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Fractional sum and fractional difference on non-uniform

lattices and analogue of Euler and Cauchy Beta formulas

CHENG Jin-fa

Abstract. As is well known, the definitions of fractional sum and fractional difference of f(z)
on non-uniform lattices z(z) = c12% + c2z + ¢c3 or x(2) = c1¢° + c2¢” % + ¢3 are more difficult
and complicated. In this article, for the first time we propose the definitions of the fractional
sum and fractional difference on non-uniform lattices by two different ways. The analogue of
Euler’s Beta formula, Cauchy’ Beta formula on non-uniform lattices are established, and some
fundamental theorems of fractional calculas, the solution of the generalized Abel equation on

non-uniform lattices are obtained etc.

81 Introduction

The definitions of non-uniform lattices date back to the approximation of the following

differential equation of hypergeometric type:

o(2)y"(2) + 7(2)y'(2) + Ay(2) = 0, (1)
where o(z) and 7(z) are polynomials of degrees at most two and one, respectively, and A is
a constant. Its solutions are some types of special functions of mathematical physics, such
as the classical orthogonal polynomials, the hypergeometric and cylindrical functions, see G.
E. Andrews, R. Askey, R. Roy [5,6]. A. F. Nikiforov, V. B. Uvarov and S. K. Suslov [22,
23] generalized Eq. (1) to a difference equation of hypergeometric type case and studied the
Nikiforov-Uvarov-Suslov difference equation on a lattice x(s) with variable step size Vz(s) =

z(s) —x(s—1) as

- A Vy(s)] , 1~ Ay(s) | Vy(s) _
O 1) [Vz(s)] T [AJ:(S) - V:c(s)} +wls) =0, @

where 7 (z) and 7(x) are polynomials of degrees at most two and one in z(s), respectively, A is
a constant, Ay(s) = y(s+1) —y(s), Vy(s) = y(s) —y(s — 1), and z(s) is a lattice function that
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satisfies (5 +1) + (s) )
% = ax(s+ 5) + B, «,f are constants, (3)
1
2%(s + 1) + 22(s) is a polynomial of degree at most two w.r.t. (s + ). (4)

It should be pointed out that the difference equation (2) obtained as a result of approximating
the differential equation (1) on a non-uniform lattice is of independent importance and arises
in a number of other questions. Its solutions essentially generalized the solutions of the original
differential equation and are of interest in their own right [13-15,21-25]. As it is known in
( [22], P59), the general solutions x(s) which satisfy the conditions in Eqs. (3) and (4) are
x(s) = ¢15% + Ca5 + Ca; (5)
or
z(s) = c1¢® +c2q "+ 3,9 # 1 (6)

Definition 1. ( /22, 23]) Two kinds of lattice functions x(s) are called non-uniform lattices
which have the form (5) and (6), where c;,¢; are arbitrary constants and cica # 0, ¢1¢a # 0.
When ¢y =1,c0 = c3 =0, or ¢a = 1,¢1 = ¢3 = 0, these two kinds of lattice functions x(s)

z(s) =s (7)

z(s) = ¢°, (8)
are called uniform lattices.

Let x(s) be a non-uniform lattice, where s € C. For any real v, z,(s) = z(s + 3) is also a

non-uniform lattice. Given a function F'(s), define the difference operator with respect to z.(s)

V’YF(S) = VVZY((?),
and v v VF(2)

VEF(2) = (k=1,2,..)

Var () V() " Vi sp1()
Althought the discrete fractional calculus on uniform lattice (7) and (8) are more current, but

great development has been made in this field [1-3,8-12,17,18,20]. In the recent monographs,
J. F. Cheng [10], C. Goodrich and A. Peterson [19] provided the comprehensive treatment of
the discrete fractional calculus with up-to-date references, and the developments in the theory
of fractional g-calculas had been well reported by M. H. Annaby and Z. S. Mansour [4].

