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Classification and existence of positive entire k-convex

radial solutions for generalized nonlinear k-Hessian system
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WANG Guo-tao®* Mohammad M. Rashidi?

Abstract. In this paper, we consider the following generalized nonlinear k-Hessian system

g (sF (A(D*2)) ) 8F (A (D*21)) = @(lz], 21, 22), = € RY,

6 (s} (n(D%22))) S} (A (D%22)) = w(lal, 21, 22), @ € RY,

where G is a nonlinear operator and Sy ()\ (DQZ)) stands for the k-Hessian operator. We first
are interested in the classification of positive entire k-convex radial solutions for the k-Hessian
system if o(|z|, z1, 22) = b(|z|)p (21, 22) and P (|z|, z1, 22) = h(|z|)1(z1). Moreover, with the help
of the monotone iterative method, some new existence results on the positive entire k-convex
radial solutions of the k-Hessian system with the special non-linearities 1, ¢ are given, which

improve and extend many previous works.

81 Introduction

In this paper, the main purpose is to consider the positive k-convex radial solutions of the
following generalized k-Hessian system involving a nonlinear operator

G (St (3 (0%22))) SF (A (D221)) = llal. 21, 22). = €Y,
G (SF (M (D*2))) 8F (A (D*25)) = w(lal, 21, 2), = €RY,
where 1, p € C(RN x [0,400) x [0,+00),[0,+00)), G is a nonlinear operator satisfying
T = {G € C*([0, +0), [0, +00))| there exists a constant p > 0 such that
forany 0 <1<1, G(It) <IPG(1)},

(1)
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which is defined in [1]. Sy, (A (D?z)) stands for the k-Hessian operator as follows
Sk (A (D?2)) = > XNy Nja N, k=1,2,... N,
1<j1 < <jr <N
where D?z is the Hessian matrix of z, A1, Ag, ..., Ay are the eigenvalues of D?z and A (DQZ)

= (A1, A2, - -, Ay) is the vector of eigenvalues of D?z. Here define
Ip={AeRY:5 (A(D%)) >0,1<1<k}.
A function z € C?(R") is k-convex in RY if A (D?z(z)) € T for all z € RY.
It is not hard to see that Sy ()\ (D22)) is a discrete collection of partial differential operators
including the Laplace operator, the Monge-Ampere operator and many well known other oper-
ators. For k =1, S (A (D?z)) is the so-called Laplace operator Az and k = N, Sy (A (D?z))

is the so-called Monge-Ampere operator det D%z, i.e.

Laplace operator Monge-Ampere operator
S1 (A (D?2(2))) = X, Ai = Az, Sn (A (D?2(2))) = [TiL, A = det D22,

In recent years, Laplace problem and Monge-Ampere problem are hot topics. Existence,

uniqueness and asymptotic behavior of solutions to the above problem have been investigated
extensively by many authors in different contexts [2-8,39,40]. In 2009, Ghanmi, Maagli, Rad-
ulescu and Zeddini [2] investigated the existence and the nonexistence of blow up or bounded
solutions to the following system of nonlinear elliptic equations

Az = b(lz)(z), @€ RY,

Nzy = h(|z|)p(21), =€ RN,

In 2019, Covei [3] showed the existence of positive radially symmetric solutions to the
following problem

Az =balyb(z) + hal)e(z), ©e RN, (2)

For the problem (2), when 1(2) = 2%, ¢(2) = 2° and 0 < a < $, Lair [4] gave sufficient

conditions for the nonexistence (existence) of nonnegative entire blow up solutions.

It is well known that k-Hessian equations are fully nonlinear PDEs for & > 2 [9,10]. There
are many important applications in fluid mechanic, geometric problem and other applied sub-
jects. For instance, the k-Hessian problem can describe Weingarten curvature or reflector shape
design [11], and it can also describe some phenomena of non-equilibrium phase transitions and
statistical physics [12,13]. In recent years, many authors have shown increasing interest in the
subject of the k-Hessian problem. A good number of investigative results on the k-Hessian prob-
lem have been given by applying different methods, such as the variational method [14,15,16],
the monotone iterative method [17,18,19], the method of moving planes [20], the method of
sub- and super-solutions [21,22,23], the fixed point theorem [24,25].

Here, we give a definition on the classification of solutions.

