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Exact solutions of conformable time fractional Zoomeron
equation via IBSEFM

Ulviye Demirbilek? Volkan Alal Khanlar R. Mamedov?

Abstract. The nonlinear conformable time-fractional Zoomeron equation is an important mod-
el to describe the evolution of a single scalar field. In this paper, new exact solutions of con-
formable time-fractional Zoomeron equation are constructed using the Improved Bernoulli Sub-
Equation Function Method (IBSEFM). According to the parameters, 3D and 2D figures of the
solutions are plotted by the aid of Mathematics software.The results show that IBSEFM is an
efficient mathematical tool to solve nonlinear conformable time-fractional equations arising in

mathematical physics and nonlinear optics.

81 Introduction

Seeking the exact travelling solutions of nonlinear partial differential equations is very im-
portant to understand the nonlinear process that appears in many areas of science. To find
the exact solutions of these nonlinear equations, many powerful methods have been applied by
mathematicians ([5],[15-17],[20]). The investigation of exact solutions for fractional differential
equations (FDEs) is nowadays one of the main research topics. This importance is due to the
fact that FDEs are widely used to describe several important processes in many fields, such as
biology [33], physics [26], biomedicine [13], finance [10]. Several powerful methods have been
applied in the literature to obtain the exact solutions of FDEs. Some of these effective meth-
ods are; (G'/G) [30], fractional Riccati expansion [12], generalized projective Riccati equation
[28], functional variable [23], the exp-function [8], modified Kudryashov [14], extended direct
algebraic [32], modified trial equation [25], modified exp(—Q(¢)) function [34] and Improved
Bernoulli Sub-Equation Function Method (IBSEFM) ([4],]9],[36],[37]).

In [19], a new significant definition of the fractional derivative called conformable fractional
derivative is introduced. The conformable fractional derivative is theoretically easier than

fractional derivative to handle. In addition, the conformable fractional derivative satisfies many
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known features that can’t be satisfied by the existing fractional derivatives, for instance; the
chain rule [2].

The conformable fractional derivative has the weakness that the fractional derivative of
differentiable function at the point zero is equal to zero. So that in [7] a suitable fractional
derivative is proposed that allows us to escape the lack of the conformable fractional derivative.
During the last years, many of techniques where applied to find exact solutions for conformable
fractional nonlinear partial differential equations in literature ([3],[27],[29],[35],[36]).

In this paper, we obtain the exact solutions of (2+1)-dimensional conformable time fractional

Zoomeron equation via IBSEFM. We consider

D2y tugy1  D*u [ugy, D,
N2a,, YD) 2 = <1 1
D?“u{ } Da? [ } Dsu [v*], =0, 0<a<l, (1)

where u(z,y,t) shows amplitude of the relevant wave model. This equation is a convenient

u u

model to present the novel phenomena related with boomerons and trappons and it describes
the evolution of a single scalar field [21]. Many authors investigated the exact solutions of
Zoomeron equation with different methods ([1],[6],[22],[24],[31]). Before beginning to the solu-
tion procedure, we should give some important and efficient properties of conformable fractional

derivative.

82 Conformable Fractional Derivative

In this section, we give some basic definition, properties and theorems about the conformable
fractional derivative.
The conformable derivative of order o with respect to the independent variable ¢ is defined
as in [19]
y(t+ 7t ) —y(t)
T

Di(y(t)) = lim , t>0, ae(0,1],
T—=0

for a function y = y(¢) : [0,00) — R.

Theorem 1. Assume that the order of the derivative « € (0,1] and suppose that f = f(t) and
g = g(t) are a—differentiable for all positive t. Then,

1. D¢(cif 4 cag) = c1DE(f) + caDi(g), ¥ c1,c2 € R.

2.D¢(tF) = kth=, V k € R.

