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Weak optimal inverse problems of interval linear

programming based on KKT conditions

LIU Xiao! JIANG Taol?* LI Hao-hao®

Abstract. In this paper, weak optimal inverse problems of interval linear programming (IvLP)
are studied based on KKT conditions. Firstly, the problem is precisely defined. Specifically,
by adjusting the minimum change of the current cost coefficient, a given weak solution can
become optimal. Then, an equivalent characterization of weak optimal inverse IvLP problems
is obtained. Finally, the problem is simplified without adjusting the cost coefficient of null

variable.

81 Introduction

The inverse problem in optimization, as a classical topic, has aroused considerable interest
for a long time, see [4,11,27]. With the rapid development of science, inverse problems have been
applied to some new fields [8,26]. For example, Finn et al. [6] explored how inverse optimal
control can be used to learn behaviors from demonstrations and apply to torque control of
high-dimensional robotic systems.

Interval linear programming (IvLP) [5,10,13,15-18,21,24], which is one of significant prob-
lems in the area of optimization, has made great progress in recent decades. Despite this, some
questions, such as weak optimal solutions of IvLP remain unsolved. To solve these problems,
Steuer [25] introduced three algorithms for calculating weak optimal solutions of interval cost
coefficient linear programming (LP). Hladik [9] proposed a polynomial time algorithm to verify
weak optimal feasible solution. With the growing maturity of IvLP, researchers’ attention has

been extended from the initial optimal solutions and optimal problems to other directions, such
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as the optimal value, multiobjective and inverse problems. Ishibuchi and Tanaka [12] estab-
lished a method to transform the LP problem with interval cost coefficients into a multiobjective
problem by introducing order relations. From the viewpoint of the order vector space, Li et
al. [14] solved the admissible order multiobjective IvLP problem. Recently, Mohammadi and
Gentili [20] proposed a new method to determine the optimal boundary.

Generally speaking, there are two types of inverse problems in optimization. One is the
inverse optimal value problem [1], and the other is the inverse optimal solution problem [2].
Recently, Mostafaee et al. [19] have studied the inverse optimal value problem of IvLP. Through
designing matrix games, the required optimal values could be achieved. The main idea is to
determine that, under what circumstances, the specified optimal value can be obtained about
the LP problem, in which the cost coefficient and the constraint coefficient are within the given
interval. This provides a new direction for the research of IvLP. Based on this, we consider the
second type of inverse problems, which is the inverse optimal solution problem of IvLP.

In this paper, we introduce the definition of weak optimal inverse IvLP problems, and
present an equivalent characterization based on KKT conditions. In Section 2, the definition
and conditions of weak optimal inverse IvLP problems are proposed, which can guide us in
the search for a candidate of weak optimal inverse IvLP problems. In Section 3, an equivalent
characterization of weak optimal inverse IvLP problems is obtained. Then, we simplify the
problem without adjusting the cost coefficient of null variable and present the main result of

this paper.

§2 Preliminaries

We first review some notations [5].
The set of all m-by-n matrices and interval matrices will be denoted by R™*™ and IR™*"

respectively. We define the interval matrix as
A=[AA]={AeR™": A< A< A}
The center and radius matrices of A are defined as
A= S(A+T), A% = S( - 4),

respectively. Then A = [A¢ — A2 A° 4 A2].

Denote the diagonal matrix T, = diag(y1,...,ym). Let {£1}"™ be the set of all {—1,1}
m-dimensional vectors, i.e. {£1}™ = {y € R™| | y |= e}, where e = (1,---,1)T is the
m-dimensional vector of all 1’s and the absolute value of a matrix A = (a;;) is defined by

|A| = (lasj]). Vector sign is denoted by
-1 ifx; <O.

Let A € IR™*™ B € IR™*",C € IR™*™ D € IR™*" a ¢ IR™,b € IR™,c €

(sign z); =
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TR ™ and d € TR**"2. We define the “forward” IvLP (FP) problem as
FP(c,d) : min cz' +dz? s.t. Az' 4+ Ba? = a,Cz! + Dz? < b, 2! >0, (1)
which is the general IvLLP problem.
The corresponding LP form of FP(c,d) is stated as
FP(c,d) : min cx' + d2? st. Az' + Ba? = a,Ca' + Dz? < b,z' > 0. (2)
Therefore, FP(c,d) can be seemed as the set of FP(c,d) forany A€ A, Be B,C €C,D €
D,acabeb,cec,ded.