Definition 1.1. [26] A solution (21,22) € C?([0,00)) x C%([0,00)) of system (1) is called an
entire bounded solution if condition (3) holds; it is called an entire blow up solution if condition
(4) holds; it is called a semifinite entire blow up solution when (5) or (6) holds.
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Finite Case: Both components (z1,22) are bounded, namely

lim z(Jz]) <oo and lm 2z5(]z]) < oco. (3)
Infinite Case: Both components (z1,z2) are blow up, namely
lim z(|z]) =00 and lim z3(|z|) = oc. (4)
|z|—o00 |z|— 00

Semifinite Case: One of the components is bounded, whereas the other is blow up, namely

lim z(|z]) <oco and lim zy(|z|) = 00 (5)
or
lim z(Jz]) =cc and lim 2(|z|) < 0. (6)

In 2015, Zhang and Zhou [27] studied the following k-Hessian system
{ Sk (A (D22))) = b(|j2))¢)(20), = €RY, -
Sk (/\ (DQZQ)) = h(|z|)p(21), =€ RN.
They only obtained the existence of positive entire k-convex radial solution for the Finite Case
and Infinite Case by applying Arzela-Ascoli theorem and the monotone iterative method.
In 2018, Covei [28] considered the Laplacian system
Nzy = b(|z)Y(21,22), = €RY,
ANzg = h(|z|)e(z1), r € RN,
He analyzed the existence of positive entire radial solution under the Finite Case, Infinite Case
and Semifinite Case by applying the monotone iterative method.
In 2020, Zhang, Liu, Wu and Cui [29] considered the k-Hessian equation

1 1
G (Sf (\(D%2))) S (A (0%2)) = ellal, =), =€ R,

they gave a sufficient and necessary condition of existence of radial solutions under the Infinite

Case by applying the monotone iterative method.

On the other hand, if ¢(|z|, z1, 22) = b(|z|)¢(z1, 22) and P(|x|, 21, 22) = h(]z|)1(z1, 22), then
the k-Hessian system (1) turns to the following form

g (Sk% (A (Dzzl))) Sk% (A (D?21)) = b(|])p(z1, 22), =€ RN,
G (SE (A (D%=))) SE (A (D*2)) = h(Ja]) (21, 2), @ € RY.
In 2020, by applying the iterative technique, in paper [30], we presented sufficient conditions

(8)

for the existence of the entire radial solutions under the finite case and infinite case and gave
the estimation of positive entire radial solutions for the problem (8).

Inspired by the above works, we firstly consider, in addition to those cases [27,29,30], the
existence of entire positive k-convex radial solutions under the semifinite cases (5) and (6)
for the k-Hessian system (1) if o(|x|, z1, 22) = b(|z|)p(z1, 22) and ¥ (|z|, 21, 22) = h(|z|)(21)-
Secondly, we show the existence of entire positive k-convex bounded solutions and blow up
radial solutions and also give the estimation of entire positive k-convex radial solutions for
the k-Hessian system (1), where ¢(|z|, 21, 22) = b1 (|z])1(21) + hi(|z|)(22) and ¥ (|z|, 21, 22) =
ba(|z])(22) + ha(|z|)p(21). Here we extend the study in [3,28] from semilinear problem to
fully nonlinear problem. The approach employed to deal with the k-Hessian system (1) is
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the monotone iterative method, which is a powerful tool for studying nonlinear problem, see
[3,11,17,18,19], [27-37] and the references therein. The main results of this paper improve and
complement the works [4,7,8,18,27,29,30] on the problem (1) with more special nonlinearities
¥, ¢ and weights b, h, b;, h; (i =1,2).

82 Existence results for Hessian system with two weights

In this section, we will discuss the following k-Hessian problem for ¢(|z|, 21, z2) =
b(|z])¢(21,22) and ¥(|zl, 21, 22) = h(|2])¥(21) in the system (1)
G (8¢ (\(D?21))) 8 (A (D*21)) = b(Jal)p(e1,22), = €RY,
G (SE(\(D%2))) SE (A (D)) = h(lz)b(=1), = €RY,
where the weights b, h € C(]0, +00), (0, +00)) are spherically symmetric.
Here we assume that the functions 9 and ¢ satisfy the following conditions.
(S1) : ¢ € C(]0,00) x [0,00),(0,00)) is increasing in each variable and ¢(t1,t3) > 0 for all
ti1,t9 > 0;
(S2) : ¥ € C([0,0), (0,00)) is increasing and (¢) > 0 for all t > 0;
(S3) : There exist positive constants ¢, § and +, the function f € C([0,00) X [0, 00), (0, 00)) and
the function g € C([0,+00), (0,+00)) such that

o(t1,ta82) < cf (t1,t2)g(s2), Vt1 >0, Via > M and Vsy > 1,
where f is increasing in each variable and
5, 6> (4(3) + 17T,
B { (W) + D7, 5 < @) + 17

Here, we introduce a lemma about the properties of the operator R(t).

