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The convergence rate and necessary-and-sufficient
condition for the consistency of isogeometric collocation
method

LIN Hong-weil* XIONG Yun-yang! HU Hui!
YAN Jia-cong! HU Qian-gian?

Abstract. Although the isogeometric collocation (IGA-C) method has been successfully uti-
lized in practical applications due to its simplicity and efficiency, only a little theoretical results
have been established on the numerical analysis of the IGA-C method. In this paper, we deduce
the convergence rate of the consistency of the IGA-C method. Moreover, based on the formula
of the convergence rate, the necessary and sufficient condition for the consistency of the IGA-C
method is developed. These results advance the numerical analysis of the IGA-C method.

81 Introduction

For the integration of CAD and CAE, Hughes et. al. [22] developed the isogeometric anal-
ysis (IGA) method. Since it is based on non-linear NURBS basis functions, the IGA method
can directly process the CAD models represented by NURBS, and avoid the tedious mesh
transformation procedure.

Because the degree of the non-linear NURBS basis function is relatively high, it is possible
to seek a numerical solution, i.e., a NURBS function, by applying the collocation method on
the strong form of a differential equation. In this way, the isogeometric collocation (IGA-C)
method was proposed [2]. Then unknown coefficients of the NURBS function can be determined
by solving a linear system of equations, which is constructed by holding the strong form of the
differential equation at some discrete points, called collocation points.

The IGA-C method is a simple and efficient method for solving the unknown coefficients
of the NURBS function. A comprehensive study [31] revealed its superior behavior over the
Galerkin method in terms of accuracy-to-computational-time ratio. Due to these merits, the
IGA-C method has been successfully applied in some practical applications. However, the
thorough numerical analysis for the IGA-C method is far from being established. Auricchio
et. al. developed numerical analysis of the IGA-C method in one-dimensional case [2]. In the
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generic case, only some sufficient conditions were presented for the consistency and convergence
of the IGA-C method [27].

In this paper, we first develop the convergence rate of the consistency of the IGA-C method,
and then present the necessary and sufficient condition for the consistency of the IGA-C method,
specifically, for a given boundary (or initial) problem with DT = f (refer to Eq. (1)), where
D is its differential operator. Suppose T, is its numerical solution, represented by a NURBS
function, and Z is an interpolation operator such that Zf = DT,. The IGA-C method is
consistency, if and only if D and Z are both uniformly bounded when the knot grid size tends
to 0.

The structure of this paper is as follows. In Section 1.1, some related work is briefly reviewed.
After introducing some preliminaries in Section 2, an introductory example is presented in
Section 3. Moreover, the convergence rate of the consistency of the IGA-C method is deduced
in Section 4, and the necessary and sufficient condition is developed in Section 5. In addition,
some numerical examples are presented in Section 6. Finally, Section 7 concludes the paper.

1.1 Related work

As stated above, the IGA method [22] was proposed to advance the seamless integration of
CAD and CAE, by avoiding mesh transformation. Moreover, since it has much less freedom
than the traditional finite element method, the IGA method can not only save lots of compu-
tation, but also greatly improve the computational precision. Additionally, owing to the knot
insertion property of the NURBS function, the shape of the computational domain represented
by NURBS can be exactly kept in the mesh refinement. Due to these merits, the IGA method
draws great interests in both practical applications and theoretical studies. On the one hand,
the IGA method has been successfully applied in lots of simulation problems, such as elastic-
ity [1,17], structure [13,23,33], and fluid [8,9,11], etc. On the other hand, some research on
the computational aspect of the IGA method has been developed to improve the accuracy and
efficiency by using reparameterization and refinement, etc. [5,7,12,24,36,37]. Recently, an op-
timal and totally robust multi-iterative method was developed for solving IgA Galerkin linear
system [15]. For more details on the IGA method, please refer to Ref. [18] and the references
therein.

Since a NURBS function has a relatively high degree, its unknown coefficients can be de-
termined by making the strong form of the PDE hold at some collocation points, which leads
to the IGA-C method [2]. Schillinger et. al. presented a comprehensive comparison between
the IGA-C method and the Galerkin method, revealing that the IGA-C method is superior to
the Galerkin method in terms of accuracy-to-computational-time ratio [31]. Lin et. al. devel-
oped some sufficient conditions for the consistency and convergence of the IGA-C method [27].
Moreover, Lorenzis et. al. proposed the IGA-C method for solving the boundary problem with
Neumann boundary condition [16].

