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Modified approximation and error estimation for King’s
type (p,q)-BBH operators

M. Mursaleen®2* Mohd. Ahasan?3 Asif Khan?

Abstract. In this paper, the King’s type modification of (p,q)-Bleimann-Butzer and Hahn
operators is defined. Some results based on Korovkin’s approximation theorem for these new
operators are studied. With the help of modulus of continuity and the Lipschitz type maximal
functions, the rate of convergence for these new operators are obtained. It is shown that the
King’s type modification have better rate of convergence, flexibility than classical (p,q)-BBH
operators on some subintervals. Further, for comparisons of the operators, we presented some
graphical examples and the error estimation in the form of tables through MATLAB (R2015a)

81 Introduction

In the year 1980, Bleimann-Butzer and Hahn [6] generalized the following Bernstein type
operators which approximate continuous functions on unbounded interval [0, c0).

Ln(f;x):(l_:x)né[ i ]xkf(n_lk;ﬂ> neN and € [0,00). (1)

For detailed study, one can refer ([12], [15]).

In the field of approximation theory, first of all Lupag used g¢-integers of the Bernstein poly-
nomials and after that Phillips gave another g-based generalization of these polynomials. In
2015, Mursaleen et al. firstly, used (p, g)-integers in this field and constructed (p, ¢)-analogue
of the classical Bernstein polynomials and studied the approximation properties of the opera-
tors. After that many researchers used (p, ¢)-integers for other operators and introduced their
approximation properties (see [1]-[3], [13], [14], [16], [17], [20]-[32]).

In the sequel, we recall basic definitions and some notations from post quantum calculus
[(p, g)-calculus].
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For 0 < ¢ < p <1 and non-negative integer j, j € N, we have
EoC, it g#p#L

p—q

Pt if g=p#1
[j]p,q =
i, i p=1

Js if g=p=1,
‘ [j]p,q[j - 1]p7q T [Hzxqv JeN
Ulpq! =
L, J=0
and
n " ooy iG-n [ n n—jri on—j
(ax+by)p, =Y p 2 ¢ 7 | .| aIWa"Iy,
° J
=0 Pq
@+ Yy, =Y 0 'z +q 'y (2)
j=0
If we take y = 0 in (2), then
(x)i)’ _ J(J;l)m]
|
[ n } = %7 0<j<n
J 1pg [lp.q! [ = d]p.q!

For more details, one can refer [11].
Let Cp[0, 00) denote the set of all bounded and continuous functions defined on [0, o0) endowed
with the norm
I lop=sup|f ()],
x>0

and let w be a modulus of continuity that satisfies:
(i) w is a non-negative increasing function on the interval [0, 0o).
(ii) w(d1 + d2) < w(d1) + w(d2) and w satisfy the following inequality

w(rd) <rw(d), for reN.
(iii) w(é) =0, as § — 0.
Let H,, be the set of all real valued functions on [0,00) and H,, C Cg[0,00). For any u,v €
U v

[0, 00), we have
) = Fl < |+ 1)

Gadjiev and Cakar [10] studied the properties of the operators A,, : H,, — Cp[0,00) and ob-
tained the following result.

Theorem 1.1. Let {A,} be a sequence of positive linear operators A, : H, — Cg[0,00) and

satisfy
A t J ) x J
n\\1+e) ) T it .

T[40 (f;2) = f(@)llc,, =0, for any [ € Hy.

lim
n— o0

=0, j=0,1,2.

Then
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Mursaleen et al. [25] introduced the following (p, ¢)-BBH operators. For 0 < ¢ < p <1 and
x € [0,00), we have

n p" k+1[l{j] k(k—1) (n—k)(n—k-1) | m
LPA(f:x) (p’q ) qQ 2 p 2 [ } z*, (3)
= n—k+1], 44" k v

n—1
where f is defined on [0,00) and I29(z) = [] (p* + ¢*x).

For the above operators (3), we recall the following lemma as proved in [25].