Lemma 2.1. [1] Let R(t) = tG(t), where G € Y. Thus, it has the following properties.
(1) : R(t) has an inverse mapping R~1(t), which is nonnegative increasing;
(2) : for 0 < 8 < 1, we have

(3) : for B > 1, we have

For r > 0, denote

)

r t $N71 %
B(T):/O (tNk_k/O F [R7 (b(s))]kd8> dt,
N-1

r tsN71 %
H(r) = /0 (tNk_k /0 ol [Rl(h(s))]kds> dt,
N-1
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P(r) :/Or (tNkk /otgj,v’;_lll (R (b()91 + H(s)
a0 - [ (w5 [ g (7 (oo (7 (e 07400)) ) s )

r k t N—1
Q(r :/ N—k =1
X ) 0 tN k 0 C]]i[_ll

and

P(c0) := lim P(r), P(oc0):= lim P(r), Q(o0):= lim Q(r), Q(c0):= lim Q(r).

r—00 r—oo r—00 r—00 —

Our assumptions are as follows:

(Py) : F(o0) = o0

(Py) : P(00) < 00, Q(00) < o0;

(P3) : P(oo) = 00, Q(00) = o0;

(Py) : P(00) < o0, Q(00) = oo;

(Ps) : P(c0) = 00, Q(00) < 00;

(Ps) : P(00) < F(o0) < 00, Q(o0) < 005
(P7) : P(c0) < F(o0) < 00, Q(00) = 0.

Before we give a detailed description of our main results, we state the following lemmas,
which are important for our proofs.

Lemma 2.2. [38] Assume that y(r) € C?[0, R) with y'(0) = 0. Then we have the function
#(l2]) = y(r) € C*(Br),

M), L0 YWY g<p <R
A(D2%2) = (v, 52 52 T (10)
(¥"(0),y"(0),....y"(0)), 7=0,
and - .
k=11 AGANE k y'(r)
Sk (A (D2%2)) = Cn_vy (T)k( = ) +C%_, ( - ) , 0<r<R, (11)
Cy (¥"(0)", r=0,
where r = |z| < R, Br = {z € RV : |z| < R} and C}, = iy

Lemma 2.3. [30] (z1(|x]), z2(|z|)) = (y1(r), y2(r)) is a radial solution of the k-Hessian system
(9) if and only if (y1(r),y2(r)) is a solution of the following ordinary differential system
k

{rf\;k [(341(7“))'}’“}/ PN-1 [Rfl(b(r)cp(yl(r),yg(r))ﬂ , >0,

= k-1
Oy

{r]\;_k [(yz(r))l} k}/ e [R_l (h(?")i/)(yl(r)))] g , r>0,

= k-1
Cn_a

y1(0) =7, 32000 =3, 91(0)=0, w(0)=0.
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Our main results for the k-Hessian system (9) are as follows.

Theorem 2.1. Assume (S1), (S2), (S3) and (P1) hold. Then the k-Hessian system (9) has

infinitely many positive entire k-convex radial solutions (21, z2) € C?[0,00) x C?[0,00). More-

over,

(1) if (P2) holds, then | l‘im z1(Jz]) < 00 and lim z(|z]) < oo.
x|—o0 T—r00

(2) If (Ps) holds, then lim zi(Jz|) = oo and lim z3(]z|) = oo.
|| =00 T—00

(3) If (Py) holds, then | llim z1(Jz|) < oo and lim z3(|z|) = oo.
x|—o0 7—r00

(4) If (Ps) holds, then lim zi(Jz|) = oo and lim z3(]z|) < oo.

|| =00 T—>00

Theorem 2.2. Assume (S1), (S2) and (S3) hold. Moreover,
(1) if (Ps) holds, then the k-Hessian system (9) has infinitely many positive entire k-convex
radial solutions (z1,22) € C2[0,00) x C2[0,00) satisfying

v+ P(r) < z(|a]) < F~ ((c+ 1)ﬁﬁ<r)) . Vr>0
and
0+ Q(r) < z2(lz]) <6+ Q(r), Vr=0.
(2) If (Pr) holds, then R lim 2z (|z]) < oo and Ry hm zo(|z]) =

2| —o00

Remark 2.1. By the simple calculation, we know that the similar results as Theorem 2.1 and

2.2 can be obtained for the k-Hessian system
{ SEND?2)) = b(l)p(1,22), @ € RN,
S¢ (A(D?z2)) = h(|z))¢(=1), z e RY,

under the condition as follows

" dt :
0= [ Feimmy 720 Fe) = i FO)

So we consider the more interesting system (9).