Besides the traditional collocation schemes, such as Greville points and Demko points [2],
some new collocation schemes were developed recently. Based on the orthogonal collocation
and superconvergence theory, the superconvergent point scheme was proposed, which converges
in the first derivative norms at rates similar to that of the Galerkin solution [6]. Furthermore, a
subset of superconvergent points is chosen to reach optimal convergence rate for odd degrees [29].
In Ref. [21], it is shown that the collocation sites that produce the Galerkin solution exactly
exist, and the variational collocation scheme is designed. Moreover, Cauchy-Galerkin point
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scheme was presented so that collocation performed at these points can reproduce the Galerkin
solution of various boundary value problems exactly [20]. Recently, Wang et al. developed the
superconvergent isogeometric collocation scheme with Greville points [34].

The IGA-C method has been successfully applied in some practical applications. For in-
stance, the IGA-C method was employed in solving Timoshenko beam problem [10] and spatial
Timoshenko rod problem [4], showing that mixed collocation schemes are locking-free indepen-
dently of the choice of the polynomial degrees for unknown fields. Moreover, the IGA-C method
was extended to multi-patch NURBS configurations, various boundary and patch interface con-
ditions, and explicit dynamic analysis [3]. Recently, the IGA-C method was exploited to settle
the Bernoulli-Euler beam problem [30], the Reissner-Mindlin plate problem [25], Kirchhoff-
Love plates and shell problem [28], Reissner-Mindlin shell problem [26], Cosserat rods and rod
structure problem [35], and structural dynamics [19]. However, only very limited theoretical
results for the IGA-C method were developed [2,27] currently, and the numerical analysis for
the IGA-C method is still far from being established.

82 Preliminaries

Suppose the IGA-C method is employed to solve the following boundary problem,
DT = f, in Q c R?, )
gT =g, on 0f),

where  C R? is a physical domain of d dimension, D : V — W is a bounded differential
operator, where V and W are two Hilbert spaces, GT' is a boundary condition, and f : Q — R,
g : 09 — R are two given continuous functions defined on their domains. Suppose the analytical
solution T' € C™(Q), where m is larger than or equal to the maximum order of derivatives
appearing in the operator D.
In the IGA method, the physical domain {2 is represented by a NURBS mapping,
F:Q,—Q, (2)
where (), is a parameter domain. Replacing the control points of ' by unknown control coeffi-
cients, we get the representation of the numerical solution to the boundary problem (Eq. (1)),
denoted as T.(n),n € Q,. Meanwhile, by the inverse mapping F~!, the physical domain {2 can
be mapped into the parameter domain €, and then, the numerical solution 7. is still defined
on the physical domain Q through the mapping F~'. Additionally, by the mapping F, the
function f can be defined on €, and G' on 0€,,.

In isogeometric analysis, while the physical domain of the boundary problem (Eq. (1)) is €2,
the computational domain is the parameter domain Q, (Eq. (2)). Although the operators D
and G in Eq. (1) are performed on the variables in the physical domain, the generated formulae
will be transformed into the parameter domain 2, for computation. Therefore, the functions in
the function approximation problem in the IGA-C method should be considered to be defined
on the parameter domain (2,,.

Definition 1 (Stable operator [32]). Let V, W be Hilbert spaces and D : V. — W be a differential
operator. If there exists a constant Cg > 0 such that

Dol = Cs ||v|ly» for all v € D(D),

where D(D) represents the domain of D, then the differential operator D is called a stable
operator.
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[Remark 1:] In this paper, we suppose that the L> norm ||-|| ;- is equivalent to the norm
|-|lyy in W and the norm ||-||y in V. In other words, there exists nonnegative constants c,, C,,
and ¢, C\, satisfying,

cll-llv <Nl < Coll-lly
Cw [l < -l < Cull-llw

Suppose T}.(n) is an unknown NURBS function defined on the knot grid 77 € R?, d = 1,2, 3.
Specifically, T* is a knot sequence in 1D case, a rectangular grid in 2D case, and a hexahedral
grid in 3D case, where p is the knot grid size defined as the following definition.

Definition 2. Given a set ® C R?, its diameter diam(®) is defined by

diam(®) = sup{d(z,y),z,y € ®},
where d(x,y) denotes the Fuclidean distance between x and y. And we call p as the knot grid
size of TP, which is defined as the mazimum of the diameters of the knot intervals of T*.
That is, p = max;{diam([u;, u;+1))} in 1D case, p = max;;{diam([u;, wit1) X [vj,vj41))} in
2D case, and p = max;;p{diam([u;, ;1) X [vj,vj41) X [Wk, Wkt1))} 0 3D case.

Definition 3. Let T : Q, - R, T € C°(Q,) be a continuous function on the parameter domain
Q,, where C°(Q,) is the space of continuous functions on §,. The modulus of continuity [1/]
of the function T, denoted as w(T,h), is defined by

w(T, h) = max{|T'(x) — T(y)l}, (3)
where, d(x,y) < h, x,y € Q,, heR.