Lemma 1.2. Forxz >0 and 0 < ¢ < p < 1. Then the following properties are true.
1. L2 (eg; x) = eg,

t I)_ p[nlp.q x
1+t T InHlpg 14z )’
n+t1

s _t 2. _ pqz[”]p,q[nfl]p,q 2 p (]p,q (=)
3. LRi(()%2) = GESIEM i iz, (+o)

2. Lp(

B q2[n}p,q[n —1]p 4 (5‘7)2 p"'*‘l[n]p’q ()

N [n+1]2, I+z)?2 [n+132, QA+z)

In the above Lemma 1.2, we see that the operators (3) preserve only ey but do not preserve

the test functions e; and es. So after scaling f (%ﬁf;) by f <[Z[:ﬂp;q [1;:::][:]:;) in (3),

we have

prT k [n+ 1], [k (n—K)(n—k-1 k&-1) [ n
LhA(f;x) f< T >p 2 q 2 [ ] z®. (4)
lp’q Z nlpqln —k+ 1]~ k P

The operators (4) satlsfy the following properties.

)

Lemma 1.3. For 0 < ¢ <p <1 and for any x € [0,00), we obtain
1. LP9(eg; ) = ep,

2. LPa(

) T
1+t’ 1+ax”
2

n—1 )2 n—1 x
3. LE(vh)%0) = St ey + b, e

In Lemma 1.3, the operators (4) preserve the test functions eg and e; but do not preserve the
monomial es. In 2003, King [18] established a new technique to get better approximation for the
Bernstein operators. In this method, the new operators approximate every continuous function
f € C0,1], while preserving the function e; = 2%. Several standard linear positive operators
preserve eg and ey (i.e. preserve constant as well as linear function), but this technique helps
in reproducing the quadratic function as well. For more details about King type (see [8], [9]).
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§2 Construction of the operators H?“

Applying King’s technique on the operators (4), we give modified (p, ¢)-Bleimann-Butzer
and Hahn operators as follows:

H2 i) = Zf( plt el ) e 0] gy, )
p.q

Nlp,q[n —j + 1p,q¢7

where h24(z) = 1:[ (p? + ¢/rPi(x)), for 0 < g <p < 1.
i=0
Now using King’s approach [18] and after some simplifications, 72:9(z) is defined as

4(x)? n
(\/p2n+2 + p2g2[n]p.qln — 1]p’qﬁ —p +1)
2¢°[n — 1pq 7

r2d(z) = n>2.

Obviously r29(x) > 0, since

(z)? n
\/p2n+2 + 4p2@2[n], 40 — 1]Mm —pntl >0,

If we take r29(x) = 1=, then the operators (5) turn out to be the previous operators (4), and
the operators (5) satisfy the following relations.

Lemma 2.1. For 0 <q<p <1 and z € Cg[0,0), the following equality holds.

T+t
n—1 2 z)2
3 HE((557)% ) = Sl (h9(2))” + Bk (o) = o

83 Main results

By using the operators HE1(f;z), we get the Korovkin’s type result with the help of The-
orem 1.1.
We now take p = p,, ¢ = qn, where g, € (0,1), p,, € (gn,1) such that

lim ¢, =1, lim ¢, =cy, (6)
n—oo n—oo
lim p, =1 and lim p} = cq, (7)
n— oo n—oo

where ¢y, ¢y are constants.

Theorem 3.1. Let (6) and (7) hold and HP(f;x) be defined by (5). Then, we get
lim |[HEm (fy2) = f(2)llc, = 0, for any f € Hay.

Proof. By using Theorem 1.1 and Lemma 2.1, we have

J J
Hﬁn;Qn t ;x _ €z
1+t 1+z
Cp

lim
n—oo

=0, j=0,1,2. (8)
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For j = 0, (8) is fulfilled by using Lemma 2.1. Now for j =1

J J
HPnn —t sx | — x
1+t 1+ o

where, rPr 9 () is defined as above and we know that lim rPrdn(z) = 7 - Hence the condi-
n— oo

T
1+

rﬁ" sdn (l’) _

i

tion holds for j = 1.
Finally, for j = 2, we have

HHW” ((1115)233) B (1196)2 . (1(?;)2 B (1-7:-35)2

2
since HEmn ((ltﬂ) ;a:) = (1(31:2)2' So, equation (8) holds for j = 2. Thus, the proof is

