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The CUSUM statistic of change point under NA

sequences

LING Jin! LI Xiao-qin? YANG Wen-zhi?* JIAO Jian-ling?

Abstract. In this paper, we investigate the CUSUM statistic of change point under the neg-
atively associated (NA) sequences. By establishing the consistency estimators for mean and
covariance functions respectively, the limit distribution of the CUSUM statistic is proved to be
a standard Brownian bridge, which extends the results obtained under the case of an indepen-
dent normal sample and the moving average processes. Finally, the finite sample properties of
the CUSUM statistic are given to show the efficiency of the method by simulation studies and

an application on a real data analysis.

81 Introduction

Detecting a change-point and estimating its location are very important problems because
of its extensive applications in many fields such as quality control, economics and finance, and
so on. Many researchers pay attention to the study of change point detection. For example, Hsu
[11] detected the shifts of parameter in gamma sequences; Bai [1] and Shi et al. [23] studied
the mean shift models of change point; Kokoszka and Leipus [14] considered the CUSUM-
type estimator for mean shift with dependent sequence; Lee et al. [15] and Na et al. [17]
investigated the CUSUM statistic for parameter change in time series models; Horvath and
Rice [10] summarized some classical methods in change point analysis; Christian et al. [6] and
Oh and Lee [18] studied the change point test for the GARCH models. In addition, Bai [2],
Horvath and Huskova [8] and Horvath et al. [9], etc, obtained many results of the change point
detection for panel data; Shi et al. [24,25] studied the graph-based change-point test, etc.

On the other hand, the concept of Negatively Associated (NA) was first introduced by Joag-
Devand Proschan [13], where they presented many examples and properties of NA sequences.
One can refer to the monographs by Bulinski and Shaskin [4], Prakasa Rao [21] and Oliveira
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[12] for more theorems as well as applications in Gaussian system, survival analysis system, etc.
Recall that a finite family {7, Zs, -+ , Z,} is said to be NA if for any disjoint subsets A, B of

{1,2,--- ,n}, and any real coordinatewise nondecreasing functions f on R4, g on RZ,
COV(f(Zk,k' S A),g(Zk,k S B)) <0.

A sequence of random variables {Z,,,n > 1} is said to be NA if for every n > 2, Z1, Zo, -+ , Z,

are NA.

In this paper, we investigate the asymptotic property of CUSUM statistic of change point
under NA sequences. For convenience, let |x] denote the largest integer not exceeding x, and
{B°(t);t € [0,1]} be a standard Brownian bridge. Let % mean the convergence in distribution.
Incldn and Tiao [12] proposed a CUSUM statistic to test a change-point of variance as follows:
Theorem 1.1 Let {X,,n > 1} be a sequence of independent, identically distributed Normal
random variables with X1 ~ N(0,02) and 0% > 0. Then for k= |tn] and 0 <t <1,

max [IT, x| -2 sup |B°(t)], n — oo, (1)
1<k<n 0<t<1
k 2
where IT, \, = ﬁ(%iﬁlig — %), 1<k<n.
i=1 [3

A large value of [max |IT, ;| indicates the existence of a variance change, and the change-
n

point is at argmax |I’ T; k|- Meanwhile, Lee and Park [16] extended (1) to an infinite order
1<k<n
moving average processes. For more details about the change-point detection, we can refer to

the books [5,7].

In view of nonnegative of X? in (1), we will further investigate the asymptotic distribution
of IT,, in (1) based on the nonnegative sequences of NA random variables. By establishing
the consistency estimators for mean and covariance functions, the limit distribution of CUSUM
statistic of change point is proved to be a standard Brownian bridge. The paper is organized
as follows. In Section 2, we give some assumptions and main results of this paper. In Section
3, some simulation studies and a real data analysis are implemented to show the efficiency of
the CUSUM statistic. Finally, the proofs of main results are presented in Section 4.

82 Some assumptions and main results

Let {Z,,n > 1} be a sequence of strictly stationarity nonnegative NA random variables,
and v(h) be the covariance function of {Z,,,n > 1}, which is denoted as y(h) = Cov(Z1, Z1+4),
for h =0,1,2,.... v(h) is usually unknown and estimated by the sample covariance function
A(h) = + ?:_I}L(Zi — @)(Zixn — ) for 0 < h <n, where i = L 3" | Z;, n > 1. In order to
establish the main results, we need the following assumptions.