The modulus of continuity w(T, h) satisfies the property [14],
w(T h+k) <w(T,h)+w(T, k), hk €R,
and then
w(T,Kp) < Kw(T,p), K € Z. (4)

Definition 4. Let Z? be an interpolation operator, and IPg be a spline interplant of a function
g defined on the knot grid TP. Suppose P is a spline space composed of the splines with the same
knot grid and degree as those of IPg. The distance of the function g to P, i.e., dist(g,P),
is defined by

dist(g,P) = min{|lg — pl .~ ,p € P} (5)

83 An introductory example

Consider the following one-dimensional boundary problem:
{ T'(z) = f(z), z € [a,b], ©)
T(a) = g1, T(b) = g2,
where f(z) € C[a,b] is a continuous function, T'(x) € C*[a,b] is an analytical solution, and
g1, 92 € R.
The physical domain [a, b] in Eq. (6) is modeled as,
N

o) =3 (50— 0)) Bun(0). v € 0.1, ™)
1=0
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where B; 1 (t) is a B-spline basis function of order k (degree k—1), defined on the knot sequence,
G0 o L2 N-1 .
10,0, .0, =~ == L1 (8)
k k
Eq. (7) maps [0, 1] to [a,b], i.e.,
Fy :]0,1] — [a,b]. (9)
Then, the numerical solution 7).(t) to the boundary problem (Eq. (6)) can be generated by

replacing the coefficients a + (b — a) in x(t) (Eq. (7)) by the unknowns coefficients p; i =
0,1,---,N, ie.,

N
T,(t) =Y piBi(t). (10)
=0

Note that, by the inverse mapping F; ! (Eq. (9)), T,(t) is defined on the physical domain [a, ]
(Eq. (6)), L., T, (¢(x)). € [a,b]

Because,
N—1 N-1
dT.(t Pi+1 — Pi
k)Y PP B ()= N Y (e~ p) Bk ),
i=0 N N i=0
and,
dz(t)
= b —
dt “

substituting Eq. (10) into Eq. (6) yields,
N-1
{ dder = dﬁ?% = d(g; % =20 %(pi-&-l —pi)Bik-1(t) = f(z(1)),

T.(0) = po = g1, T,(1) = pn = go.

In order for solving the unknown coefficients in Eq. (10) using the IGA-C method, a linear

system is generated by sampling N — 1 points 71,72, -+ ,7x—1 in the interval (0,1), i.e.,
dT,(7; N—-1 .
d;‘rg) = Zi:O %(p’H’l _pi)Bi,kfl(Tj) = f(CC(Tj)), 75 € (0, 1), j=12--,N—-1,
T:(0) = po = g1,

Tr(l) = PN = G2-
(1)
When the knot grid size p = + of the knot sequence G (Eq. (8)) tends to 0, it follows N — +o0.

If the control points
N

5o (Pir1 —pi) = 00, (p = 0),

dT-(75)

we have

— 00, (p_>0)7 j:172a 7N_]-

However, because f(z(t)) is continuous on the close interval [0, 1], f(z(7;)) is bounded. There-
fore, if the linear system (Eq. (11)) has a solution, there should exist T.(¢) so that the control
points ;2= (pi+1 — pi) of d;; are bounded when p = & — 0. It results in that ddT; is also
bounded when p — 0. All of such B-spline functions 7;.(¢) constitute a B-spline subspace, and
the first order derivative operator in Eq. (6) should be bounded on the B-spline subspace when

p— 0.
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84 The convergence rate

Suppose the NURBS function 7,.(n), n € €, C R? defined on the knot grid 7* has n
unknown control coefficients p;, i.e.,
w; B; P
To(m) = 3 ps iBil) _ L),
— Wmn)  Win)
where w; > 0 are known weights, B;(n) are the B-spline basis functions, the weight function

W(n) is a known polynomial spline function, and P(n) is a polynomial spline function with
n unknown control coefficients p;. Moreover, the subscript ¢ in Eq. (12) is an index vector,

n €N, CRY (12)

© = (i1,42, - ,iq). According to the IGA-C method, these unknown coefficients p; can be
determined by solving the following linear system of equations,
DTT’(,rlk) :f(nk?)7 k= 1727"' y N1, (13)
gTT(TH):g(T’l)’ l:n1+1a yn
where ni(k = 1,2,--- ,nq) are collocation points inside €,, and n(l = ny + 1,--- ,n) are

collocation points on 0€2,. Note that, throughout this paper, the operators D and G are
performed on the variable in the physical domain Q (Eq. (1)).

[Remark 2:] In this paper, we assume that the coefficient matrix of the above linear system
(Eq. (13)) is of full rank and then it has a unique solution. Otherwise, the IGA-C method is
invalid.

