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Propagation of traveling wave solutions to the
Vakhnenko-Parkes dynamical equation via modified

mathematical methods

Aly R. Seadawy!* Asghar Ali?
Wafaa A. Albarakati? Dumitru Baleanu*

Abstract. In this paper, we investigate some new traveling wave solutions to Vakhnenko-Parkes
equation via three modified mathematical methods. The derived solutions have been obtained
including periodic and solitons solutions in the form of trigonometric, hyperbolic, and rational
function solutions. The graphical representations of some solutions by assigning particular values
to the parameters under prescribed conditions in each solutions and comparing of solutions with
those gained by other authors indicate that these employed techniques are more effective, efficient

and applicable mathematical tools for solving nonlinear problems in applied science.

81 Introduction

In different areas of applied science, the explorations of exact travelling wave solution-
s have been played a vital role for demonstrating wave the character of nonlinear problems.
For plentiful expression of dilemmas in mathematical physics several nonlinear wave systems
have discussed such as the phenomena flow of heat, plasma physics and optical fibers, biol-
ogy, oceanology, solid state physics, chemical physics and geometry. The physical phenom-
ena and processes which take place in nature normally have complicated nonlinear features.
This escorts to nonlinear mathematical models for the real processes. There is a lot inter-
est in the practical matters involved, as well as the progress of methods to investigate the
associated nonlinear mathematical problems including nonlinear wave propagation. In recent
years several powerful and efficient methods have been discovered for finding analytic solu-
tions of nonlinear equations [1-10]. These methods include Homogeneous balance method, Ex-
tended tanh-function method, Jacobi elliptic function expansion method [11], Simple equa-
tion method [12-14], (G/G’)-expansion method [15], Hirotas bilinear method [16], Exp func-
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tion method [17], general projective Riccati equation method [18], Modified simple equation
method [19-21], The extended direct algebraic method [22,23] and auxiliary method [24]. The
learning analytical solutions and further properties of soliton in [25-30].

Purpose of this article is investigating the soliton solutions of Vakhnenko-Parkes equation
(VPE) by employing the three modified mathematical methods This equation having fruitful
applications like Vakhnenko equation to handle the frequency waves process in relaxing medi-
um.In previous different authors [32-35] used different methodolgy for constructing the solitary
solutions of to Vakhnenko-Parkes equation with the assistance of simplest equation method,
improved (G'/G)- expansion method, the ansatz methods and inverse scattering transform
(IST) method respectively. Our work is giving concentration to find the analytical solutions
of the Vakhnenko-Parkes equation by generalizing direct algebraic, extended simple equation
and modifying F-expansion methods. The graphical demonstration 2D and 3D of some derived
solutions and the discuss results segment proves valid capacity our proposed techniques. Hence
these solutions are productive tools for solving numerous problems in the applied sciences.

This article is arranged as: description of proposed methods in Section 2, the applications of
the methods in details in Section 3, results and discussion in Section 4, summary and conclusion

in Section 5.

§2 Description proposed methods

We will consider the generalized partial differential equations as following

Q1 (U, Uy Uy Uggy Uty Ugty -..) = 0, (1)
suppose that
w=V(©), &=katut, (2)
put (2) in (1),
Q (V, V', V" ) =0, (3)

2.1 Generalized Direct Algebraic Method

Let solution of (3) has the form

n ; —-n ; n . , n \I// i
V:;Aillf +i;13,i\11 +;Ciqf 2y +;Di <\p> . (4)

Suppose VU satisfies the following,
U = /102 + g2 U3 + g3 T4, (5)

where q1, g2, g3 are arbitrary constants.

Put (4) with (5) in (3), attained system of collection containing k, 1, g;. Putting these values
of parameters along with solution of ¥ in (4), we achieved the require destination of (1).
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2.2 Extended Simple Equation Method

Let (3) has solution as

V= Z aiwi. (6)
Let ¥ gratify
U = co+ ¥ + co¥? + c30? (7)

Substituting (6) along with (7) into (3). After solving obtained values of the parameters,
substitute these values and solution of ¥ into (7). We obtained solution of (1).

2.3 Modified F-expansion Method

Step 1: Let us suppose that (3) has solution as:

V:a0+ZaiFi(§)+ZbiF_i(f). (8)
i=1 i=1
Let F' gratifies,
F'= A+ BF + CF?. (9)

Step 2: Put (10) along (11) in (3), solving for require values of the parameters.
Step 3: Selecting A, B, C and F from Table 1 in [31] and substitute a; b; into Eq.(5), completed
for solution (1).