83 Proofs of Theorem 2.1 and Theorem 2.2

In this section, we give proofs of Theorem 2.1 and Theorem 2.2.

3.1 Proof of Theorem 2.1

It is well known [30] that the radial solution of the system (9) is the solution of the integral
system

yl(r):’y—i—/or (tlvkk/otéil\;[R—l(b(s)@(yl(s),yg(s)))}kds) dt, >0,

yg(r)(SJr/OT (tNk_k/Oté]:_ll{Rl(h(s)d)(yl(s)))}kds) dt, > 0.
N-—1

(13)
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Let {ygm) (T)}m>0 and {yém)(r)}m>0 on [0,00) be two sequences of functions given by

,yéo)(r):yz(()):(i r>0, v>0 and §>0,

)
m " k tsNil — m— m— k %
W=+ [ (tN_k | 2[R (o0 6008 0) | ds> at, >0,
0 0 YN-1
T t N—1 k %
(m) () k $ -1 (m)
W =i+ | <tm || e R (o )] ds) dt, r>0.

(14)
By the same way in [30], we can conclude that {ygm) (r)} N and {yém)(r)} o, are nonde-
m=>0 m>0

creasing on [0, 00). Furthermore, we are going to prove that {ygm)(r)} . and {yém) (7“)} .
mZ> mz
are bounded on [0,00). It follows from (14) that (y%m))’(r) > 0 and (yém))’(r) > 0. By the
monotonicity of {ygm) (r)} N and {yém)(r)} . (S1), (S2), (S3) and Lemma 2.1, one can
m>0 m2>0
see that

rN_ —1 m—1 m—1 k
Now R (o)™ ), 58" ()]
rV-1 —1 m m k
<g R (b wt™ ), 55 (1))
1 k
pN-1 . m 4 k bLgN=1 . k k
=gt | R (be™ .5+ / (tN_k o R (h0u™ )] ds> dt))}
<L [R (b l™ ()5 + W™ ) + 1P ()|
N—-1 ~
L P (m) (m) L g '
= R b(r (), ™ (r 1)»+1 T H(r
g |7 el 0, ™ )+ VP S ¢ <>>>)]
k
L PR O PR COPN o J ,
<gimr [R7 (0001 0. (01 () + D7 TErER >>)]
LM P (m) (m) o *
<L R (b0 (), M@ ™ () + )77 (1 + H() )|
N—-1
T,Nfl 1
< [R (H00es 67 00, ™ ) + g1+ )|
_k_ (m) (m) 1 N 1 k
(e D7 (P (), MO6E™ (1) + 175 + )7 S (R (br)a(1 4+ H(r)) )|
k 1 ’I“N_lN_1 k
<(e+ VP (™ (), MW" () +1)750) + 1) T [R7 (br)a(1+ HE) )|
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which leads to
(7)) (et DF(F™ ), M) +1)7) + 1)
x <7J\fkk OT ij:v:_lll (R (b(s)9(1 + H(s)))]k ds>
Integrating the above inequality (15) from 0 to r, one gets
. (")
/o £ (5™ @), M@ E™ @) + D7) +1

=
—

—

Ut
=

dt < (c+ 1)7 1 P(r),

ie.

v ()
/v £ (7 M)+ )7T) +1
Consequently,
F (ygm)(r)) <(c+ l)ﬁ?(r), Yr > 0. (16)
In view of the fact that F is a bijection with the inverse function F~! strictly increasing on
[0, 00), we have by (16)

y"() < P ((e+ )7 P(), vr>o. (17)
It follows from (17) that

ey =o [ <tNk A C]]VV R (s s)]" ds) at

r k t GN-1 - - e k * (18)
< 5+/0 <tN_k/0 o [R 1(h(5)¢ (F L ((c+ 1)P+1P(r))> )} ds) dt
=46+ Q(r).
By (17) and (18), one gets for arbitrary co > 0
Y™ (r) < F1 ((c+ 1)#1?@«)) < pt ((c+ 1)#1?(%)) =0y, Vreloc (19)
and
WM <5+ Q(r) <6+ Qo) = Cay Vr €0, co], (20)

which mean that the sequences {yim)(r)} N and {yém) (7")} o, Are bounded on [0, ¢g] for
m>0 m>0
arbitrary ¢y > 0. By (14), one gets for arbitrary ¢y > 0