According to the result developed in Ref. [27], DT, can be represented by
w; B;(n) Bi(n) _ P(n)
T,(n) = piD———=- = Pi = SN (14)
zi: W(n) Z W(m)  Wmn)

where B;(n) is the result by applying the differential operator D to w{f(’(;'), W (n) is the power

of W(n), and P(n) is a polynomial B-spline function with n unknowns p;. By Ref. [27], P(n)
and W (n) both have the same break point sequence and the same knot intervals as T.(n). To
determine these unknowns p; in P(n), let DT,(n) interpolate DT(n) = f(n) at ny collocation
points inside the domain €, (refer to Eq. (13)), i.e

(i) Pmi) — W () f (i)

DT (ni) — f(mw = flme) = - =0, k=1,2,---,n;. (15
() = 101) = 5~ S W o) Lo

Note that W(n) ;é 0 is a known function, Eq (15) is equivalent to
Zpl (nk)f(nk)ﬂ k:1727 y 11 (16)

Similarly, GT(n) in Eq. (13) can be written as
w; Bi(n) Bi(n) _ P(n)

Gr,(m) =) piG—>r~" =) Di= ==, (17
: Z W(n) Z W(n)  W(n) )
where B;(n) are the result generated by applying the operator G to ““WZT;;’), W(n) #0is a

known B-spline function, and P(n) is an unknown B-spline function with n unknowns p;. Then
the linear equations QT (m) = g(m) in Eq (13) are equivalent to

Zp't (T’l) (T’l)a l:nl+1an1+2,"' 3 1, (18)

where n; € 0Q), I =n1 + 1,
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Therefore, combining Eqs. (16) and (18), the linear system (Eq. (13)) becomes
P(ny) = > piBi(m) = W) f(ne), k=1,2,--- ,na,
P(nl) = ZzplBl(nl) = W(nl)g(nl)v I = ni + 17”1 + 27 e, N

Since the linear system of equations (Eq. (19)) is equivalent to Eq. (13), then the coefficient
matrix of Eq. (19) is of full rank, and it also has a unique solution.

(19)

[Remark 3:] In Eq. (13), let the functions f and g vary in C™(Q,) and C™(952,,), respec-
tively, and the differential operator D be fixed. In addition, let the weight function W(n) in
T, (Eq. (12)) be fixed as well. Then, all the numerical solutions 7..(n) (Eq. (12)) generated by
the IGA-C method (Eq. (13)) constitute a linear spline space S,(2,), where p is the knot
grid size of T,.. It should be pointed out that, all the NURBS functions 7. in the linear space
Sp(€2p) have the same weight function W (n), the same knot grid with knot grid size p and the
same degree. In order for p — 0, the knot grid of the spline functions in S,(£2,) is refined by
knot insertion, thus resulting in a series of spline spaces. Moreover, because all the numerical
solutions T.(n) constitute the linear space S,(£),), all of DT,(n) compose a linear spline
space Sﬁ,e(Qp), where e is the continuity order of the splines in Sgye(Qp). As aforementioned,
DT, has the same break point sequence as that of T;. (Eq. (12)), so they have the same knot
grid size p.

The following Lemma 1 estimates the distance from a continuous function f € C°(Q,) to
the linear space Sie(Qp), ie., dist(f, S;‘ie). In Ref. [14, pp.146], an inequality to estimate the
distance is proposed for univariate functions, and the inequality can be extended to our case.

Lemma 1. If DT = f € C°(,), and T € C™(%Y,) (Eq. (1)), then we have
dist(f,S%,) = dist(DT,S%,) < |D|| Kw(T, p),
where K is an integer related to the degree of the NURBS functions in the spline space S,(£2,).

Proof: As stated above, the NURBS functions approximating the analytical solution T
constitute the linear space S,(€2,) defined on the knot grid 7. We select a special function
from the space S,(€,), i.e.,

)

w; B;(n
T, n)= T(m TR
) = T
and construct a spline function (Af)(n) to approximate the function f € C°(9,), i.e.,
w; Bi(n) w; Bi(n)
Af)(n)=DT.(n) =D T(1;) ——"> = T(1)D——F—=,
(AR = DT = Y 1) G = S 1D
where T is the analytical solution of Eq. (1), and Af = DT, € S¢ (€,,) (defined in Remark 3).
The point sequence {7; € €,} is sampled in such a way that each knot interval of the knot grid
TP contains at least one point, and 7; is in the non-zero region of B;(n).