B

= 0’

completed. O

84 Rates of convergence

Let f € H,. The modulus of continuity of f is given by

w(f,0) =wp@®) = > |f(r) = f(x)], for each T,z >0,
| — <6

and for all f in H, [0, 00), we have
(1) 1Lm ws(0) =0,

(i1) |£(7) = f ()] < wy(e) | (1+ H=ED)

Recall that the rate of convergence for the operators (3) were obtained by Mursaleen et al.
[25]. After some modification in (3), we get the new operators (4) and calculate the rate of
convergence. For § > 0 and for every f € C[0,00), we get

L5 (f3) = f(@)] <20 (£ /6 (@) ) (9)

2 2 n—1
x n—1 1+ T
5n(x) — 5 (qn[2 ]qu'n + _ 1) Pn .
(1+x) Prlnlp.g, Pt anT [p,.q, 1+
Further, for the operators (5), we estimate the rate of convergence and also show that it is
better than the rate of convergence of the operators (4) on some subinterval.

where

Theorem 4.1. Let p,, qn, for 0 < g, < p, <1 satisfying (6) and (7). Then for any f € H,,
and for each x > 0, we obtain

HE (fi) = f@)] < 20 (fi V(@) 022

where
n n 4(x)2
(2) x pptt — \/P% +2 + Prda[npn.gn [ = p, g, (13—.2)2
n (T =
7 1+z qaln —1p, qn
2(x)?

(1+4x)2’
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Proof. For alln > 2, x € [0,00) and n € N— {0, 1}, we have
[Ht (fo) = f(o)] < HEpm® ([f(t) = f(2)];2)
1 t T
< 5 1 7Hpn7Qn _ . .
- u&ﬂ){ 5 <1+t 1+x’x>}
By applying the Cauchy Schwarz inequality in above expression, we have

1 t z \?
Pnqn . _ < - Pnsqdn _ .
[Hywt (fiw) = f@)] < wlf,0) g 145 | Hn <<1+t 1+x>’x>

2 2
t
H( m) ) ( z > HPwn (1)

Since

Hpn sdn t _ < 2 s
" 1+t 142/’

_|_

1+

(
o) e () )
(li@2+<lix> _2(1ix)“?ﬂ“@)

(1+z)?

~

where, 727 () is defined in (5).
By using the expression (10), we omit the details. O

If we choose the sequences p,, and ¢, where 0 < ¢, < p, < 1 satisfying (6) and (7), then
1

lim — =0.
n—0oo [n]pmqn
Hence
lim y, (z)
n— o0

) )2
2 PRt =[P 4P aE [0 an 0= an ey
1+x ‘1% [7"_1]Pn=Qn

2 nt1 2n42 4p2 [n], _(2)?

_ lim 2( T ) + T Pn . Dn + n Prodn (144)2

n— oo 14z 14z a2 [n—1lp, ,qn ar [”_1]§n.qn a2 n—1lpp,qn
p)

2(z)? = 0 0 4p2 [ py an %

ey T 1 \ 0 VO = .,

Since [n],, = p" ' + q[n — 1], 4, it is obvious that lim v, (z) = 0. Theorem 4.1 gives the

n—o0
rate of pointwise convergence of the operators HE4( f; x) to f(z).

Now if we take

(14z) = 3nlpg’
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(or)
pn—l
r< —————
= 3[nlp,g — Y
then it is shown that for all n > 2, Theorem 4.1 have better rate of convergence for the new
operators than the rate of convergence given by (9) for the operators (4). Since

Yn(z) < 6, () for all n > 2.

