, we have

bos + co? = 0.06 > 0.058 = 2(ac — bd),

02 =0.04 < 0.22=2a and ? = 1.0101 > 1.

P1
It follows from Figure 6 (b) that if the feedback controls have great effects on the susceptible

individuals, then the susceptible population goes extinct. Comparing Figure 5 (b) with Figure
6 (b) shows that the feedback controls have significant effect on persistence and extinction of

the susceptible population.

(@) 04 (b)
—stH —s()
0.1 —I(t) —It)
= —ult) 203 —u(
2008 —v 2 —v(v
20.06 30.2

=004 =
& & 0.1
0.02 k

0
0 200 400 600 800 0 200 400 600 800
t t

Fig 6. (a) The deterministic model (2) with o7 = 02 = 0; (b) The extinction of stochastic
system (4) with o1 = 09 = 0.2.

Based on a deterministic SI epidemic model derived by Tripathi and Abbas [28], we propose
a stochastic model with saturated incidence rate and feedback controls. Firstly, the existence
and uniqueness of the global positive solution of (4) is proved. Then, by stochastic Lyapunov
functions with feedback controls u(t) and v(¢) and inequality techniques, we obtain the asymp-
totic dynamics around the equilibria of (2) and prove that the solution of (4) is a stationary
Markov process, which implies that the solution of (4) can fluctuate around the equilibria of (2).
Moreover, the fluctuation range is dependent on oy and oy. Lastly, we investigate the survival
of (4). These results show that the stability of the population system can resist on the exter-
nal noise disturbance is restricted. When the noise perturbation is small enough, the stability
of the system has little effect; however, when the perturbation is bigger, it can result in the
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extinction of population. At the same time, we show that feedback controls are advantageous
to the control of the infectious disease. [10] and [36] only consider the effect of environment
interference on the epidemiological model. By comparison, the feedback control in this paper
has a realistic significance for the extinction of the disease. Therefore, we should take accoun-
t of the environmental distribution reasonably and decrease the harmfulness of the feedback
controls to the susceptible individuals which have important guiding significance for controlling
disease. Without stochastic effects, our results are completely consistent with that given in [28].
Consequently, we really extend and develop some results and methods of deterministic models
with feedback controls.

Therefore, we summarize the main results as follows:
e Asymptotic behaviors:

1. When d = Qac, Ry < 1 and (2kd + P + Qc?)a = kd, the solution of (4) fluctuates

around Ej of (2). Furthermore, the extent of fluctuation is dependent on o?;

2. When Ry > 1 and ckl, < min{2b, 2(e+ckS,)}, the solution of (4) fluctuates around
E, of (2). There is a positive correlation between the extent of fluctuation and the
intensity of environmental disturbance o7 and o3. Furthermore, when o? and o3

small enough, the solution of (4) has a stationary Markov process.
e Survivability analysis

1. When Ry > 1, ckl, < min{2b, 2(e + ckS.)} and

a_max{01,02}<mln{ \/7 \/7 “*\/;0 \/7}

hold, the solution of the stochastic model (4) is persistent in mean;

2. When o > 2a, the populations of system (4) is extinct;

3. When
bag + co? > 2(ac — bd),
Ppa1
01 <2a and — <1
bp1
hold, then we get
a0t Jo S(0)d0 L5(0)d0  (a— Sh)(1— b

> lim sup =2 > liminf 22
b - t_>+oop t ~ t—=+oo t - b

lim I(t) =0 a.s.,
(t) > o (a-%)(1-5)

t—+oo

¢ (a— 307)

> limsup u(t) > liminf (¢ >0 a.s
bp - t—>+oop ®) 2 t—+o0 - bp:
lim v(t) =0 a.s.,
t—+oo

that is, I(t) and v(¢) are extinct, S(t) and u(¢) are persistent in mean.

e Stochastic distribution and feedback controls have important effects on the dynamics
behaviors of the epidemic model.



ZHANG Sheng-giang, MENG Xin-zhu. A nonlinear stochastic eco-epidemiological system... 337

Some amusing topics deserve further study. One can consider some realistic and complex

issues, for example, a stochastic feedback control model with impulsive effects or a stochastic

feedback control model with delays.
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