Definition 2.1. A vector T is called a weak solution to FP(c,d), if for some A € A, B €
B,CeC,DeD,aca,bec b, it satisfies
Azt + Ba? = a,C’z1 + Dz? < b,:c1 > 0.

Definition 2.2. A vector T is called a weak optimal solution to FP(c,d), if for some A €
A, BeB,CeC,DeD,acabeb,cec,ded, it is an optimal solution to FP(c,d).

Denote X" (A, B,C,D,a,b), X"OPF(c d) as the set of weak solutions and weak optimal
solutions to FP(c,d) respectively.

Let X(A, B,C, D, a,b), X°F(c,d) be the set of feasible solutions and optimal solutions to
FP(c,d) respectively.

Assume that an observed solution 7 € X" (A,B,C,D,a, b)\X"W97(c,d), i.e. for some
A€ A/ BeB,CeC,DeD,acabeb, 7€ X(4,B,C,D,a,b), but thereisno c€ c,d ed
such that 7 € X9 (¢, d).

Definition 2.3. For a given solution 7 € X" (A, B, C,D,a,b)\X"V 9% (c, d), the weak optimal
inverse IvLP problem WIP(c,d) is to adjust the minimum change of ¢ € c,d € d to get new
cost coefficient (¢,d) such that T € XOF (¢,d).
Denote by

G(x) = {¢ e RV™  d € RV™2|min{éa! + dz?| (2!, 2?) € X(A, B,C, D, a,b)} = éz' + dz°}.
Then G(T) # ¢ since (0,0) € G(Z). WIP(c,d) can be stated as

min {[lc — é&ll, + |d - dl,|(¢,d) € G(@)}, (3)
where || - || means the norm, we use [; norm in this paper.

From the analysis above, it can be easily observed that weak optimal inverse IvLP problems

proposed in this paper can be transformed to inverse LP problems.

Actually, not all the cases holds for solving the weak optimal inverse IvLLP problem
WIP(c,d). So for a given solution Z = (z',7?), we first need to test whether T is a weak

solution, and then check whether it is a weak optimal solution.

Now we introduce the result of determining a vector as a weak solution to FP(c,d) in [10].

Lemma 2.1. (Corollary 2 in [10]) A pair (Z',72),7" € R™ 7% € R"™2, is a weak solution to
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the interval linear system FP (c,d) if and only if there is some s € {£1}"2 such that
Az' + (B — BAT,)z? < a,
—Az! — (B® + BAT,)7? < —a,
Cz' + (D° — DAT,)Z? < b,
7 > 0.

(4)

A method to check whether a weak solution is a weak optimal solution can be found in [23].

Lemma 2.2. (Theorem 3 in [23]) Define
F={rli=1,---,p=, =0},
(A",B",a") =T, (A, B,a),(CT,D",b") = T,2(C,D,b).

A weak solution (T',7%), 7" € R™, 7% € R"™, is weak optimal solution to FP(c,d) if and
only if the system
At € TylA,BJr € Tle7aJr € Tyla,
Cte Ty2C, D+t ¢ Ty2D, bt e Tyzb7
ATT 4 BT7? = o™,
Ctz' + Dtz? = bt
eT’Bt +eTDT ed, (5)
(eTAT +eTCh), €cpyi=p+1,-- ,ny
(eTAT +eTCH),, <Cyi=1,---,p
y* <0,
Tyt >0
is feasible for some o € {+1}™.

Lemma 2.3. ( [22]) The solution set to Ax = b is described by
| A% — b°| < A% 2| + b2,
Lemma 2.4. ( [7]) An interval system Ax < b is weakly feasible if and only if the system
A — A%z <b

is feasible.
Theorem 2.1. Let T = (z',7%) be a weak solution to the interval linear system

Azt +Bz? =a,Cz! + D22 < b,z! > 0. (6)
Then T solves

Azt + Ba? =a,Ca' + Da? < b,z' >0 (7)
with

A=A°-T,A® B=B°-T,B°T.,, C=C, D=D"-D"

o3
IsH
Il
IS]