But we should mention that, in the case of nonuniform lattices (5) or (6), even when n € N,
the fomula of n—order difference on non-uniform lattices is a remarkable job, since it is very
complicated and difficult to be obtained. In fact, in [22], A. Nikiforov, V. Uvarov, S. Suslov
obtained the formula of n — th difference Vgn) [f(s)] as follows:

Definition 2. ( [22]) Let n € N, for nonuniform lattices (5) or (6), then

(n) _ - ([=n]qg)r [I'(2s —k+c)lq _ _
v1 [f(S)} - kZ:O [kﬁ]q' [F(2S —k+n+1+ C)]qf(s k)vxn+l(5 k)a

where [['(s)]q is modified g—gamma function which is defined as
[T(s)]g = g~ V72T (s),
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and function T'y(s) is called the g—gamma function; it is a generalization of Euler’s gamma
function T'(s). It is defined by

2 ,(1—¢"th)

Ty(s) = =i, a=gry  when lgf <1; o)
q—(s—1)(5—2)/2111/(1<S>7 when |q| <1
d
an P S -
(], = {_ if 2(s) = e1q° + e20™" + c3; )
! 22 fo(s) :5152+525+53,
where

loggq ?

2, when x(s) = ¢18% + Ca5 + C3.

log E—Q -
o { . when x(s) = c1¢° + c2q™® + c3,
Now there exist two important and challenging problems that need to be further discussed:
(1) Assume that g(s) be a given function, f(s) be an unknown function, which satisfies the

following generalized difference equation on non-uniform lattices

VI [f(s)] = g(s). (11)
How to solve generalized difference equation (11)?

(2) The definitions of a—order fractional difference and a—order fractional sum on non-
uniform lattices are very difficult and interesting problems. They have not appeared since the
monographs [22,23] were published. Can we give reasonable definitions of fractional sum and
difference on non-uniform lattices?

We believe that as the most general discrete fractional calculus on non-uniform lattices, they
should have an independent meaning and lead to many interesting new theories about them,
which may be an important extension and development of the discrete fractional calculus.

The purpose of this paper is to inquire into the feasibility of establishing discrete fractional
calculus on nonuniform lattices. In this article, for the first time we propose the definitions of
the fractional sum and fractional difference on non-uniform lattices. In order to keep this paper
to a reasonable length, we have chosen to restrict ourselves to some fundamental theorems of
discrete fractional calculus, such as the analogue of Euler Beta formula, Cauchy Beta formula on
non-uniform lattices, and the solution of the generalized Abel equation on non-uniform lattices
etc. The other important results such as Taylor formula and Leibnize formula on non-uniform
lattices will be given in a future. The results we obtain here are essentially new and have not

been found in other literature.

82 Integer Sum and Fractional Sum on Non-uniform Lattices

Let x(s) be a non-uniform lattice, where s € C. Let V,F(s) = f(s), then
Pls) = Fls — 1) = £(5) [24(5) — 25(s — 1)].

Choose z,a € C, and z — a € N. Summing from s = a + 1 to z, we have

F(z)=Fla)= Y f(s)Va,(s).

s=a+1
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Thus, we define
f(s)dya (s Z f(s)Vay(s

a+1 s=a+1
It is easy to verify that

Proposition 3. Given two function F(z), f(z) with complex variable z,a € C, and z—a € N,
we have

[ sase o] = s

2) / ; V. F(s)dya (s) = F(z) — F(a).

A generalized power [z(s) — x(2)]™ on nonuniform lattice is given by

n—1
— (n) — _ _ +
[2(s) —2(N™ =[] _ [e(s) —2(z = k)], (n € N7,
and a more formal definition and further properties of the generalized powers [z, (s) — z, (2)](®)

on nonuniform lattice are very important, which are defined as follows:

Definition 4. (See [7,25]) Let o € C, the generalized powers [x,(s) — x,(2)](*) are defined
by
[ () — 2 ()] = (12)
MR ifals) =
A Tt areql)y Y 2(s) = s + G+,
(g — 1) ogemotD/2LlZt) g a(s) = ¢,

a. . —als I'y(s—z+a)l'y(s+z+v+c+1 s —s
en(1— q)Jrgolet ) lemhallglo kot i) — g eag o e,

(13)

Proposition 5. [7,25]. For z(s) = c1q° +caq™° +c3 or x(s) = ¢15% + Cas + 3, the generalized
power [x,(s) — x,(2)](%) satisfy the following properties:

(2 (5) — 2 (2)][20(5) — 2 (2 = D)W= [, (5) — 2 (2)] W] (s) —m(z— )] (14)
=[x, (5) — 2, (2)]#HY; (15)
[wy1(s +1) = 2 1(2))“lmyu(s) = 20 u(2))
= [wu—pu(s + 1) — 2o (2)][mv1(5) — 21 (2)] W =l (5) — 2, (2)]FD; (16)
m[xu<s> D = — g s laa(s) — a2 (17)
= —[ulglan (s) — 2 (2)] Y5 (18)
V. 1 A, 1

YV, u1(2) t [,(s) — 2, (2)] b= Azy-1(8) “[z,_1(s) — 21 (2)] " }

[1]q
— - _;‘ G (20)

where [u]q is defined as (10).
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Now let us first define the integer sum on non-uniform lattices z(s) in detail, which is very
helpful for us to define fractional sum on non-uniform lattices x(s).

For v € R, the 1-th order sum of f(z) over {a+1,a+2, ..., 2z} on non-uniform lattices z(s)
is defined by

yi(2) = Vi f(2) = ) f(s)dvy(s), (21)
then by Proposion 3, we have o
VIV (=) = gi(é)) = f(2), (22)

and 2-th order sum of f(z) over {a+1,a+2,...,z} on non-uniform lattices z(s) is defined by

z

ya(2) = V2 f(2) = VIL VS f(2)] = / Y1(8)dvay41(s)

a+1
— [ dvaa(s) [ r®dvas )
a+1 a+1
— [ sidea(0) [ dows)
a+1 t
= [ @) - el - D (s)den (). (23)
Meanwhile, we have
_ \Y%
V3aVihn () = i — ).

- V. Vi(z) _ Vu(z)
27—2 - = = 24
VAV ) = G 5 Vai(s) ~ Vane) ) @4
More generalaly, by the induction, we can define the k-th order sum of f(z) over {a+1,a+

2,...,z} on non-uniform lattices z(s) as

z

ye(2) = Vi f(z) = V;ika[vi(k*l)f(z)] = / Yr-1(8)dvTyir—1(8)
a+1

1 Z -
= 0L /ﬁl[xw“(z) — 2 i1 (t— D]F D () dyay (b), (k= 1,2,...) (25)

And then we have
VEVIRF(2) N v Vyi(2) (=12, 6)

V() Vo () Va1 (2)
It is noted that the right hand side of (25) is still meanful when k € C, so we can give the

definition of fractional sum of f(z) on non-uniform lattices z-(s) as follows

Definition 6. (Fractional sum on non-uniform lattices) For any Rea € R, the a-th order
sum of f(z) over {a+1,a+ 2,...,z} on non-uniform lattices (5) and (6) is defined by
a 1 ? .
V) = e [ i)~ a6 - DI e (), (20)
[C(@)lg Jat

where
g~ CTVEIT (), if 2(s) = c1¢® + c2q™* + c3;

D(a),if z(s) = €182 + ¢a5 + C3,

)l = {
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which satisfy the following
[C{a+1)]g = [adg[T(a)]g-

425

83 The Analogue of Euler Beta Formula on Non-uniform Lattices

Euler Beta formula is well known as

L'(a)I'(8)

m,(Rea>o7Reﬂ>0)

1
/ (1—t)*"14~1dt = B(a, B) =
0

or

(2=t (t—a)ft (- a)o A=t . .
L M) 1) 7 Ta+p (ea>0Ref>0)

In this section, we obtain the analogue Euler Beta formula on non-uniform lattices, which

is very crucial for us to propose several new definitions in this manuscript, and is also of

independent importance.

Theorem 7. (Euler Beta formula on non-uniform lattices) For any a, 8 € C, then for non-

uniform lattices x(s), we have

* aa(2) — aa(t — 1] [a(t) — a(a))®
/M e Tt ), vo®
 [a(2) — za(@))
C(a+B+1)],

The proof of Theorem 7 should use some lemmas.

Lemma 8. For any «, 8,we have
[+ Blga(t) — [elgz—p(t) — [Blgza(t) = const.