3. For all constant function f(t) = A, DE(\) = 0.

4. D} (fg) = fD{(g) + gD¢ (f).
5.0f (1) = 2IDSDN0),
t\y 7

Conformable fractional differential operator satisfies certain basic features like the chain
rule, Taylor series expansion and Laplace transform.
Theorem 2. Let f = f(t) be an a—conformable differentiable function and assume that g is
differentiable and defined in the range of f. Then,
Di(fog)(t) =t (t) [ (9()).
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The proofs of these theorems are given in [7] and in [2] respectively.

83 Description of the IBSEFM

In this part, let us give the fundamental properties of the IBSEFM ([4],[9],[11],[18]). We
present the six main steps of the IBSEFM below the following:
Step 1: Let us take account of the following conformable time fractional partial differential
equation of the style
P(v,Dﬁ”)v,Dg‘)v,Dg”)v,DSﬁ)v, ..) =0, (2)
where Dg”) is the conformable derivative operator, v(z,t) is an unknown function, P is a
polynomial in v and its partial derivatives contain fractional derivatives. The aim is to convert
(2) with a suitable fractional transformation into the nonlinear ordinary differential equation.

The wave transformation as

o(z,t) =V (€), €= (z—kta™), (3)
where k is an arbitrary constant and different from zero. Using the properties of conformable
derivative, it enables us to convert (3) into a nonlinear ordinary differential equation in the

form

NV, V', V" .)=0. 4)
Step 2: If we integrate (4) term to term once or more, we acquire integration constant(s)
which may be determined then.

Step 3: We hypothesize that the solution of (4) may be presented as below

V({) _ lZ:QaZFZ(g) _ a0+a1F(§)+a2F2(f)Jr...anF”(f) (5)
f)bij(g) bo + b1 F (&) + bo F2(€) + ...by, F™(€)’
j=0

where ag, a1, ...,a, and by, by, ..., b,, are coefficients which will be determined later. m # 0,n #
0 are chosen arbitrary constants to balance principle and considering the form of Bernoulli
differential equation below the following;
F'(€) =oF (&) +dFM(€), d#0,0 £0, M € R/{0,1,2}, (6)
where F(£) is polynomial.
Step 4: The positive integer m,n, M (are not equal to zero) which is found according to
the balance principle that is both nonlinear term and the highest order derivative term of (4).

Substituting (5) and (6) in (3) it yields us an equation of polynomial ©(F') of F' as following;
O(F () = ps F(§)" + . + p1 F(§) + po = 0,

where p;,i = 0,..., s are coefficients and will be determined later.
Step 5: The coefficients of O(F(§)) which will give us a system of algebraic equations,
whole be zero.

Pi :O,i:O,..,s.
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Step 6: When we solve (4), we get the following two cases with respect to o and d,

—de?e D) 4 eo
geol(e—1)§

€

, dF o, (7)

Fe - | i
(e — 1) + (e + 1) tanh (0—(1 - e)g)
1 — tanh (0(1 - e)%)

Using a complete discrimination system for polynomial of F'(€), we obtain the analytical so-

(&) =

d=0, c€R. (8)

lutions of (4) via mathematics software and categorize the exact solutions of (4). To achieve
better results, we can plot two and three dimensional figures of analytical solutions by consid-

ering proper values of parameters.

84 Application of the Improved Bernoulli Sub-Equation Function
Method (IBSEFM)

In this section, the application of the IBSEFM to the conformable time fractional Zoomeron

equation is given. Let us consider the following wave transform:

wlent) = U (O, €=k tmy—1 (%), )
where k, m, | are nonzero constants. Substituting (9) into (1), we obtain the following equation:
U " U ”
kmi® |—| —k’m |—| =2kl [U*]" = 0. 10
i || -] -2l "o
If we integrate the equation (10) with respect to £ twice, we get
km(k* — 2)U" + 2klU® 4 sU = 0, (11)

where s is a nonzero constant of integration and the second constant of integration vanishes.
When we reconsider (11) for balance principle, considering between U” and U3 we obtain
the following relationship for m,n and M :
M=n—-m+1. (12)
(12) gives us different cases of the solution of (11) and we can obtain some analytical solutions
as follows:

If we take M =n =3,m =1 for (5) and (6), then we can write the following equations;
ao + a1F(§) + axF?(§) + asF*(§) _ T(8)

v = bo + b1 F(€) o) (13)
ey = LEOY (6\1)12—(3(6)‘1' © 14)
and
/ _ / / ! 3,2 . , 9
ey = L (6)@(22(£?)f(£)w © _[rOVErv (5\1)]4(52;(5)[@ OPY©O )

where F' = oF +dF3, ay # 0, b; #0, 0 # 0, d # 0. Using (13)-(15) in (11), we obtain a
system of algebraic equations from coefficients of F.

Constant : —2kla3 — sagh = 0,
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F : —6kla3a; — sa1bg — k*ma?a1b3 + kl*>mo?b3 — 2sagboby + k*magboby — ki*maagboby = 0,
F? . —6kla3a% — 6kla%a2 — sagb% — 4k’3m02a2b(2) + 4kl2m02a2bg — 2sa1boby + k2mo2aibob;
—sapb? — k3mo2agh? + kl*>maZagb? = 0,

F3 . —2klai’ — 12klagaras — 6klaga3 — 4dk3m0a2b3 + 4dkl2moa1b(2) — Sa3b(2) — 9k3m02a3b3
+9k12m02a3b% + 4dk¥moapboby — 4dkIPmoagboby — 2sasboby — 3kPmoZasbyby
+3ki’mo2asbob; — Salb% =0,

F*: —6kla2ay — 6klaga3 — 12klagaiaz — 12dk3moagbd + 12dki*moazb? — 2sazboby
—11k*mo2agboby + 11ki*mo2azboby — sasbob? — k3mo?asb? + ki*mo?agb? = 0,

F5: —leala% — 6k:la%a3 — 12klagasas — 3d2k‘3m(m1b8 + 3dkzl2maa1b(2) — 24dk12m0a3b(2)
+3d?k3magboby — 3d2kl*magboby — 12dk>masboby + 12dkI>moagboby — sazbt — 4k3moazb?
+4kl>mo?azb? = 0,

F6 . kaZa% — 12klarasas — 6kla0a§ — 8d2k3magb% + 8d2k12ma2b8 — d?kPmaqboby
+d?k?2mayboby — 32dk3maoasboby + 32dk2moasbyby + d2k3ma0b% — dzkl2ma0b%
—4dk3maoagb? + 4dkl>moasb? = 0,

F7: —6kla§a3 — 6kla1a§ — 15d2k3magb% + 15d2kl2ma3b% — 9d2k3magboby + 942 k> masbyby
—12dk*moasb? + 12dkl>moazb? = 0,

F8. —6kla2a§ — 21d%k*masboby + 21d2kPmasboby — 3d2k3ma2b% + 3d2k12mazb% =0,

F9: —2kla3 — 8d%k3mazb? + 8d*ki*mazb? = 0.

Solving the above system of equations with the help of mathematics programme, it yields us

the following coefficients:

Case 1: For ¢ # d;
in/sby in/5b1 iv/2d+/sby
Q)= —=—= 701 = —(= =702 = ——F—— 03 = ——F—=—— M = =555
V2vVEVI V2VEVI VkVio VkVic 2k(k* — )0

Substituting these coefficients along with (7) in (13) we obtain the complex exponential

iv/2d\/sby E

function solution of the conformable time fractional Zoomeron equation as follows:
. 2d
( ) Z\/g (1 + —d+egercp(—2kxa+2”:”—ka;il%)>
ui(z,y,t) = .
vV 2kl