N-1

< (Wkk /0 éjj’%_ll [R‘l (b(S)w(yY”)(S%yém)(s)))} k ds)

1
k

(21)
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b

< (’”N_,f I b(r) + 1127 c’;v = | (so(yY’”(s),y£m><s>>)}kds>

< ( qkf 15+ 1IET [R7 (o™ 0,55 0)] / Tds>'1

s(cj,fj ok 16 +1 &7 [R- (so(ol,cz))}’“f

§<C§__11>i00 [60r) +11ET [R (01, 0))], Vre 0,e0]
and

(57w) = (ka—k | C;V " (h™ )] ds> %

=

IN

<k_> co |l h()+1||£?[ (w(cl))}, Vr € [0, o]

Crh
!/
and {(yém)(r)) } are bounded

m>0
on [0,c¢o] for arbitrary ¢y > 0. It follows from Arzela-Ascoli theorem that { (m. )( )} and
m>0

/
In view of (21) and (22), the sequences {(yyn)(r)) }

m>0

{yém) (T)} have subsequences converging uniformly to y; and y2 on [0,cp]. Due to the
m>0

arbitrariness of v,d,co > 0, one concludes that the system (12) has infinitely many positive
entire k-convex solutions(yy,y2). Therefore, with the help of Lemma 2.3, one can easily draw
a conclusion that the k-Hessian system (9) has infinitely many positive entire k-convex radial
solutions (z1, 22) € C?[0,00) x C?[0,00). Next, the proof of z; € C2[0,00)(i = 1,2) is similar
with [30] and is omitted.

Since F(00) = 00, we can know that

F (o) = .

(1) It follows from P(00) < 0o, Q(00) < 0o, (17) and (18) that
y(r) < P71 ((c—|— 1)#?(00)) <00, Vr>0
and
yo(r) <0+ Q(o0) < 00, Vr >0,
which mean that Tlggo y1(r) < oo and rll>nolo y2(r) < oo. Thus, the positive radial solutions

(y1,y2) € C?[0,00) x C2%[0,00) are bounded. Therefore, the k-Hessian system (9) has infinitely
many positive entire bounded radial solutions (z1, z2) € C?[0,00) x C2[0, o).
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(2) In view of P(c0) = 00, Q(00) = 00,

1
k

niy =+ [ (tN’“ i [R-l(b(s)so(yl(s),yg(s)))}kds> @

E—1
0 CN—l

and
ya(r) =6 + /0 ' (tNk_k /O t é*]]:vlll [R*l (h(s)d)(yl(s)))] ’ ds> "
> 5+ (win{ 2wt }) " H),
we get that

1

r t stl
>+ / (tN’“_k / k_llm1(b<s>so<y1<s>,5+(min{é,u)(v)})wH(s)))]kds) 2 o)

1

yo(r) =6 + /0 <tNkk /Ot é];; [R—l (h(s)@[}(yl(s)))} * ds> ) dt
® (24)

2o+ [ <tN’“,€ [ 2 [ (0wt + int ot 76| ds> L

Chh
=0+ Q(’I‘),
which imply that lim y;(r) = co and lim ys(r) = co. Therefore, the positive entire k-convex
T—00 T—>00

radial solutions (z1,22) € C?[0,00) x C?[0,0) of (9) blow up.

(3) In the spirit of Case (1) and Case (2), we have
yi(r) < F1 ((c—|— l)ﬁ?(oon <oo, Yr>o0
and
yo(r) >0+ Q(r), Vr>0.
In view of P(00) < oo and Q(c0) = oo, one gets that thnCEO y1(r) < oo and rhﬂn;(j y2(r) = oo,
which means the k-Hessian system (9) has infinitely many positive semifinite entire blow up

k-convex radial solutions (21, 22) € C?[0,00) x C?[0, 00).
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(4) In this case, the idea is to mimic the proof of the Case (3). We observe that
yi(r) 2y +L(r), vr=0
and
ya(r) <5+ Q(r), Vr >0,
In view of P(c0) = oo and Q(o0) < oo, one gets that Tlggo y1(r) = oo and Tlggo ya(r) < oo.