z)2
"“*\/p2"'+2+p2q2[n]p,q[nfllp,q e

()
N
—
+‘&
8
N———
[\v]
—
‘&
8
=

*[n—1]p,q

n—1

22 Pln—1pqg 14z ) p _x
= <1+m>2( Pl oran) 1) 1 L. e

2 V,L+1_\/W o n—1
P j4 +0
=2 () 4o (TR < - D e
Y 2_~_L 0 Ve L ptl e
1+x 1+z | ¢2[n—1]pq [ — (142)2 [n]p,q 14+
T 2 "l 2
= 3(ﬁ) S e 1te
n—1
_x P
=3 (1137) < [n]p,q
pnfl
= 111 < 3[nlp.q
n—1
TS S
On this subinterval
pnfl

"3[nfpg —pnt]]
King’s type approach for approximation is better than (p, ¢)-Bleimann-Butzer and Hahn oper-
ators. Further we will obtain an estimate concerning the rate of convergence of the operators
HP9(f; x) by means of Lipschitz type maximal function.
We consider the following space [4]

1

Ts.p={f :sup(l +$)Bfﬁ($) < Km

where K > 0 and f is a continuous and bounded function on [0,00), 0 < 8 < 1.
A Lipschitz type maximal function was defined by Lenze [19] and is defined as

faen = LO=I@L

|z — )P

:x €1[0,00) and z € E C[0,00)},

and
d(z,E) =inf{|lz — z| : z € E}.
Theorem 4.2. For every f € Tg g, we have
8
o () = @ < K (26 () + 2. B

where v, (x) is shown in Theorem 4.1.

Proof. Let E be the closure of the space E. Then for z > 0, there exists a point z; € E such
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that
|z — 21| = d(z, E).
Thus, we have

[f = f@)] < |f = fl@)[ + [f(21) = f(2)]-

Since H29 are linear positive operators, f € T . Now applying above inequality, we get
(Hy 4 (fiz) — f(@)] < HRf = flz)lo) + [f(21) = f(2) [ H (15 2) (11)

— 18 B
< K |2 — ] + HEP1 o n T .
(14+x)8(1+z1)P 1+t 14z

Since HP9(1;z) = 1, by using the inequality (c + d)? < ¢? +dP for ¢ > 0, d > 0, we can write

t T ’8< t T A T T A
1+t 14z — |14+t 1+=x 14z 1+x
Consequently, we get
B B
t t
HP4 Lo T < HbP1 LI T (12)
1+t 14x 1+t 14z
B
+ HP1 S ;T
1+ 142
s B
t x |x — 21|
< HP1 _ . HP1(1: .
- " <1+t 1+x ’x>+(1+x)ﬁ(1+x1)ﬂ (L)

By using the Holder’s inequality, we obtain
t T

B 2 2 8
t x |z — 1]
Hpvq - . <Hp’q - . Hp7q 1: .
" (‘1+t 1+ ’$>— " ((1+t 1+x> x) +(1+x)5(1+:cl)ﬂ (1)

In view of (11), we omit the details. O

In particular, if we take E* = [0,00) in Theorem 4.2, then the following holds.
Corollary 4.3. For every f € T g+, we get

[Hm A (fs ) — f ()] < Koy (2),
where v, (x) is defined as above.

§5 Generalization of the operators H2

Here, we obtain some generalization for the new operators H?'? similar to [4], [7] and [25].
We consider

. 1 (P I plilpg + 1\ ci@aion sun [ n j
Hv(lp,q),/ — h”’q( ) Zf ( [ b]p.q[ ]pq P 5 q 2 : (rk9(x))?,
n T =0 n,Jj p,q

where 1o € R and b, ; satisfies _
bnj + " klpq = an,
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and
—= — 1, as n— oo.
If b, j = [nlpgln —j+1]p4¢° + a for any n,j and 0 < ¢ < p <1 then a,, = d,, + «,
where
dn = [nlp,qg.[n—J+ ]pn,qnqn + J[n + Upn s llpn.an
= [nlpngu[n+Up, . + 05 qnmpn,qn

as [n—j+ 1pq¢’ = [n+ 1pg — p" 7 T1[j]p,q For the operators (13), we have the following
result.