(3}

+

3
S

“l>
SN
Il

=l

where z = sign T* and

A671 B(;72_ c i . _ .
Atk if (AAT' 4+ BAZ?| +a2); > 0

U; =
! otherwise, o € [—1,1]
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Proof. As T is a weak solution to Az!' + B2? = a, 2! > 0, according to Lemma 2.3, we have
|A°T + Bz? — a¢| < AP [TY + B2 72| 4 o® = AT + BAZ2| + . (8)
Let

ol AFAET O I (AT + BAE| +a2); > 0
@ otherwise, o € [—1,1]
By (8), |u| < e, and
AT + BT? — af = T,(APT' + BA7?| + a®).
Let z = sign 72, then |[7?| = T.7%. So
(A¢ — T,A®Z' + (B — T,B~T.)Z? = a° 4 T,,a®
Because |u| < e, |z| = e, we know |T,A%| < A2 |T,BAT,| < B2, |T,a®| < a®. Let
A=A°—-T,A® B=B°—T,B*T.,a=a®+ T,a™,
then A € A,B € B,a € a, and T solves Az + Ba? = a,z' > 0.
As T is a weak solution to Cz! +Da? < b, 2! > 0, according to Lemma 2.4, we have
C°z' + DT* — CA 7' — DA 7% = C°F' + D°T? — C27! — DAZ?| < b.
That is, CT' + (D¢ — DAT,)z? < b. Let
C=0C,D=D°—D"T,,b=h.
Obviously, Ce C, De D, beb and T solves Cx! + Da? < b ! >0
Hence, the proof is completed. O

We next recall KKT conditions.
Every scenario of FP(c,d) can be stated as the LP problem FP(c, d), its corresponding dual
linear program is defined as
DFP(c,d) : max y'a +y%b st. y*A+9°C <e¢, y'B+y*D =d, y*> <0.
KKT conditions [3] of FP(c,d) is presented as follows.

Theorem 2.2. A vector T is an optimal solution to FP(c,d) if and only if there exists row

vector yt € R1*™1 42 € RYX™2 yhich solves

Az' + B7? = a, (9a)
Cz' + DF* < b, (9b)
7' >0, (9¢)
y' A4 920 <, (9d)
y'B+y?D =d, (9e)
y? <0, (9f)
[e— (y'A+y?0)] 7 (9g)
y* (Cz' + D7? b) (9h)
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§3 Solving Weak Optimal Inverse IVLP Problems

3.1 An Equivalent Characterization of Weak Optimal Inverse IvLP

Problems

Now we introduce the result of the inverse problem of LP problem min{cz|Az = b,z > 0}
in [27].
Lemma 3.1. (Theorem 2.4 in [27]) Denote by
F(x) = {¢ € RY"|min{éex| Az = b,z > 0} = ¢T}.
The inverse LP problem
min {|lc — ¢&||1]|¢ € F(T)}
s equivalent to
min |01
st. yA p—0p=ci,k € K,
YA g — 0 <cp k€ K,
0, >0,ke K,
where K = {k|z) = 0}, K = {k|Z}, > 0}.

In order to find the equivalent form like Lemma 3.1 for the weak optimal inverse IvLP

problem WIP(c,d), the following lemma is first derived.

Lemma 3.2. Let T € X(A, B,C, D, a,b). Define
F={rli=1,---,p=, =0},
G = {t]|.] =1,--- ,q’Ctj7_fl + DthjQ = btj}'
Then T is an optimal solution to FP(c,d) if and only if there exists y such that

y A . +y?C . <cnyi=1,...,p, (10a)
y'A . +y*C . =cri=p+1,... 0, (10b)
Y B+ 42D = d, (10c)
yr, <0,j=1,....q, (10d)
ytzjzoaJ'ZQ-i-l,.n,mz (10e)

Proof. “Ouly if”: If T is an optimal solution to FP(c, d), according to Theorem 2.2, then there
exists g solves (9a-9h). Thus we have
7 B+73°D=d.
By (9g) and F,
J A +TCh Serni=1p,
TA ., +7°C . =cryi=p+1,...,n1.
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By (9h) and G, we have
7;, <0,=1,....q,
Uy, =0, =q+1,...,ms.
Therefore, 7 solves (10a-10e).
“If”: AsT € X(A,B,C, D,a,b), (9a-9c) apparently holds. If there exists 7 solves (10a-10e),

then we have

T A+7C <e, (11a)
7' B+7°D =d, (11b)
7 <0. (11c)

By (10a),(10b) and F', we obtain that

—1 —2 0
er, = (T A, +72C.0,)] T = { (Ecxl :(yoji‘:;fljc"jﬁ)il'.o S0r=hoan gy
Therefore,
[c— [T A+7°C)]z" =0.
By (10d),(10e) and G, we obtain that
ﬁ(me1+D%w”—%)={z%'OZszl“”ﬂ’ . (13)
! O~(Ctj7,x1+Dtj,,x2—btj):O,]:q—i—l,...,mg.
Thus,
7 (Cz' + DT* — b) = 0.
Hence, there exists y satisfying (9a-9h). According to Theorem 2.2, T is an optimal solution
to FP(c, d). O

Lemma 3.3. Let
F={rfi=1,- p., =0},
G={tjlj=1,---,4,Ch, T + Dy, T° = by, }.
Define
G(@) = {¢ € RY™ d € RV ™ |min{éxt 4 da?|(at, 2?) € X(A, B,C, D, a,b)} = éz* + dz?}.