Suppose u(n), v(n) € C™(Q,). The function u(n) is an arbitrary function in C™ (), and,

oln) = T(m) = Tyln) = T~ L 7(m) 8 € g, (20)

Note that |v(n)| is continuous in the close set €, so |v(n)| can take its maximum value in .
Namely, there exists n* € 2, such that

[o(n”)] = maxfo(n)| = [[vlpe . 0 € Q.
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For an arbitrary value 1) € Q,, it holds,

1Dl =

which is equivalent to,

[Dullp _ [Dollpe _ [Do()
welmo) Tulge = Tole ~ [o(0")]

)

[Do(n)| < ID| [o(n*)].
Suppose J is the index set satisfying B;(n*) # 0, i € J. Because

wiBi(n®) _ g~ wiBi(n®) _
W) & W)
. o WiBi () w WiBi(n*)
and then T'(n*) = T —_ = T —
n Z ) ) ; ") )
together with Eq. (21), we have,
1)~ (Af)a)| = [PT(0) ~ D3 Tr) e
= [Dv(n)| < Dl [v(n*)| (Eq. (21))
— 121 |Tr7) = ST S (. o)

= D) |30 Ty BT ZT(ri>wiBi£”*)‘

T ey~ 2T W )
_ wy _ (o yy LB (1)
< D 3 [7r7) = 7)) )

ieJ

<[]l max|T(n") = T()]  (Defnition 3)

<[Pl (T, Kp),

279

where K is an integer related to the degree of T;.(n). Because J is the index set satisfying
B;(n*) # 0, i € J, and the cardinality of J, i.e., the number of spline basis function B;(n)
non-zero at a point, is related to the degree of the spline function T,.(n), together with that
T; is in the non-zero region of B;(n), i € J, there exists an integer K related to the degree
of T;.(n) such that d(n*, ) < Kp. Therefore, the last step in the above formulae holds. By

Eq. (4), we get
|f(n) = (AH)(@)] < D] Kw(T, p).

Because Af = DT, € Sie(Qp), and 1) € (), is an arbitrary value, it can be so chosen that
dist(f.S; ) = min{||f = sl s €S;.} < |f() — (Af) ()| < | D] Kw(T' p).

Then the Lemma is proved. [
Furthermore, we have

Lemma 2. If T'(n) € C'(Q,), then it holds
w(T, p) < pmax |VT| 5,
neQy

where VT is the gradient of T, and the norm |-|| g is defined as |0l 5 = [(n1,m2, -

“na)lls =
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VIE+m@E A+

Proof: Let z,y € Q,, d(z,y) = || —y|z < p, and ¢ € (0,1). According to the mean
value theorem, it follows that

T(x) = T(y)| = [VT|1-yarey - (@ = Y)| < ||VT0-0zrey|| - 12— yllp
<p ||VT|(1—c):v+cy||E < pnné%x HVT”E

Then, by the definition of w(T, p) (Eq. (3)), we have
(T, p) = max{|T(z) — T(y)|} < p max VT,

where d(z,y) < p. O

Moreover, we denote by Z” an interpolation operator, which maps a continuous function to
a spline function defined on the knot grid 77 with knot grid size p. In other words, for the
continuous function f = DT € C°(£,)(refer to Egs. (1) and (13)), we have
I°f = DT, €S2 (). (22)
Specifically, given an arbitrary known NURBS function T(n) € S,(€2,) expressed as

Q) w; Bi(n)

n = = qi M E Dy, 23
where the weight function W(n) and the weight w; are the same as those in Eq. (12), two
functions h(n) and hy(n) can be generated by performing the operators D and G on T, (see
Eq. (1)), respectively, i.e.,

w; B;(n) w; B;(n)
h(n) = DIy(n) = qiD<>,hnng qu< : 24
=Ty = a0 (S ) o) =9 = S (G (24)

The following lemma holds.
Lemma 3. ZPh = h, where h is defined in Eq. (24).

Proof: We construct an unknown NURBS function T (n) € S,(£2,) with n unknown control
coefficients z;, the same knot grid and degree with T, (Eq. (23)), i.e.,
X(n) wi Bi(n)
where the weight function W (n) and the weight w; are the same as those in Eqgs. (12) and (23).
The n unknown coefficients z; in T, (n) can be obtained by making DT, and GT, interpolate
h(m) and hy(n) at some sampling points, respectively, similar as Eq. (13), i.e.,

DT, (k) = h(ng), k=1,2, - ,nq, 6)
GT(m) = hy(m), l=ni+1, - ,n.
Therefore, ZPh = DT,.
The aforementioned linear system of equations (Eq. (26)) can be rewritten as
> (@i — @)D <w‘f(7§;’)>’ =0, E=1,2,--,ni,
wiBs | (27)
Salwi - w)g (UPa)| =, =41, om
n=m

Obviously, the coefficient matrix of Eq. (27) is the same as that of the linear system (Eq. (13)),
and is of full rank, too. Then the linear system of equations (Eq. (27)) has only zero solution,
i.e., x; = ¢;, meaning that

I°h =DT, =DI, = h. (28)
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O
Based on Lemma 3, we can show the following lemma.