Therefore, the k-Hessian system (9) has infinitely many positive semifinite entire blow up k-

convex radial solutions (z1, 22) € C?[0,00) x C?[0,0).

3.2 Proof of Theorem 2.2

(1) By a similar process to Theorem 2.1, we can obtain that {yim) (r)} and
m>0

{ygn)(r)}m>0 are two nondecreasing sequences. Moreover, we can also obtain (16), (18), (23)
and (24). It follows from (16), (18) and (Ps) that
F (5(r)) < (c+ )FTP(o0) < (c+ D)FTF(00) < 00, ¥r >0
and
yém)(r) <6+ Q(0) <00, Vr>0.
On the other hand, since F~1! is strictly increasing on [0, 00), we find out that
y%m) (r)y<F! ((c+ 1)%F(oo)) <oo, VYr>0,

then the nondecreasing sequences {ygm) (r)} - and {yém) (r)} oo € bounded for Ym € N

and r € [0,00). We use this observation to conclude that lim ygm)(r) = y1(r) < oo and
m—r o0
lim yém)(r) = ya(r) < oo, thus the limiting functions y; and ys are positive entire bounded
m—» 00
radial solutions of the k-Hessian system (9).
(2) The proof is similar with Case (3) of Theorem 2.1, so it is omitted. This completes the

proof.

84 Existence results for Hessian system with four weights

In this section, we will discuss the following k-Hessian problem for ¢(|x|, 21, z2) = b1 (Jz|)¥(21)
+ hi(|z])p(z2) and ¥(|z|, 21, 22) = ba(|z|)9(22) + h2(|z])¢(21) in the system (1)
G (85 (\(D*2))) SE (\(D%21)) = bi(ja)(z1) + I (lep(z2), @ € RY,
G (5F (A (D*2))) SE (A (D°22)) = ballal)(z2) + halep(z1), @ € RY,
where the weights b;, h; € C([0, +00), (0,4+00)) (i = 1,2) are spherically symmetric.

(25)

Here we assume that the function v satisfies (S2) and the function ¢ satisfies the following
conditions.

(S4) : there exists a positive constant ¢ > 0 such that ¢(t) < 0 on (0,¢) and nondecreasing on
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(¢, 00),
Jm o(t) = o(¢) =0
Denote
" dt
1o = [ e T2 He) = lm HO)
Ayls) i { bi(s)e (7) it () =0,
((b1(s) + ha(s))min{p (), ¥ ()}) if ¢ (6) #0,
Aa(s) :{ ba(s)¢ () it () =0,
((b2(s) + ha(s)) min{p (6), ¢ (v)}) if @(v) #0,
T t SN_1 &
J(r) :/0 <tNk‘k C]’i,ill [R—l(Al(s))]k ds) dt, r>0,
r t SN_l %
W(r) = /0 o [ a— [R—l(Ag(s))}’“ds> dt, >0,
o T k t SN—l . %
J(r):/0 <tNk ; le%ill [R (bl(s)—l—hl(s))] ds) dt, r>0,
T t SN_l %
W(r) :/0 tNkik ; 01]%111 [R_l(bg(s) —|—h2($))] ds> dt, r >0,
and
J(oc) = lim J(r), W(eo):= lim W(r), T(o0):= lm T(r), W(o0) = lim W(r)

Our assumptions are as follows:

(Q1) = H(00) = o0;

(Q2) = H(o0) < 00;

(Qs) : T(00) < o0, T(50) < o3

(Q4) : J(00) = o0, W(00) = oo

(Qs) : J(00) < 00, W(o0) < o0

(Qg) : J(o0) + W(o0) < H(co) — H(2£), where £ > ﬂ%é is a constant.

Similar to the proof of Lemma 2.3, we can transform the k-Hessian system (25) to an

equivalent ordinary differential equation.

Lemma 4.1. (zl(|x|),22(|:r\)) (y1(r),y2(r)) is a radial solution of the k-Hessian system (25)
(r))

if and only zf (ya(r), y2(r

CN 4
y1(0) =7, y2(0) =6, ¥:1(0)=0, y5(0)=0.

Our main results for the k-Hessian system (25) are as follows.