’

g (z) = {c* e RV™ ¢* € RV |min{c*a' + d*2?|(2*,2?) € X(A, B,C, D, a,b)}
— T+ T,

where ¢* = c+0,d* =d+n, (y',y?,0,n) is a solution to the system

Y A +yPC o =0 < cpyi=1,..,p,

yrA . +y2C . — 0., =cri=p+1,... 0,

y'B+y*D —n=d,

y2, <0,j=1,....q,

yfj =0,j=q+1,...,mq,

6, >0,i=1,....p.
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min {|lc = ¢*[l + [ld = d*|1|(c",d*) € G’ (@)} = min {||c — &|1 + [|d — d||(&,d) € G(@)}.

Proof. For any (c*,d*) € G (), as (y", 42, 0,n) is the solution to the system (14), and

¢ =c+0,d" =d+n, we have
ylA-,ri "‘yQC.,ri < C:fi,i =1,...,p,
y'A . +y?C,, =cii=p+1,... 0,
y!B+y?D = d*,
vt <0,j=1,....q,
yt?j =0,7=q+1,...,ma.

From Lemma 3.2, we know (¢*,d*) € G(Z). So G (%) C G(Z). Thus,

(15)

min {fle = ¢ [l + [[d = d*[1[(c",d*) € G’ (@)} = min {[c = é|y + ||d = d||:|(¢, d) € G(@)}.
By Lemma 3.2, for any (¢,d) € G(T), there exist (7',72), 7" € RIX™1 52 ¢ R1X™2 guch that

A . +7C ., <ényi=1,...,p,
@114_,“ +72C 4, =Cpyi=p+1,...,n1,
7'B+7°D =d,

7 <0j=1,..q

y?j :Oaj:q+17"~7m2~

Ifé,, >cri=1,...,p, put c*zézc—!—@,d*:cz:d—i-n, then 0,, > 0,i=1,...

(16) can be reduced to
YA +TC < Fbn,i=1..,p,
T'A,, +7C . =cp + 0, i=p+1,... 0,
¥'B+7Y*D =d+n,
77, <0,j=1,....q,
yfj =0,7=q+1,...,ma.

(16)

,p. And

So we know (',72,0,7) is a solution to (14). Thus (¢,d) € G (Z), (¢*,d*) € G (%) and

lle =l +1ld = d* |l = lle = &1 + lld = d]lx
Ife,, <ecpyi=1,...,p, let

Cr,

= Cry +07‘i7i:17"'7p7
Cr, =Cp, +0r,,i=p+1,...,n1,
d&=d=d+n.
Then 0,, =0,i=1,...,p. Hence we have

Ao +7°C 0 Sy <+ 0n,i=1,...,p,

A . +7C ==, +0p,i=p+1,...,n1,

7'B+7°D =d = d*,
7 <0,j=1,....q,
??j =0,j=q+1,...,ma.

(18)
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So we know (7,72, 6,7) is a solution to (14). Thus (¢*,d*) € G (%) and

0 i=1,...,p,

|C'r’i - C::,; -

‘cTi _éri
That is |¢ — ¢*| < |¢ — ¢| and it follows that
le=c*llv+lld=d[lx < [le = el + ||d = d]}x. (19)

Thus for any (¢,d) € G(Z), there exists (¢*,d*) € G (Z) such that (19) holds.
So

i:p—i-l,...,n]_.

min {[l¢ — e[|y + ||d = d*[1|(*,d*) € §' (@)} < min {[le = &1 + ||d — |1 |(é.d) € G(@)}.

Therefore,

min {[le = [y + ||d = d*[1|(*,d*) € §' (@)} = min {[le = &1 + |ld - d||(é.d) € G(@)}.

Note that in (14), the adjustment of 6,, < 0,7 =1,...,p is unnecessary.

As 6,, =0,i =1,...,p has met the optimality, and the less adjustment, the better, so we
just need set 6., > 0,2 =1,...,p.