Assumption 2.1 Assume that
> ()] < oo (2)
h=1
and

a5 :=7(0) +2 y(h) > 0. (3)
h=1
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Assumption 2.2 Let {h,,n > 1} be a sequence of positive integers satisfying

hp =00 as n— o0 and h, =0(n’) for some pe (0,1/4). (4)
Then, the estimator for o3 is given as follows
hp
Gn =30 +2)_A(h). (5)
h=1

Now, we give the main results of this paper.

Theorem 2.1. Let {Z,,n > 1} be a sequence of strictly stationarity nonnegative NA
random variables with EZy = p > 0, Var(Z1) = 0> > 0 and EZ} < oco. Suppose that the
Assumptions 2.1 and 2.2 are satisfied. Then, we have

Var(ii — p) = O(n™") (6)
and
lim E|62 — o3| = 0. (7)
By Theorem 2.1, the limit distribﬁagon for the CUSUM statistic is presented as follows.
Theorem 2.2. Let the conditions of Theorem 2.1 hold true. For 1 < k < n, denote

_ ﬂ\/ﬁ(zf_l% by,

Ty

" V62 Y1 Ziom
where i and 62 are defined in (6) and (7), respectively. If t € [0,1] and k = |nt|, then
d 0
max |Tpi| — sup |B°(t 8
s [Tl <> s [B°() ®)

as n — oo.

Remark 2.1. Theoretically, it is easy to obtain the consistency of mean estimator fi (see
(6)) but difficult to establish the consistency of 2 in (7) based on the auto-covariance function
estimator 4(h). In this paper, we use the truncation method and the covariance inequality
of NA sequence (see Lemma 3.1 of Roussas [21]) to obtain the moment consistency of 62 in
Theorem 2.1. Then, the limit distribution for the CUSUM statistic max | Tk | is presented in
Theorem 2.2. By (8), it is easy to establish (1) in Theorem 1.1 obtained by Inclan and Tiao
[12]. So, Theorem 2.2 extends the result in the case of normal sequence to the dependent setting
of NA sequences. In Section 3, some simulations are carried out to show that the empirical
sizes and powers of our CUSUM statistic have a good performance. Further more, we apply
our method and the results by Incldn and Tiao [12] to detect a change-point of variances for
the returns of log daily prices of Dow Jones Industrial (DJI) index which caused by COVID-19
pandemic in 2020.

83 Simulation studies and a real data analysis

3.1 Simulations

In this subsection, we carry out some simulations to show the empirical sizes and powers
for the CUSUM statistic maxi<k<n |Thni| in (8). For convenience, if X and Y have the same
the distribution, we denote it by X LY. Let k* be a change-point such that

Y?iN(()?O-%)? j:1727"'7k*7 }/jiN(O7O’§)’ j:k*+]‘7"'7n7 (9)
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and

Cov(Ys,Y;) = p, Vi#J, (10)
where p is some constant in (—1,0]. Let 27 = max(z,0) and 2~ = max(—z,0). By Joag-
Dev and Proschan [13], it can be seen that {Y7,Ys,...,Y,} is a NA sequence. In addi-
tion, we obtain that {Y, ,Y, ,...,Y, }, {V;', Y50, ... Y ), {(Y7)% (Y5 )2,...,(Y,7)?} and
{792, (Y55)2,...,(Y,F)?} are nonnegative NA sequences. For simplicity, we do the simula-
tions by 10000 replications and for the case Z; = (Y;7)2, Zo = (Y;1)?, ..., Z, = (Y,})?, where
Y1, Ya, ..., Y, are satisfying (9), (10) for p = —n~2 (p = —n~'') and k* = %], n > 2. Let
the null hypothesis be Hy: 07 = 02 and the alternative hypothesis be Hy: 0? # o03. For the
significance level oo = 0.05, if maxi<g<n |Thk| > R* = 1.358, then we reject the null hypothesis
and conclude that there is a change-point at k* = arg max; <<, [Tnk| (see Inclan and Tiao
[12]). Consequently, for the significance level a@ = 0.05, we take h,, = |n'/®| in (4) and obtain
the empirical sizes and powers for the estimator T, in the following Table 1.

Table 1. Empirical sizes and powers for CUSUM statistic maxi<g<n [Tk

size power
p k* n cl=02=1 ol=1,00=4

—n=2 2] 300 0.0317 0.5183
—n =2 [2] 600 0.0394 0.8875
—n—? [Z] 900 0.0389 0.9814
—n T 2] 300 0.0337 0.5156
—n~ 2] 600 0.0380 0.8900
—n~ T [2] 900 0.0383 0.9842

By Table 1, we can see that, the differences of empirical sizes are smaller than 0.05 and
the empirical powers go to 1 as the sample size n increasing. Meanwhile, under Hy: o2 = 1
and 0% = 4, we obtain the histograms of estimator k* = arg max; <, [Tnk| for k* = [ 5],

p=—n"t1and n = 300,600,900 in Fig 1.