Proof. 1f we set z(t) = ¢1t? + cat + C3, then the left hand side of Eq.(29) is

- a
LHS = Gl(a+ B —alt = 0)? ~ (e + 27
- B !
@l At -alt-2) - g+ 9
= —%( + B)¢1 = const.
If we set z(t) = c1¢" + c2q™ " + ¢3, then the left hand side of Eq.(29) is
qaszrﬁ—q_aTJrﬂ qg —q_% B8 q%—q_g
LHS = c1[~—— 4" — 7 ¢ - —q¢'""2]
q2 —q 2 q2 —q 2 q2 —q 2
anJrB —q_aTHB qg —q_% B8 qg —q_g
+ c2[— _1 - —q " T —q 2]
q2 —q 2 q2 —q 2 q2 —q 2
=0.
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Lemma 9. For any «, f,we have
[ +1g[z5(2) = 2p(t = B)] = [Blg[r1-a(t + @) — 21-a(a)]
= o+ Uglzp(2) —2p(a —a = p)]
— o+ +1]gla(t) —2(a - a)].

Proof. (34) is equivalent to
[+ B+ Ugz(t) = [a + gzt = B) = [Blgz1-alt + @)
—[a+ 8+ 1]4z(a—a) - [a+ Ugzpla— a— B) - [Blya1-ala).
Set o + 1 = a, we only need to prove that
@+ Blaa(t) — [@lgoalt — B) — [Blowaalt+a—1)
— (@ + Blyrla— & +1) — [@lyzala—a+1—B) = [Bloas-ala).
That is
[+ Blgz(t) — [algz—p(t) — [Blgra(t)
— @+ Blyrla—a+1) - [alga_pla—a+1) - [Blyzala— &+ 1).
By Lemma 8, Eq. (37) holds, and then Eq. (34) holds.

Using Proposition 5 and Lemma 9, now it is time for us to prove Theorem 7.

Proof of Theorem 7: Set
p(t) = [x(t) — 2(a)]Vlas(z) —zp(t — 1)),

and

o(t) = [r1-a(t + @) — z1-a(a)][zp(2) — z5(t)].
By Proposition 5, since

[#1-a(t+ ) = 21 (a)][z(t) — 2(a)] ) = [21(t) — 21 (a)) @+
and
[25(2) — 2a(D)][ws(2) — wp(t — D] = [wg(2) — zp(t)] .
so that we obtain
a()p(t) = [w1(t) — 21(a)]* D]wp(2) — 2p(1)] P,
Making use of

Vilf0)g(®)] = g(t = DALF )] + F([)Velg(D)];

where

70 = [ (t) = 21(@)] 0, g(0) = s (2) — w0 (0] 7,
Vt[a(t)p(t)]
RO
From PropOSItlon 5, we have

let’s calculate the

Vi

Try () =21 @]V = o 1fr(t) (@),
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and
Vi
W{[mﬂ(z) —z5(t)] P}

B Amlﬁt_g{[ﬂﬂﬁ(Z) —zp(t — 1))y

= —[Blyles(2) — wp(t — 1))V
These yield

V:Zt(t) {lz1(t) = 21(@)] D [2s(2) — w5 (0]}

= [+ g[z(t) — 2(a)] @ [25(2) — 2p(t — 1]
— [Blle1(t) — 21(@)] Vg (2) — za(t — 1)) 7Y

{la+1glzs(z) — 2t = B)] = [Blglrr-at + @) — 21-a(a)l}o(?)
()p(t),

where

T

—~

t) = [a+ 1g[zs(2) —z(t — B)] — [Blg[z1-a(t + @) — z1-a(a)],
this is due to

[25(2) — 25(t — 1)]P) = [25(2) — 25(t — B)][zs(2) — z(t — 1)] P~ D).
Then from Lemma 9, it yields

(1) = [a +1glz(2) —wp(a —a = )] = [a + B+ 1g[x(t) — z(a — a)].

So that we get

valt(t) {le1(t) = 21(a)) "V [wp(2) — 25(0)) D}

= {lo+ Uglzp(z) —zp(a —a = p)]
— o+ B+ Ugfz(t) — z(a = a)]}o(D).