83 Applications

3.1 Application of Generalized Direct Algebraic Method

Consider the general form of the Vakhnenko-Parkes Equation [32-35] as

Ullgpt — Uglgt + uPuy = 0. (10)
Let
u=V, =z —put, (11)
Putting (11) in (10), yields
V33V +3VV’ =0 (12)
Let (12) has solution,
’ 7\ 2
V(f):A0+A1\I’+A2W2+%+%+02\IJ/+D1%+D2 (Z) (13)

Put (13) along with (5) in (12), after solving, we have
1
Ao=—qD2, A1 = 3 (—3q2 —2q2D2), Az = g3 (—D2) — 3gs,
B1=0, By=0, Cy=%3\q3, Di=0, (14)

Put (14) in (13) , we have
Case- 1
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Vi=- (DQC]3 + 3¢3) <_(J1 (ECOth (% (§+§O) \/q—l) I 1)>2+
a2
(—=2Dsg> — 3¢2) (—q1 (ecoth ( (£ + &) var) +1))
242
Dagy + Dy ( @} ecseh® (3 (& + &) /1) ) , 0V (e (€ ) i)

(22)(—a1 (e coth(§ (§+£0)v/ar)+1)) 2¢2 ’
q2

q1 >0, ¢5—4qq3=0.

(15)
Case- I1

g3 a

ntcosh((6+€0)v/@)  (n+cosh((6+€0)v/ar))? N
o _ [a MJrl
4q3 n+cosh((§+€o)\/q71)
1 e sinh +
LR TR (E+&)va) ),
2\ 4g5 1+ cosh (€ + &) V1)

esinh((§+£0)var) 2
@1 + (—Dags — 3q3) (n+h((§+E)\/tT) i 1)

4q3

1\/(7 /@i € cosh ((5 + &) \/qT) 3 \/qTesinhz ((§ + &) \/qT)
o Vi n + cosh (€ + &) var) (n+ cosh (€ + &) var)) 2

—Dyq1, ¢1>0, ¢3>0, q=+/4q1q3 (16)

m (JqTecosh((£+§o)\/qT) \/qTesinhQ((£+£o)\/tT1)>
Vo =D ?

Case- II1

¢ Ve cosh((6+€0)v/a)  Jaiesinh((¢€+€&0) /@) (p+sinh((€+60)v/a1))
! n\/p2+1+cosh((§+50)\/ﬁ) (ﬂ\/p2+1+cosh((§+€0)ﬁ))2 5

B e(p+sinh((6+£0)/aT)) 1)) B
92 ( @ (n\/IT_H+cosh((E+5o)\/ﬁ) -

q2

o e (p+sinh ((€+ &) /a1))
Dogy + (2@) (2D2g2 + 3¢2) <m/m+cosh((g+§o)\/q7) ’ 1) '

2 (_Doge — 3 e(ptsinh((£+€0)var)) 1) 2
41 (=D2gs = 3a3) (ﬂ\/ﬁ2+1+cosh((f+€o)\/‘H) +

@

+3ya (— (g Vaiecosh((6+€)va@1)  /aiesinh((§+60)v/ar)(p+sinh((6+€0)var))
3 '\ nv/p? Fitcosh((6+0) var) (nv/pP+T+cosh((6+60) var) )2

q2 ,

(17)

Vs =D,

q1 >0
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Figure 1. Traveling waves of solution of Eq.(15).

3.2 Applications of Extended Simple Equation Method

Let (12) has solution,

a_s

a_
V=altal+ o + = +a

= (15)
Put (18) in (12) along with (7) and after solving obained system of equations, we have
Case I: ¢3 =0,
Family-I
ap = —6coca, a_o=0, a_1 =0, as=—6c3, a;=—6cico (19)
Substitute (19) in (18) with (7), then solution of Eq.(10) achieved,
6c1 <01 — \/4dcgeg — 2 tan(—”‘lcogrcf(ﬁ + 50))>
Vi =—6¢cges + 3
2
3 <cl — V/dcgey — &2 tan(@(f + 50))>
20
; , (20)
4egey > 2 (21)
Fagurre? 4]