Lemma 4. Suppose DT = f € C°(Q,) (Eq. (1)), and T, € S,(82,) (Refer to Eq. (12) and
Remark 3) is the NURBS function approzimating the analytical solution T'. Then,

IDT,. — DT ||y < (1 + |Z7|))dist(f.S}..), (29)
where IP is the interpolation operator defined by Eq. (22), and Sg,e is defined as in Remark 3.

Proof: Based on Lemma 3, together with T, and h defined in Egs. (23) and (24), respec-
tively, we have,

DT = DTy = 12°f = fllw = 1Z°f = Z°h+ h = flly = 1Z°(f = h) = (f = W)llyy ~ (30)
<N = hllw +IZPNSF = Bl = A+ NZ7ID NS = Allw
= (1+ ||Z°|)dist(f, Sie). (explained in the following paragraph)
Because T,(n) (Eq. (23)) is an arbitrary NURBS function in the spline space S,(£2,), the
function h(n) = DT, (Eq. (24)) is also an arbitrary NURBS function in the linear space Sie(Qp).

So in Eq.(30), the function h can be chosen from S¢ _(€,,) to make || f — h|ly, as small as possible,
that is, dist(f, Sﬁ’e). O

Based on Lemma 1 and 4, it follows:

Lemma 5. Suppose DT = f € C°(Q,) (Eq. (1)), and T, € S,(S2,) (Refer to Eq. (12) and
Remark 3) is the NURBS function approzimating the analytical solution T. Then,

DT — DTy < K [|D|| (1 + | Z7[))w(T, p),
where IP is the interpolation operator defined by Eq. (22), and K is an integer related to the
degree of the splines in the spline space S,(§2p).

Moreover, due to Lemma 2 and 5, the convergence rate of DT;. to DT when p — 0 is obtained
as follows.

Theorem 1. Suppose the analytical solution T € C*(Q,) (Eq. (1)). We have,
1T = DTy < pK[IDI A + [|1Z7[]) max VT

Here, DT, T,.,I°, and K are delineated as in Lemma 5.

In addition, if D is a stable operator (Definition 1), we can get the convergence rate of T,
to T" when p — 0.

Corollary 1. Suppose the operator D in Eq. (1) is a stable differential operator, and T €
C1(Qy,). We have,

K pK
1T, = Tlly < == [IPI (L + 127w (T, p) < == DI (1 + 127]]) max VT |,
Cs Cs new,

where Cg is a positive constant, T,,Z°, and K are delineated as in Lemma 5.

4.1 One dimensional case

In the one dimensional case, the convergence rate can be improved. In this section, suppose
the operator D is a linear differential operator with constant coefficients.
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Lemma 6. [14, pp. 148] Let g € C™(%,) be a univariate function, and S¢ (Q,) be defined as
in Remark 3. It holds,

dist(g,S}.) < vp dist(g',Sj 1), (31)
where v is a number related to the degree of the splines in Sg,e(Qp), and g’ is the first order
derivative of g.

Repeatedly using Lemma 6 leads to:

Lemma 7. Suppose f = DT € C™(Q,) (Eq. (1)) is a univariate function, the linear spline
space Sie(Qp) s defined as in Remark 3, the operator D is a linear differential operator with
constant coefficients, and v = min(m,e) > 1. We have,

dist(f,S%,) = dist(DT,S% ) <T'||D| p

»pe

7W)

Lo’

where ' is a number related to v and the degree of the splines in Sﬁ)e(Qp), and TW) is the vt"
order deriative of T'.

Proof: The proof is divided into two parts. On the one hand, when p = 1, by Lemma 1
and 2, it follows,

dist(f,S} ) = dist(DT,Sj ) < T||Dl|w(T,p) <T D] p 7" p .

1Ppe
where I' is a number related to the degree of the splines in Sie(Qp).
On the other hand, when p > 2, because f = DT € C"™(€2,) is a univariate function, and
D is a linear differential operator with constant coefficients, we have (DT)(k) =DTW® |k =

1,2,-+- ,m. By using Lemma 6 repeatedly, and denoting v = min(m, e), it follows,
dist(f,Sy ) = dist(DT,S; ) < vip dist(DT)',Sp 1) < 172" dist((DT)", S )
<<y ymrp’dist(DT) Y SE L)
=Yz Ywo1p’ " dist(DTY 7V ST, 1)

< T K DT, ), (Lemma 1)

where, 71 is a number related to the degree of the splines in Sﬁ,e (denoted as deg), 72 is a number

related to the degree of the splines in Sg,e—p i.e.,, deg—1, -, and so on; K, is a number related
to the degree of the splines in Sg’eﬂ,ﬂ, i.e., deg — v + 1. In conclusion, v;,i =1,2,--- ,v — 1,

and K, are all related to deg and v = min(m,e), and then we denote I' = 175+ -y, 1 K.
Moreover, by Lemma 2, we have,

dist(f,S2,) < Tp"~' [ D] w(T®V, p) < T D] p* |7

Lo’

where, v = min(m, e), and I' is a number related to v and the degree of the splines in S¢ _(€2,,).
t

Based on Lemma 4 and 7, the convergence rate for the consistency of the IGA-C method in
the one-dimensional case is deduced.