{Nkk[@n( "'y ”—1[ (b)) + o)L 20,

s a solution of the following ordinary differential system

WL =L TR (b () + (el ))] . >0,
(22 e - b )

(26)
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Theorem 4.1. Assume (S2), (S4) and (Q1) hold. Then the k-Hessian system (25) has infinite-
ly many positive entire k-convex radial solutions (21, z2) € C?[0,00) x C?[0,00). Moreover,
(1) if (Q3) holds, then lim 2z (Jz|) < oo and lim z3(|z|) < oo.

xr|—0o0 x

|| || —o00
(2) If (Q4) holds, then ‘ llim z1(|z|) = oo and ‘ llim zo(|z|) = o0.
T|—0o0 T|—00

Theorem 4.2. Assume (S2), (S4), (Q2), (Q3), (Qs5) and (Qs) hold. Then the k-Hessian system
(25) has infinitely many positive entire k-convex radial solutions (21, z2) € C2[0,00) x C2[0, c0)
satisfying

Y+ J(r) <z < HYH(2E) + J(r) + W(r), ¥r>0
and

S+W(r) <z < H YH26) 4+ J(r)+W(r)), ¥r>0.

85 Proofs of Theorem 4.1 and Theorem 4.2

In this section, we give proofs of Theorem 4.1 and Theorem 4.2.

5.1 Proof of Theorem 4.1

Let us rewrite the system (26) to the integral form as follows
1

k

niy =+ [ <tN’f,§ i [Rl(bl<r>w<y1<r>>+h1<r>so<y2<r>>)]kds> @ r>0

0 O]’i[__ll
r k t SNfl L k %
ya(r) =6+ / i | e R (e0)ea() + ha(r)e(n ()| ds |t v >0,
o \? o Ony
(27)
Let {?h (T)}mzo and {y2 (T)}mzo be the sequences of positive continuous functions on
[0,00) defined iteratively by
V) =1(0) =7, y() =200 =65, 7>0 and >0,

T t SN_1 _ 1 N
iV =7+ [ G [ G R Gl ) el ) b

m " k tSN?l —1 m— m— 1
v (r) = 6 + / (s / G R G0 ™ () 4 hal)o ™ () ds) el
(28)

We will first prove that {yyn) (r)} . and {yém) (r)} , are nondecreasing on [0,00). It

m>
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is clear that y§0) < ygl) and yéo) < yél). By using the mathematical induction method, we get

1

k

W=+ [ (tNkk e 'R-l(bms)w(y?)(s))+h1<s>¢<y§°><s>>)}kds> @

0o Ch4 L
=+ [ (tNk / t O]]Zv R (ba(60) + P (@) ds) dt )

<+ [ (tNkk = 'R1(b1<s>w<y§“<s>>+h1<s>w<yé”<s>>)}kds) dt

k—1
0 CN71 -

=1 (1),
Similar to (29), we see that yél)(r) < y§2) (r). We assume ygmfl)(r) < y§m)(r) and yémfl)(r)
< yém)(r)7 Vm € N, r € [0,00) and prove that

ygm) (r) < y§m+1)(r) and yém)(r) < yémH)(T), VYmeN, r € [0,00).

In fact,
r t N-1 B _ 3
W =+ [ (tNkk A = G CORU RO CEC ”(s)))]kds> dt
T t SN—I m %
<+ [ (tN’“ [ [ (™ o)+ o)t ><s>>)]kds> at
=" )
and 1
o (s))+h2(s)¢(y§m1>(s)))]kds> dt

=

k tgN-1
N—k k—1
t Cn_a

=y ().

Il
2
+
h
~
o
ES
o o\&
Vo)
23 %
— ’L
3
=
=p
[V
o
=
<
o~
3
=

(R (o)™ (5)) + ha(s)e ™ (5)) ] ds> dt

So, {yim) (r) }m>0 and {yém) (T)} are two nondecreasing sequences. It follows from (28) that

= m=>=0
(yyn))’(r) >0, and (yém))’(r) > 0. By the monotonicity of {ygm) (r)} . and {yém)(r)}
(S2), (S4) and Lemma 2.1, we have -
m ! k " N-1 — m— m— k
(") = (M | S [ (o6 + ma(oetd™ 50 | ds>

k—1
o Cn

b

m>0

1
k

e

< (wk | S [R (e o) +h1<s>w<yém’<8>>)]kds>

k—1
0 CN71
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B

< (kak /0 S R (046) + ma(s) ™ () + w(yém)@)))]de)