/|

W/
*5:‘%\\ W

,_
4

AL,

S

Figure 2. Traveling waves of solution of Eq.(17).
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Family-11
ap = —6cocy, a_o = —6¢3, a_;=—6cpc1, az =0, a; =0 (22)
Put (22) in (18),
12
Ve — — Gegen + cacoCt B
(01 — \/4cacy — 2 tan (%\/40200 — 3¢+ e)))
24¢2¢?
250 5 (23)
(01 — \/4deacy — 2 tan (%\/40200 — A&+ 50)))
degeg > . (24)
Case II: ¢cg = c3 =0,
ay=0, a2=0, a_1=0, ay=—6c3, a3 =—6cicy (25)
Put (25) in (18),
_ 2 ,c1(€+€o0) 2 .2 ,2¢1(E+€0)
Ve = 662816, _ 602616‘ o> 0. (26)
(1 — 02€Cl(£+§0)) (1 — 02601(5"1‘50))2
2 pc1(6+€o) 2.2 ,2¢1(E+€0)
Vo= 6cacie _ 6cscie , e <0, (27)
(1 + 02601(5-1‘50)) (1 + 62661(E+£0))2
Case III: a; = a3 =0,
Family-I
ag = —6coca, a_9=0, a_1=0, ay=—6c3, a3 =0 (28)
Put (28) in (18),
Vs = —6cpea — 6cpea (tan y/coca (€ + §0))2 ,  Caco > 0. (29)
Vo = —6cgea + 6eges (tanh 2V —C()Cg(f + fo))z ,  caco < 0. (30)
Family-I1
ag = —6coca, a_o9=—6c, a_1=0, az=0, a3 =0 (31)
Put (31) in (18),
6
Vig = —6cpea — c0c2 35 coco > 0, (32)
(tan Vo2 (€ + fo))
60002
Vi1 = —6¢coeo + 55 CoC2 <0, (33)
(tanh \/—coca (€ + &)
Family-II1
ag = —12cgca, a_o = —60(2), a_1=0, ay=—6c3, a; =0 (34)
Put (34) in (18),
1
Vig = —12¢oca — 6coce ((tan Vaoea (€ +&))° + 2) , coc2 > 0. (35)
(tan Veocz (€ + 50))
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Figure 3. Traveling waves of solution of (35).

Vis = —12¢gca + 6cgen <(tanh V—coca (€ + 60))2 + (tanh _60102(£ n 50))2> , cocg < 0.
(36)

3.3 Applications of Modified F-expansion Method

Suppose solution of (14) is;

b b
V=a0+a1F+a2F2+f1+Fz (37)

Substitute (37) in (14) with (11), solved for solution of Eq.(10).
For A=0, B=1, C = —1, we have,

ag = O, as = 76, ay = 6, b1 = O, b2 =0 (38)
Put (38) in (37),
1 3 1.\’
Via =3 <1 + tanh(2§)) ~3 <1 + tanh(2§)) (39)
When A =0, B=—1, C =1, then we have,
ag = O, ag = 76, ay = 6, b1 = O, bQ =0 (40)

Substitute (40) into (37),

1 3 1.\?
Vis=31- coth(iﬁ) ~3 1- Coth(if) (41)
For A=1, B=0,C = —3%, then we have,
Family-I
3 3
(l():é, GQZO, aq :0, b1 :07 b2:—§ (42)
Put (42) in (37),
3 3 1 2
Viem 22 43
790 (coth(f) :tcsch(§)) (43)
Family-I1
3 3
a =3, a2=-g, a; =0, by=0, by=0 (44)
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Figure(3 - &)

Figure 4. Traveling waves of solution of Eq.(39).

Put (44) in (37),

Vig = (*esch(€) + coth(€))”

N W
N w

Family-IT1
3 3

ap = 3, a =—3, ar =0, b=0, by=—2
Put (46) in (37),

3 1 > 3
Vis =3~ 2 ((:I:csch(f) + coth(ﬁ))) 2 (sEesch(€) + coth(£))’

ForC=-1,B=0,A=1,
Family-1
a0:6, GQZO, a1:O, bl:O7 b2:—6

1 2 1 2
“9:6‘6(tanh<s>) o 6_6<coth(£)>

a0:6, a2:—6, (1120, b1:O, b2:O

Put (48) in (37),

Family-I1

Put (50) in (37),
Vao(€) = 6 — 6 (tanh(&))* or 6 — 6 (coth(¢))”
Family-I11
ap =12, as=-6, a1 =0, by=0, by=—-6
Put (52) in (26),

2 2
1 1
Vo1 =12 — 6 tanh _— 12-6 th _—
= (a“ (g”tanh(g)) d <C° (5)+coth<§>>
When A=3,C=3 B=0,
Family-1
——§ ——§ 0, b1=0, b 0
a‘O - 2a a’2 - 2a al - ) 1 — b) 2 —
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Figure(5 - 5)
Joper
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|
|
|

Figure 5. Traveling waves of solution of Eq.(63).