In combination with Lemma 3.1, Lemma 3.2 and Lemma 3.3, we have the following result.
Theorem 3.1. Define
MEZT)={A€ A, BeB,CeC,DeD,acabeb|te X(A,B,C,D,a,b)}.
The weak optimal inverse IvLP problem WIP(c,d) is equivalent to the optimization problem
min |01 + (1]l
s.t. ylA,M + yQC,)” —0,, <cni=1,...,p,
y'A ., + y2C’.7” -0, =cri=p+1,...,n,
y'B+y°’D —n=d, (20)
yi, <0,j=1,....q,
yfj =0,7=q+1,...,mg,
0., >0,i=1,...,p,
for any (A,B,C,D,a,b) € M(Z) and any c € c,d € d.

3.2 The Simplification of Weak Optimal Inverse IVLP Problems

Let
F={rli=1,---,p,7,, =0},
H={splh=1,--- k22 =0}.
For variables E,lu =0, =1,...,p, Egh = 0,h = 1,...,k, no matter how much their cost

coeflicients are adjusted,

(¢r, +0,)T, =0,i=1,...,p,
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(ds, +1s,)%2, =0,h=1,... k.

That is, they have no effect on the objective function value. Because the weak optimal
inverse IvLP problem WIP(c,d) is to adjust the minimum change of ¢ € ¢,d € d to obtain
new cost coefficients (¢, d) such that 7 € XOP (¢, d), we had better not adjust the cost coefficient
0,,=0,i=1,....p,m5, =0,h=1,... k.

Thus we have

0, =0,i=1,...,p,
Ns, =0,h=1,... k.

It not only simplifies the weak optimal inverse IvLP problem WIP(c,d) but also signifi-

cantly reduces the amount of calculation.

The objective function in (20) is

ny no
min Z |0r.| + Z Ms
j=1 h=1

which can be transformed to a LP problem.
Put
0., =0, — 02, |0,,| =0} +62,0} .02 >0,i=p+1,...,n1,
s = M, =y s | = 15, + 02,005,005, 20,k =k+1,... 02,
then there is no absolute value in (20).

From the above discussion, we have the following result.

Theorem 3.2. The weak optimal inverse IvLP problem WIP(c,d) is equivalent to the opti-

mization problem

ni na
min > (0h +02)+ > (nh, +12,)
i=p+1 h=k+1

s.t. ylAﬂri + yQC_M <c¢,,i=1,...,p,
YA . +YC L, — 0+ 02 = i=p+1,... 0,
y'B. g, +y*D. g, =ds,,h=1,....k,
Y'B s, +9°D s, =y, + 105, =ds h =k +1,... 0y, (21)
y;, <0,j=1,....¢q
ytzj =0,j=q+1,...,ma,
0,,02 >0,i=p—+1,...,n1,
Nesme, = 0,h=k+1,... n,
for any (A, B,C,D,a,b) € M(Z) and any ¢ € c,d € d.

Then we can get the new cost coefficient (&, d) as
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where
0, =0,i=1,...,p,
0., =0, —02 i=p+1,... n,
ns, =0,i=1,...,p,
Mo =My — Mo B =K + 1, ,na.

Algorithm. The complete description of the algorithm for solving the weak optimal inverse
IvLP problem WIP(c,d) can be stated as follows.
Step 1: Input T, verify whether there is some s € {£1}"2 such that (4) is feasible.

If not, T is not weak solution to FP(c,d), end;

else, next.
Step 2: Test whether there is some o € {£1}™ such that (5) is feasible.

If it is, T is weak optimal solution to FP(c,d), end;

else, next.
Step 3: Construct (A4, B,C, D,a,b) € M(ZT).
Step 4: Traverse c,d in [c, ¢, [d, d] to solve (21).
Step 5: Return (y',%2,61,7n), optimal value, and the new cost coefficient (¢, ci)
Remark. In step 1 and step 2, there are 2”2 and 2™* linear systems respectively. For step 1,
we can continue as soon as we find some s € {1}"2 such that (4) is feasible. However, for step
2, we can not continue until all the systems have been judged. For step 3, we put ¥ into the
constraint system of FP(c,d), as T is given, it can be transformed into a system of equations
and inequalities about A, B, C, D, a, b, which can be solvable by software. Usually, there are an
infinite number of solutions, which can be assigned according to actual requirements. They can
also be constructed according to some special conclusions, such as the case in Theorem 2.1, for
the fact that (A, B,C, D, a,b) € M(T).

84 Conclusion

In this paper, we introduced weak optimal inverse IvLLP problems. An equivalent charac-
terization of weak optimal inverse IvLP problems was given, and the problem was simplified
without adjusting the cost coeflicient of null variable. Future works will include inverse IvLP
problems when the feasible region also needs to be changed and problems in other formulations,

for example, strong optimal inverse IvLLP problems.
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