Theorem 2. Suppose f = DT € C™(Q,) (Eq. (1)) is a univariate function, the spline space
Sz’e(Qp) is defined as in Remark 3, and the operator D is a linear differential operator with
constant coefficients. We have,

IDT, = DTy < T(L+ | Z°I1) | D] o | T

)
LOO
where v = min(m, e), and I is a number related to v and the degree of the splines in S% ().

Moreover, if the operator D is also a stable operator (Definition 1), it holds:
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Corollary 2. Suppose f = DT € C™(Q,) (Eq. (1)) is a univariate function, the spline space
Sz’e(Q) is defined as in Remark 3, and the linear differential operator with constant coefficients
D is stable (refer to Definition 1). We have,

r v
ITr = Tlly < F- A+ IZ7) 1Pl p
s

TW)
L

where Cs is a positive constant, v = min(m,e), and T is a number related to v and the degree
of the splines in Sgye(Qp).

85 The necessary and sufficient condition

In this section, we will present the necessary and sufficient condition of the consistency of the
IGA-C method. Because DT = f € C%(9,) and T is continuous (Eq. (1)), we have w(T, p) — 0,
when p — 0. Based on Lemma 5, if || Z?|| and ||D|| are bounded, it follows ||DT,. — DT ||y, — 0
when p — 0. That is, the IGA-C method is consistent. However, since Z? f = DT, € Sg’e, and
T, € S, is defined on the knot grid 7 with knot grid size p, the norms ||Z?|| and ||D|| are both
related to the knot grid size p. Therefore, the sufficient condition for the consistency of the
IGA-C method is followed.

Lemma 8 (Sufficiency). If the interpolation operator If (Eq. (22)) and differential operator
D (Eq. (1)) are both uniformly bounded when p — 0, then the IGA-C method applied on the
boundary problem (Eq. (1)) is consistent.

Furthermore, the following lemma presents the necessary condition for the consistency of
the IGA-C method.

Lemma 9 (Necessity). If the IGA-C method applied on the boundary problem (Eq. (1)) is
consistent, then the interpolation operator IP (Eq. (22)) and the differential operator D (Eq. (1))
are both uniformly bounded when p — 0.

Proof: We employ the method of proof by contradiction to show that DT, is bounded when
p— 0.
The consistency of the IGA-C method means that
DT, — DT = f, when p — 0. (32)
By contradiction, suppose DT, is not uniformly bounded when p — 0, i.e., |DT},|y — oo,
when p — 0. Because f is continuous, it is bounded on its domain €2, U 9€2,. However, DT, is
unbounded when p — 0. This violates the consistency condition (Eq. (32)). So the hypothesis
is not true, DT, is uniformly bounded when p — 0. That is, there exists a positive constant C,
such that
|DT, ||y < Cy, when p — 0.
Therefore, we have
IDIl= sup {||PT}|y} < Cy, when p— 0,
17 |ly=1
and (refer to Eq. (22))
1271l = sup {|Z°fllw} = sup {[[DT:[l} < Cr, when p— 0.

oo =1 roo=1
It means that the interpolation operator Z? (Eq. (22)) and the differential operator D (Eq. (1))
are both uniformly bounded when p — 0. O
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Based on Lemmas 8 and 9, the necessary and sufficient condition for the consistency of the
IGA-C method is followed.

Theorem 3 (Necessity and Sufficiency). The IGA-C method applied on the boundary problem
(Eq. (1)) is consistent, if and only if the interpolation operator IP (Eq. (22)) and differential
operator D (Eq. (1)) are both uniformly bounded when p — 0.

86 Numerical examples

In this section, two numerical examples are presented to illustrate the necessary and sufficient
condition of the consistency of the IGA-C method. In both examples, we take the Greville
collocation points [2].

9 A8 7 6 L5 -l 13 2 Ll Bl

Lg(pe)

DT || oo

¢ 1Tl o
M7 oo

T v.s. lg py for the 1D problem. The ratio
wlpeo
bounded when the knot grid size sequence py — 0.

Figure 1. Diagram o is uniformly

2 18 8 17 46 15 4 13 12 1

Ig(pr)

Figure 2. Diagram of % v.s. lg pi for the 1D problem. The ratio % is uniformly
Loo oo

bounded when the knot grid size sequence py — 0.