Theorem 5.1. Let p = p,, and q = ¢, which satisfy (6) and (7) for 0 < q, < p, < 1. Then
for any f € T j0,00), we obtain

: (Prs@n) b g\ _ ’ <
nlggoHHn (fi2) = fl@)|,, <3K
[n]2”74 n /8 B n ﬁ 4 %L” n n
Xmax{( i) (mrr) o [-at] 00”2 e
where

\/ DA Ap2aalnlp, g0 — Up,.q, — pﬁJrl

M, =
Qqn [n - 1]pn1qn

Proof. By using (5) and (13), we get
[HP 0 () = (@)

n o .
1 Pn 2 n by .an Ulpn.anTHY) _ Pn ey an Flpn.an n
< R T (2) Z ’f( bn.j f ptbn, j
J=0 Prsdn

(n=j)(n=j=1) j@G=1) .
Xpn  * 0 qn ® (r(x))

[n+ n=J [+ j + n
ras re q"(z) } : f (pn I]Pnnfl]n. Ulpn. tm) f (Pn [ l]pn{m Ulpp.an j“)‘ [ ) :|
Pnsqn

(P]pn,an [P=3+1pp a0 a0 J
(n=j)(n—j— 1) JjG=1 .
Xpn 2 gn 2 (rpU(x))? +[HE " (frx) — f(2)].
Since f € T g~ and using Corollary 4.3, we obtain

IH Prodn) (f z) — f(x)]

- q Z 2 I A1 py .an lpn an 4 _ p:,fj["""l]pn,qn (o .an Fln
= hp" (2) pn 7[”+1]pn an lpn.an TH+bn; ptpr v+ 1ps a0 [pnan +on.; J Prsd
(n—i)(n—j— 1> JG=1) _ ’
Xpn 7 gn ? (rBUx))

+ 77 (1 Z Py J[n+1]pn an [Flpn .an - Py ][nJrl]p" 4 Ulpn.an ]
hym 9™ (x) P ][n"l'l]pn an [J]pn an TH+bn 5 PZ_] ["""Hpn an [J]pn (Zn,+[n]17n an [n— J+1]inQn an

n (=)(n—j—-1) jG=1) . B
| P 2 P (rR(@)) + K (o).
Pnsqn

This implies that
B B
nsdn) L.
P () fa)) < K (o) ()

Pndn
‘ﬁ

n n— B (n=ji)(n—j—1) jGi=1)
Py InH1p .00 lpn an n j
Z [ l }an lpn.q } [ qn 2 { ; } (224 (z:))7
Jj=0 Pnsdn

K dy
+ hﬁnd]n(m) ]- -

Apn+p
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+HHEm I (fsx) = f(2))]
- K ["]in,qn ? 4 /H+K 1— —dn
- an+p N3 an an+p
Now using the Holder inequality and condition (2) of Lemma 2.1, we obtain
B

nl2 B B 8
[P0 (fra) — )] < K (e ) () + KL= ] 020’ + Kad @),
Thus the proof is completed. O

d t \8 5
HPnn ((lT-t) ;x) + K72 (z).

86 Some graphical analysis with error estimation

By using the MATLAB(R2015a), we illustrate here the comparison between the operators
defined in (4) and the modified operators (5) to the function 2 for different parameters. For our
convenience, we give some graphical examples and tables (rate of convergence, error estimation)
on the interval [0, 1] and its subintervals. Error estimation is denoted by || L29(f;x) — f(z) ||
and || HP9(f;x) — f(z) || for the operators (4) and (5), respectively.

45

&k

a5

o 0.1 0.2 0.3 0.4 05 0.6 0.7 o8 0.9 1
x (forn=5)

Figure 1. Approximation of the function f(x) = 22 by (p, q¢)-BBH operators for n = 5.

o 0.1 e 0.3 0.4 0.5 0.6 0.7 o8 09 1
x (for n = 15)

Figure 2. Approximation of the function f(z) = 22 by (p, ¢)-BBH operators for n = 15.

Example 6.1 Figures 1 and 2 show the convergence of (p,q)-BBH operators (4) for
n = 5,15. We see that for different values of the integers p,q, as n increases, the opera-
tors (4) converge towards the function.