1
k

" SN_I m m —
< <Nk (W™ () + 5™ () + IR 1(b1<s>+h1<s>)}kds)

0 Ox’l (30)
<[ ()™ )+ ) +1]
X <rNkk /0 éjz_ll [R—l(bl(s) n hl(s)ﬂkds) )
Similarly, we obtain M
(7)) <[ (o) W) + 557 +1]
"Nt g (31)
X <rNk—k/0 % [R—l (bz(s) + hg(s))rd8>
By (30) and (31), we know that
(@) + (57 0) <[ (o) 6 ) + 5876 +1]
X { (TNkk /07“ 21:—11 [R‘l(bl(s) + hl(s))r ds) )
N-1
+ <TNk_k OT é];v:_lll [R—l(zh(s) +h2(s))rds>k }
which yields
: (" ®) + (5 ) P
| )y ST ) <70 O
1.e. y§m>(r)+yém)(r) 1 B o
L Ee RO S
Thus
H (3™ () + 8" (1)) < T() + W), vr=0. (32)

By (Q1), one can get H~!(0c0) = co. Because of the fact that H is a bijection with the inverse

function H~! strictly increasing on [0, 00), (32) can be rewritten to the form

W)+ s () < HH(T(r) + W (), Ve >0, (33)
which means that the sequences {yyn) (r)} . and {yém) (r)} Lo e bounded on [0, ¢g] for
(m) (1) Loy
arbitrary ¢y > 0. So do {(ylm (r)) } and {(me (7‘)) } from (28) and (31). Identical

m>0 m>0

to Theorem 2.1, we can conclude that the k-Hessian system (1) has infinitely many positive

entire bounded k-convex radial solutions (z1, 22) € C?[0, 00) x C?[0, 00) with the help of Lemma
4.1.
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(1) we get from (Q3) and (33) that for all » > 0
y1+ye < HH(J(r) + W(r)) < H™H(J(00) + W(00)) < o0,
which imply TILHC}O y1(r) < oo and Tlggo y2(r) < oco. Thus the system (26) has infinitely many
positive entire bounded k-convex radial solutions (yi,y2) € C?[0,00) x C?[0,00). By Lemma
4.1, we can see that the k-Hessian system (25) has infinitely many positive entire bounded
k-convex radial solutions (z1, z2) € C?[0,00) x C?[0, 00).
(2) It follows from (S2), (S4) and Lemma 2.1 that

n(r) :y1(0)+/OT (tNk_k /Oté];; [T\’,_l(bl(r)d}(yl(r))+h1(r)cp(y2(r)))rds> dt

k

>+ [ (’“_ e R (bt + h1<r>w<a>)}kds) dt

N—Fk k—1
¢ OCNfl

b

t gN-1 . +
27+ (tN )y g R (00 +@)we) +w6))] ds> a
>y + <tNkk Ot C]]ZV__; {Rl(Al(r))rds>kdt
>y +J(r

>+ W (r).
Since (Q4) holds, we note that Thj& y1(r) = oo and Tlgr()lo y2(r) = co. Thus the k-convex radial
solutions (y1(r),y2(r)) of (26) blow up. According to Lemma 4.1 we can conclude that the
k-Hessian system (25) has infinitely many positive entire blow-up k-convex radial solutions
(21,22) € C?[0,00) x C?[0,00). This completes the proof.

5.2 Proof of Theorem 4.2

By a same process to Theorem 4.1, we can conclude that the k-Hessian system (25) has
infinitely many positive entire k-convex radial solutions (z1, z2) € C?[0,00) x C?2[0, 00).
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It follows from (Qg) that H(2£) + J(00) + W(oo) < H(co). We can obtain by (Q2), (Q3)
and (33) that

H (5™ () + 45" (1)) < H(26) + T(r) + W(r) < H(0) < o0.
Since H~! is strictly increasing, we have

y™ () + 8™ (r) < HOYH(26) + T(r) + W(r)) < oo, ¥r > 0. (34)
Letting m — oo in the (34), we get

yr(r) +y2(r) < H Y H2E) + J(r) + W(r)) < oo, ¥r>0.
Moreover, it follows from (Q5) and the same proof of Theorem 4.1 (2) that
n(r)>y+Jr) and yor) >+ W(r), Vr>0.

This completes the proof.
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