=1 —
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Figure 1. Histograms of k* = arg max; <<, [Tnk| with different sample n = 300, 600, 900.

By histograms in Fig 1, the percentage of k* for k* = | 5] is increasing as n increasing.

3.2 A real data analysis

In this subsection, we apply our method and the results by Incldn and Tiao [12] to analysis
the average returns of Dow Jones Industrial (DJI) index. Let P; is the price of DJI of day
t € T, the return is defined as r; = log P, — log P,_1. The left of Fig 2 shows the average of log
daily prices of DJI from May 2019 to March 2020 with sample sizes 232. Similarly, the right of
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Fig 2 shows the average of log daily prices of DJI with 31 daily returns.
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Figure 2. Log daily prices of DJI and returns of log daily prices of DJI from May 2019 to
March 2020.

By Figure 2, it looks like that there is a change-point of variance around day 200 (February
13, 2020) for the returns of log daily prices of DJI. By taking n = 231 and h,, = |n'/%], we cal-
culate the value maxi<<p |Thk| in (8), where Z; is replaced by (r; —7)?. Then maxi<g<n | Tkl
= 1.6441 > 1.358 and argmax;<j<, |Tkx| = 204. Consequently, by the significance level

= 0.05, we conclude that there is a change-point of variance for the returns r; and the
change-point is at day 204. Since the method of Inclén and Tiao [12] was only used to test
change-point of variance, here we also calculate the value maxy<g<y, [ITyk| in (1), where X is
replaced by (r; — 7). Then maxi<p<n [[Tnx| = 7.7497 > 1.358 and arg max; <4<, [ITnx| = 204.
Both methods have detected the same change-point location at day 204. However, it should
be pointed out that our method is not only used to detect the change-point of variance but
also can be used to detect the change of nonnegative parameter. On the other hand, we find
that the change-point location day 204 (February 20, 2020) is at the early stage of COVID-19
pandemic. As time goes on, the COVID-19 pandemic has caused an obviously catastrophic
result to the global economy. Therefore, people all over the world should unite to defeat the
COVID-19 pandemic, then humanity will finally overcome this epidemic.

84 Proofs of main results

For convenience, let C,C7,Cs, ... be some positive constants which are independent of n.
In addition, = denotes the weak convergence under the Skorohod topology.
Proof of Theorem 2.1. Obviously, by Lemma 4.2, it is easy to have that

n

_ 1 1
Var(jii — p) = EVM(Z(Z‘ —EZ:)=0("), (11)
i=1
which completes the proof of (6).
Next, we will prove (7). From (3) to (5), it follows
E|62 — 62| < E|5(0) \+2ZE|7 (W+2 > (k) :=Li+Ly+Ls. (12)

h=hyn+1
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First, we consider Li. Obviously, (0) — v(0) = 237" [ (Z? — EZ?) — (i — p)? — 2u(in — p).
For z > 0, the function f(x) = 2? is increasing. Then for the nonnegative of Z;, {Z%,..., 22}
is also a strictly stationarity NA sequence. So by Theorem 2 of Shao [22] with EZ} < oo,

NV B 4 2l (B G- )2 = 0. (13)

L < (E\%i(&? - BZ})
i=1

Second, we consider Lo. Since 4(h ) = LS 2 i — 2(0)? + ()2 + N i1 Zi+

i Z?:l Z; and y(h) = EZ1Z14p, — then it can be seen that
) Ry 1 h o,
(h) —~(h) - Z (ZiZiyn — EZiZisy) — = Z EZiZiwn — (4 1)( = )
i=n—h+1

n —

—QH(ITL—M)-FN;M Z (z: - EBz;)+ L

(Z: — EZ;)

M:

i=n—h+1 i=1
n 9
+g S z-Ez)+ " Z (Zi — EZ;) =" Jni (14)
i=n—h+1 i1
Therefore, it follows
hm 9
Ly SCHZZEUM- (15)

h=1 i=1
For 1 < i < n, denote Z! = Z;I(Z; < n'/*) + n'/2I(Z; > n'/*), ZV = Z,1(Z; > n'/*) —

nY41(Z; > nt/*). In view of Z; = Z! + Z{’, we have that

n—h n —
1 1 1
p Z(ZiZiJrh —EZZiyn) = - Z ZiZiw— EZZ],,) + - Z (Z!Zi — EZ]Ziy )
i=1 ; i=1
1 i
Z ZiZl\, — EZiZ},y,) +- Z (Z{Z}\, — EZ]Z},),)
= 11 +IQ—|—I3+I4 (16)