Example 6.2 Figures 3 and 4 show the convergence of the operators (5) to the function
f(x) = 2%, Here, we can see that for different values of p and ¢, as n increases, King’s type

modification gives better approximation on the subinterval
-1
pYL

0, —mm
3[nlp,g —p"!

(14)
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Figure 3. Approximation of the function f(x) = 22 by King’s type modification of (p,q)-BBH
operators for n = 5.

oo

08

07

06

05

04t

03

02

o1t

o

For g=0.65, p=85
For g=.80,p-.95

Forg
functi

0 0.1

02 03 04 05 06 07 08 09
x (for n = 15)

Figure 4. Approximation of the function f(x) = 22 by King’s type modification of (p,q)-BBH
operators for n = 15.

6.1 Rate of convergence

Let us take f(z) = 2. We now calculate the rate of convergence for the operators (4) and
(5) which are denoted by d,(z) and 7, (z), respectively. We compare rate of convergence for

different values of p, ¢ and n on the above subinterval (14) which is shown in the following:

Tables 1(a), 1(b) show the comparison between rate of convergence of the operators (4) and
(5), respectively.

Table 1(a).(For fixed p = 0.9, ¢ = 0.7)

n | rate of conv. at x=0.03 | rate of conv. at x=0.05 | rate of conv. at x=0.08
15 0.0064 0.0103 0.0155
16 0.0064 0.0102 0.0154
17 0.0064 0.0102 0.0154
Table 1(b).(For fixed p = 0.9, ¢ = 0.7)
n | rate of conv. at x=0.03 | rate of conv. at x=0.05 | rate of conv. at x=0.08
15 0.0054 0.0078 0.0105
16 0.0036 0.0048 0.0054
17 0.0022 0.0024 0.0014

Tables 2(a), 2(b) show the comparison between rate of convergence of the operators (4) and
(5), respectively.
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Table 2(a). (For fixed p = 0.95, ¢ = 0.85)
n | rate of conv. at x=0.02 | rate of conv. at x=0.03 | rate of conv. at x=0.04

40 0.0020 0.0030 0.0039
41 0.0020 0.0030 0.0039
42 0.0020 0.0030 0.0039

Table 2(b).(For fixed p = 0.95, ¢ = 0.85)
n | rate of conv. at x=0.02 | rate of conv. at x=0.03 | rate of conv. at x=0.04

40 0.0015 0.0021 0.0028
41 0.0012 0.0016 0.0020
42 0.0009 0.0011 0.0013

6.2 Error estimation

Here, we calculate the error estimation for (p, ¢)-Bleimann-Butzer and Hahn operators and
King’s type (p, q)-Bleimann-Butzer and Hahn operators to the function f(x) = z2.
In Tables 3 and 4, we can easily see that the error estimation of King’s type operators is better
than (p, ¢)-Bleimann-Butzer and Hahn operators.

For any x,¢ > 0 such that |t — z| < ¢, the absolute error bound (a.e.b) is denoted by
2w(f;0) = sup |f(t) — f(z)].

Table 3. For the operators (4).

n(fixed p = 0.9, ¢ = 0.7) V0n () (a. e. b.) = 2w(f;/5,)

15 /615(0.08)=0.1244 0.0310
615(0.05)=0.1014 0.0206

\/015(0.03)=0.080 0.0128

16 V/016(0.08)=0.1240 0.0308
\/616(0.05)=0.1009 0.0204

/016(0.03)=0.080 0.0128

17 V/017(0.08)=0.1240 0.0308
v/017(0.05)=0.1009 0.0204

617(0.03)=0.0800 0.0128

Table 4. For New Operators (5).

n(fixed p=0.9, ¢ =0.7) V() (a. e. b.) = 2w(f;\/Vn)

15 /015(0.08)=0.1024 0.0201
/615(0.05)=0.0883 0.0156

\/015(0.03)=0.0734 0.0108

16 v/616(0.08)=0.0734 0.0108
/316(0.05)=0.0692 0.0096

516(0.03)=0.0600 0.0072

17 /017(0.08)=0.0374 0.0028
/617(0.05)=0.0489 0.0048

517(0.03)=0.0469 0.0044
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