Case 2: For o # d;
VR BYmysby o V=R2HPymy/sbe o 2dV =k + 12y/mbo

ag = a1 = ;a2 = 5
T VABm—kPm T V2 IEm - kP Vi
2dv—k? + 12y/mby NG
az = — j0= — .
Vi V2VE3m — kI2m
Putting these coefficients along with (7) in (13) we obtain the exact solution of (1) as follows:
V212 _ 4d\/k(k—1) (k+1)m
k2 +12y/m \/5\[ VEd kDG Dm , [ V2VE(katmy—1LE)
vE TP\ T A D m

u2($7y,t) =

2VIEk(k = 1) (k+ 1)m
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Figure 1. The 3D and 2D graphs of |ui(x,y,t)| and uq(z,y,t) considering the values y = 0.5;
k=0.1;5=001;d=04; 0 =05, a = 1.

Figure 2. The 3D and 2D graphs of the solution of |ug(x,y,t)|, real and imaginary part of
us(z,y,t) considering the values y = 0.2; k = 0.2; s =0.3; d =0.6; m = 0.7; { = 0.4; o = 1;
e=0.1;,-15<x <15 —1<t<1for 3D and ¢t = 0.2 for 2D.

Case 3: For o # d;

a0 — ’L'\/gbo.a o ’L'\/gbo.a - agbl.m_ a% 'U__iﬁd\/gbo
T VR VRRLDTD T b T 4d2(—k2+ 1203 VElay

Substituting above the coefficients along with (7) in (13) we obtain the exact solutions of

(1) as follows:

( H /s n 1
us\zr,y, = a2
V 2kl Qid\/ﬂ<kz—%+4d2(jz++ﬂ)bg)bo
ivkl e Vklay
V2s + az Ebo

Now, let us show the 3D and 2D figures of the solutions plotted with the help of mathematics

software:
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) ‘/;Wﬁ\ IRRR
g L

Figure 3. The 3D and 2D graphs of the solution of |us(z,y,t)|, real and imaginary part of
us(z,y,t) y=01;k=02;bp=1;d=0.6; s=0.7;1 =05, « =0.5; e =0.2; =15 < z < 15,
—1<t<1 for 3D and ¢t = 0.1 for 2D.

85 Discussion, comparision and physical explanations

In this article, we have successfully applied the IBSEFM to the nonlinear conformable time
fractional Zoomeron equation to investigate some new exact solutions. It has been observed
that all analytical solutions examined in this paper verify the nonlinear ordinary differential
equation (11) which is obtained from nonlinear conformable time-fractional Zoomeron equation
under the terms of wave transformation. All necessary computational calculations and graphs
have been acquired by using mathematics software.

Figures 1-3 give a good impression about the change of amplitude and width of the soliton
due to the variation of the fractional order. Remarkably, 3D graphs describe the behavior of
u(x,y,t) in space x and y at time ¢ corresponding to the value of the fractional order.The
behavior represents that an increase of the fractional parameter changes the nature of the
solitary wave solution. The nature of the solitary wave solution of the fractional order is
confirmed by 2D line plots. Therefore, the fractional order derivative can be used to modulate
the shape of the waves.

Furthermore, the nature of the waves are affected from the value of coefficients of the linear
and nonlinear term of (11). According to the figures, one can see that the formats of travelling
wave solutions in two and three dimensional surfaces are similar to the physical meaning of

results. If we take more values of coefficients, we can obtain more travelling wave solutions.

86 Conclusion

By using the Improved Bernoulli Sub-Equation Function method, we obtain exact traveling
wave solutions for the (2+1)-dimensional conformable timefractional Zoomeron equation under
the given parameter conditions. For this equation many exact solutions have been obtained

which include hyperbolic function solutions, Jacobi elliptic function solutions, trigonometric
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function solutions and rational function solutions in literature. Compared with the previous

works, the solution method obtained in this paper has not been reported. Hence, this method

is very reliable, efficient and submits new travelling wave solutions. Therefore, the IBSEFM

can be applied to the other nonlinear fractional differential models in mathematical physics and

nonlinear optics.
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