Put (54) in (37),

3 3 2
Vaz = 573 (sec(§) + tan(§))

Family-I1
3 3

a = =3, a2 =0, a3 =0, b =0, b2:_2

Put (56) in (37),

v 33 1 :
#7727 2 \ tan(€) + sec()+
Family-I11

3 3
a0:737 a2 = —7, (11:0, b1:07 b2:77

2 2
By putting Eq.(58) in (37),

3 3 ! 2
Voy = —3 — 3 (tan(€) + sec(€))? — 5 (‘mn(§)+sec(§))

A=-1B=0,0=-1,

Family-1
3 3
a=-5, a@=-5, a=0 =0 b=0
Put (60) in (37),
3
Vos = 573 (sec(§) — tan(£))?
Family-I1
3 3
aw=-5 br=-5 a=0 b=0 a=0
Put (62) in (37),
e 3 3( 1 Y
7 727 2 \ tan() — sec()
Family-III
3 3
a0:73, bg—*i, al—o, b1:07 a2*7§

Put (64) in (37),

2
Vor = —3 — g (sec(€) — tan(f))z + 9 (‘M)

— sec

29

(57)

(58)

(60)

(61)

(62)
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C=-1,B=0,A=-1,
Family-1

ag = —6, bg = O, a; = O, b1 = 07 as = —6
Put (66) in (37),

Vas = —6 — 6 (tan(&) cot(€))”

Family-II

apg=—-6, ay=0, a1 =0, by =0, by=-6
Put (68) in (37),
1

V2966<(Cot(£)wn(€)>2

Family-I11
apg = —12, as = —6, a; = 0, bl = 0, b2 =—6
Put (70) in (37),

1

2
Vso(z,t) = —12 -6 ((tan(f)cot(&)) — 6 (tan(¢) cot(£))?

When A = B =0, C3 # 0, then we have,

ag = O, as = —602, a;p = 0, b1 = O, b2 =0
Put (72) in (37),

1 2
V3 = —60?
. <C£ + e))
When B =0, C' =0, then we have,

apg = O7 as = 0, b2 = —6A2, a; = O7 bl = 0,
Put (74) in (37),

When A #0, B # 0, C' =0, then we have,

apg = O, ags = 0, a; = 07 bl = —GAB, b2 = —6A2
Put (76) in (37),

Vi = =048 (o) O (mw’%—m)

84 Results and Discussion

Vol. 37, No. 1

Different researchers used distinct methodology for the determination of the traveling so-

lutions of Vakhnenko-Parkes equation [32,33,35]. But here we have presented novel three

modified mathematical methods for construction new wave solutions. By choosing different val-
ues of A;, B;, C; and D; in Eq.(4) and a;, b; in Eq.(6) and Eq.(8) respectively due to catching
different values, achieved several types solutions. However, some our investigated results are
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b,
2
N
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Figure 6. Traveling waves of solution of Eq.(75).

likely similar to with other researchers. Our solution (26) and (27) are in the form of exponen-
tial which are also likely similar to the solutions (23) and (24) in [32]. Solution (72) and (73)
having exactly same form with involving different parameters to the solution (16) a in [33]. Our
solution (30) is approximate similar to solution (92) in [35]. The left behind all our investigated
solutions are novel and have a more general as compared to the slutions obtained in [32-35].

Figure(1-6) are plotted after assigning these particular values to the parameters such that,
solution V7 at Dy = 0.005, 4 = 0.15, ¢1 =2, g2 = —4, q3 = 2, §; = —0.07, ¢ = 1 and solution
Vsat Dy =0.005,n =1, p=—-125p=1,¢1 =1, g2 = -2, q3 =10, §g = —0.07, ¢ = —1
and Vig at ¢cg =1 co =1, u = 3.03), £ = 0.5 and Vi at g = 0.05 and Vg at ag = 5, w = 0.05
and V3o at p = —1.5 respectively. From the results discussion and graphical representations of
some solutions by assigning the particular values with the assistance of Mathematica sofware,
we have found that our techniques provide a rich plate form as a mathematical tools for solving
nonlinear wave problem in Mathematics, physics and engineerings.

85 Conclusion

In this work, three modified mathematical methods so called generalized direct algebraic,
extended simplest equation and modified F-expansion methods are utilized for the construction
of the wave solutions of Vakhnenko-Parkes equation, having a great application to control the
frequency waves process in relaxing medium. The achieved solutions more general and provide
a basic ground for solving many nonlinear problems.
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