Example 1: Consider the following one-dimensional source problem:
~T" +T = (1+ 47?)sin(27z), =€ Q=][0,1],
T(0)=0, T(1) =0.
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The analytical solution to the source problem is T'(z) = sin(2rz). The physical domain is mod-
cled by a cubic B-spline curve with control points {0, 3, 2,1} and knot vector {00001 1 1 1}.
So the initial knot grid size is pg = 1. To reduce the knot grid size, we uniformly insert k (k =
1,2,--+) knots in (0,1). And then, the knot grid size sequence is py, = I%',—l’ k=0,1,2,---.

In Fig. 1, the diagrams of % v.s. lg pr are demonstrated, where the degrees of the
numerical solution 7, range from 2 £o 7. It can be seen from the diagrams in Fig. 1 that, when

k — oo and py — 0, as an indicator of | D||;«, the ratio % tends to
Lo
(1 + 47?)sin(2m
lsin(2m2)|| Lo
Therefore, it is uniformly bounded as pr — 0, (k — 00), which validates Theorem 3.
IZ° £l 00

)HLOO =1+ 4x2.

Similarly, the diagrams of 7 v.s. lg pi are illustrated in Fig. 2. It can be seen that
Lo
the ratio %, as an indicator of | Z”|], is also uniformly bounded as p; — 0, (k — 00).
Lo

Lg(pr)

DTyl 0

Figure 3. Diagram of ”HW v.s. lg pg for the 2D problem. The ratio DTl oo
7l o0

T is uniformly
7l 00

bounded when the knot grid size sequence pp — 0.

lg(pr)

Figure 4. Diagram o HPT v.s. lg pg for the 2D problem. The ratio % is uniformly
Lo° Lo°

bounded when the knot grid size sequence py — 0.
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Example 2: The next example is a two-dimensional source problem:
-AT+T=f (z,y) €Q
+T=f, (z,y) (34)
Tloa =0,

where,
f= (32" — 672% — 67y* + 3y* + 62%y* + 116) sin(z) sin(y)
+(68z — 823 — 8xy?) cos(z) sin(y)
+(68y — 8y* — 8ya?) cos(y) sin(x).
And the analytical solution of the source problem (Eq. (34)) is
T = (2% +9? — 1)(2* + y* — 16) sin(x) sin(y).

The physical domain  in Eq. (34) is a quarter of an annulus, which is represented by a
cubic NURBS patch with 4 x 4 control points. The control points and weights of the cubic
NURBS patch are listed in Tables 1 and 2, respectively. The knot vectors of the cubic NURBS
patch along u— and v—direction are, respectively,

00001111,

00001111.
To make the knot grid size tend to 0, we uniformly insert knots in the interval (0,1) along u—
and v—directions, respectively. So, the knot grid sizes are p, = k=0,1,2,---.
DT |l oo

1Tl oo
(Eq. (34)), where the degrees of the numerical solution T, range from 2 to 7. Similar as the

% tend to a limit when pr, — 0(k — o0). So they are
g

all uniformly bounded when py — 0 (k — 0).

1
10
Fig. 3 shows the diagrams v.s. lg pi for the case of two-dimensional source problem
case of one-dimensional problem,

1Z° £l 1,00

Furthermore, from Fig. 4, where the diagrams L= Vs lg pi, are demonstrated, we can
oo
seen that the ratios % are also uniformly bounded when pr — 0 (k — o0).
Loo

Table 1. Control points of the quarter of annulus.

Pz',l -Pi,2 -Pi,S -Pi,4
(1,0) (2,0) (3,0) (4,0)
(1,2-v2)  (2,4-2v2) (3,6-3v2)  (4,8-4V2)
(2-v2,1)  (4-2v/2,2)  (6-3v/2,3) (8-4v/2, 4)
(0,1) (0,2) (0,3) (04)

B W N s

Table 2. Weights for the quarter of annulus.

Wi 1 W; 2 W;, 3 Wi 4
1 1 1 1
1+v2 1+vV2  14+vV2 142
3 3 3 3
1+v2  1+v2 142 142

3 3 3

3
1 1 1 1

N
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87 Conclusions

In this paper, we developed the convergence order for the consistency and convergence of the
IGA-C method, and then, deduced the necessary-and-sufficient condition for the consistency
of the IGA-C method. Specifically, suppose D is the differential operator of a boundary value
problem with DT = f (Eq. (1)), a NURBS function 7, is the numerical solution, and Z” is an
interpolation operator such that Z? f = DT,.. First, the formula of the convergence order for
the consistency of the IGA-C method is developed, which includes the norms of the operator D
and Z°. Then, the necessary-and-sufficient condition for the consistency of the IGA-C method
is deduced. That is, the IGA-C method is consistent if and only if D and Z” are both uniformly
bounded when p — 0. These results will advance the numerical analysis of the IGA-C method.
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