Obviously, it follows from Hélder inequality and EZ} < oo that

Ci(n—h) Ca(n —h)
Bln| < LEZE (B2 1(121] > )R (B| 212 < 22,
So by the fact h,, = O(n®?) and p € (0,1/4), it has
h h
- “n—nh
DEILI <Oy~ = 0 = o(1). (17)
h=1 h=1
Similarly,
ZE|13| = of (18)
Meanwhlle by Holder inequality, it has
h
“n—h
S Bl < O S BUARIIZ] > nt/) < 032 = o1/ = ofn /). (19)
n
h=1 h=1 h=1

For 1 <i<n—handh<n,it has Var(ZZ],,) < E[(Z))*(Z],,)"] < (EZHY*(EZ} ,)/? <
CEZ{ < cco. Forx > 0and a > 0, if f(z) = xI(x < a)+al(z > a), then it has sup, | f'(z)| < 1,
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a.s.. So, by Lemma 3.1 of Roussas [21], we obtain that for 1 < 4,5 < n — h and i # j,

|Cov(ZiZi 11,y 2525 )| < Cin'/?|Cov(Z,, Z7)| < C1n'/2|Cov(Z;, Z;)|. Then, together with (2),

we obtain that
n—h

1 C1
Var(l;) < 3 E Var(Z;Z; ;) + oo E n'/2\/Var(Z;)Var(Z;)
=1 1<i<j<n—h
j—i<|log(hn)]

o —h

2 aICov(Zi Z)] < Co 1+ [log(ha) ],
1<i<j<n—h
j—i>log(hn)]

Which implies

ZE|11|<Z‘/VM (I) <C’QZ\/3/2T— P~ Y40g 2 n) = o(1),  (20)

since p € (0,1/ 4) Consequently, from (16) to (20), it follows that

hop,
ZE|JM\ =o(1). (21)
h=1
Obviously,
R C hp
2\1/2 2 \1/2 &~ _ 2p—1\ __ —1/2
ZE|Jh2|< Z Z (BEZH)Y*(EZE),) gnZh_O(n y=o(n"Y?). (22
h=1 h li=n—h+1 h=1
By (11), it follows
n hn
> Elas| < Z +1)Var(ii — p) = O(n”~") = o(n™*/*) (23)
and - -
hy, hnp,
D Bl Jnal <D 2lul(Var(n — w)? = O(n?~/?) = o(n/*). (24)

h=1 h=1
Combining (11) with Theorern 2 of Shao [22], we get that

n

ZEthsl <~ Z(Var(u W)El Y (Zi = EZ)P)V? = o(n™®). (25)
i=n—h+1
Similarly,

> ElJng| = 0O P7/2) = o(n=/%). (26)

By Lernrna 4.2, it has

hn
ZE\Jh < Z > (- Bzy < Sy = o e
i=n—h+1 h=1

The simllarity holds true for
hn

> Elus| = o(n=/%). (28)
h=1
It is easy to have

hn hn h,U/2
E <3 2 =0 =o(n?). 2
> Bl < 32 = 0 ) = ol (29)
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Therefore, by (15) and (21)-(29), Ly = o(1). In addition, by (2), as h,, — o0, it can be checked
that Ls = o(1). Consequently, together with (12) and (13), it has the result of (7). O
Proof of Theorem 2.2. Denote S, = Y . ,(Z; — EZ;) and X, (t) = \S/Lﬂ for t €
[0,1], where o is defined by (3). Let {W(t);t € [0,1]} and {B°(¢);t € [0,1]} be standard
Wiener process and standard Brownian bridge, respectively. Obviously, it can be seen that

Jim IVar(Z Z;) = 0% > 0. By (3) and Theorem 4 of Shao [22], X,,(t) = W(t), so {X,(t) —

( )} = BO( ) (see Page 93 of Billingsley [3]). Without loss of generality, we assume that
k =nt, 1 <k <mn,sincet € [0,1] and k = |nt]. Then

n k
1 gk

N (7 ZEZ7> (22:1 _ 7) — f _Rnk

Vog \n i Yic1Zi Vo

Therefore, by the fact {X,(t) — tX,(1)} = B°(t), one can obtain that %Rnk = BO(t).

90

By (7), it has 62 N o2. So it follows \‘/ﬁfﬂRnk = BY(t). Last, by the continuous mapping
theorem, we obtain max |Rnk| 4 sup |B°(t)|, which implies (8) immediately. The

1<k<n /6 0<t<1

distribution of sup |BO(t)| is given in equation (9.40) of Billingsley [3]. O
0<t<

X, (t) —tX,(1)

Acknowledgement

The authors are deeply grateful to editor and anonymous referees for their careful reading
and insightful comments.

References
[1] J Bai. Least squares estimation of a shift in linear processes, J Time Series Anal, 1994, 15(5):
453-472.

[2] J Bai. Common breaks in means and variance for pannel data, J Econometrics, 2010, 157(1):
78-92.

[3] P Billingsley. Convergence of probability measures, Wiley, New York 1999, 2nd.

[4] A Bulinski, A Shaskin. Limit theorems for associated random fields and related systems, World
Scientific, Singapore, 2007.

[5] J Chen, A Gupta. Parametric statistical change point analysis with applications to genetics

medicine and finance, 2nd edn Birkh&user, Boston, 2012.

[6] F Christian, L Horvath, J Zakoian. Variance targeting estimation of multivariate GARCH mod-
els, J Financ Economet, 2016, 14(2): 353-382.

[7] M Csorgd, L Horvath. Limit theorems in change-point analysis, Wiley, Chichester, 1997.

[8] L Horvath, M Huskova. Change-point detection in panel data, J Time Series Anal, 2012, 33(4):
631-648.



520 Appl. Math. J. Chinese Univ. Vol. 36, No. 4

[9] L Horvath, M Huskovd, G Rice, J Wang. Asymptotic properties of the CUSUM estimator for
the time of change in linear panel data models, Economet Theory, 2017, 33(2): 366-412.

[10] L Horvéath, G Rice. Eztensions of some classical methods in change point analysis, TEST, 2014,
23(2): 219-255.

[11] D Hsu. Detecting shifts of parameter in gamma sequences with applications to stock price and
air traffic flow analysis, J Amer Statist Assoc, 1979, 74(365): 31-40.

[12] C Incldn, G Tiao. Use of cumulative sums of squares for retrospective detection of changes of
variance, J Amer Statist Assoc, 1994, 89(427): 913-923.

[13] K Joag-Dev, F Proschan. Negative association of random variables with applications, Ann Statist
1983, 11(1): 286-295.

[14] P Kokoszka, R Leipus. Change-point in the mean of dependent observations, Statist Probab Lett,
1998, 40(4): 385-393.

[15] S Lee, J Ha, O Na. The cusum test for parameter change in time series models, Scand J Statist,
2003, 30(4): 781-796.

[16] S Lee, S Park. The cusum of squares test for scale changes in infinite order moving average
processes, Scand J Statist, 2001, 28(4): 625-644.

[17] O Na, Y Lee, S Lee. Monitoring parameter change in time series models, Stat Methods Appl,
2011, 20(2): 171-199.

[18] H Oh, S Lee. On score vector-and residual-based CUSUM tests in ARMA-GARCH models, Stat
Methods Appl, 2018, 27(3): 385-406.

[19] P Oliveira. Asymptotics for associated random variables, Springer, Berlin, 2012.

[20] B Prakasa Rao. Associated sequences, demimartingales and nonparametric inference, Birkhauser,
Springer, Basel, 2012.

[21] G Roussas. Asymptotic normality of random fields of positively or negatively associated processes,

J Multiv Anal, 1994, 50(1): 152-173.

[22] Q Shao. A comparison theorem on moment inequalities between negatively associated and inde-
pendent random variables, J Theoret Probab, 2000, 13(2): 343-356.

[23] X Shi, Y Wu, B Miao. Strong convergence rate of estimators of change point and its application,
Comput Statist Data Anal, 2009, 53(4): 990-998.

[24] X Shi, Y Wu, C Rao. Consistent and powerful graph-based change-point test for high-dimensional
data, Proc Natl Acad Sci USA, 2017, 114(15): 3873-3878.

[25] X Shi, Y Wu, C Rao. Consistent and powerful non-Euclidean graph-based change-point test with
applications to segmenting random interfered video data, Proc Natl Acad Sci USA, 2018, 115(23):
5914-5919.

1School of Management, Hefei University of Technology, Hefei 230009, China.
2Center for Applied Mathematics, School of Mathematical Sciences, Anhui University, Hefei 230061,
China.

Email: wzyang@ahu.edu.cn