Or
Ve{lz1(t) = 21(a)] " Vfap(2) — 25(1)] P}
={la+14[zs(z) —2zs(a —a = p)]
—la+ B+ 1[z(t) —z(a — )}
[a(t) = 2(a)]lys(2) —wp(t = 1PV (1),
Summing from a + 1 to z, we have

3 Viller(t) - 21(@)] @ Plas(2) — 2]}

t=a+1

:/Z {la +1]4[25(2) — 25(a — a — B)]
a+1

427

(43)

(44)

(45)
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— o+ B+ Ugla(t) — z(a - )]}

() = 2(@)] Vls(z) — wp(t — D) Ddga (t). (48)
Set i
I(a) = / [25(2) — xa(t — D]V (a(t) — 2(a)]Vdya (t), (49)
and o
Mot 1) = [ fale) —mplt = DI Vlete) - a(@) Vv 1), (50)

Then from (48) and by the use of Proposition 5, one has

Y Vellea(t) = 21(a)] Vs () —ap(0]D}

t=a+1

=l Uylos(a) —aale—a = ] [ o) = 2@ lrpla) — st — DI Vg0
a+1

o By [ (et = ata— 0)]fa(t) ~ @)V fas() ~ (¢ = 1] Vi)

z

= [+ Uglzp(2) - 25(a— a - B) / o) = 2@ Vlzaz) 2t~ D) Vo ()

a5+, [ [0 = al@] *Vzaz) e = 1)V 1)

— [+ 1gfep(z) — 25(a — a = B)I() — [a+ B+ 1] I (a+1).
Since B
3 Villea(t) - 21(@)] @ Plap(2) - 25(0) @) =0, (51)

t=a+1
therefore, we have prove that

I(a+1) B [a+ 1],
I(Cv) = [a+ﬁ+”q[‘xﬁ('z)_xﬂ(a_a_ﬁ)]' (52)
F 52), h
rom (52), one has - %[m(z) _ wp(a))(@tB+D)
I(a) et (25 (2) — wp(a)](@+9)
So that we can set
. [M(a+1)] B (a+5)
0 = K 45 i () — rs(@] ), (53)
where k is undetermined.
Set a = 0, then
_ ! _ (8)

From (49), one has
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1<o>::J/Z (ws(z) — 25t — 1) Vg (t)

+1
:ix 2) — z(a)]®
[ﬁ]q[ 8(2) —xp(a)]”, (55)
From (54) and (55), one gets
k= L0 _ gy,
| s
Hence, we obtain that
U AR RS

and the proof of Theorem 7 is completed

84 Generalized Abel Equation and Fractional Difference on
Non-uniform Lattices

The definition of fractional difference of f(z) on non-uniform lattices z(s) seems more
difficult and complicated. Our idea is to start by solving the generalized Abel equation on
non-uniform lattices. In detail, an important question is: Let m — 1 < Rea < m, f(z) over
{a+1,a+2,...,z} be a given function, g(z) over {a + 1,a+ 2,..., 2z} be an unknown function,

which satisfies the following generalized Abel equation
_ 2 2rra1(2) = Tyra1(t — 1)]@D)
vioge) = [ MBS aon = j0. 67
a+1 [T(e)]q

How to solve generalized Abel equation (57)?

In order to solve equation (57), we should use the fundamental analogue of Euler Beta

Theorem 7 on non-uniform lattices.

Theorem 10. (Solutionl for Abel equation) Set functions f(z) and g(z) over {a+1,a+2,..., 2}
satisfy
V>%(z) = f(2),0<m—1<Rea<m.
Then
9(2) = VIV (=) (58)
holds.

Proof. We only need to prove that

Vi mg(2) = VLT f(2),
that is
Vo f(2) = VTV g(2) = VoM g(2).
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In fact, by Definition 6, we have
m—a % Zygm—1(2) = Ty 1 (t — 1)]m—=1)
\vin ( )f(z) :/ 1[ v+ 1( ) Y+ 1( )} f(t)dvxwra(t)
a+

Yta [TC(m — a)l,

z X —1(8) = Ty+m—1 (m—a—1)

= /+1 [ y+m ( ) [F(T:L_— a)(]tq 1)} dvx,y+a(t)
* [yram1(t) = Typa-i(s — 1))@V
./le [Ty+a—1(t) [F(J(;)]q (s —1)] so)doe (o)
_ z SV (s z [l"y+m—1(z) — x’>’+m—1(t o ]_)}(mfafl)
/a+19( YV ( )/s T(m — o)l
:U —1) = Ty+a—-1{5 — (a—1)

. [Ty 4a-1(t) [F(J;)]q ( 1)] dotrsa(t).

In Theorem 7, replacing a + 1 with s;a with a — 1; 8 with m — «, and replacing z(¢) with
ZTyta—1(t), then xg(t) with x,4,,—1(t), we can obtain the following equality
* yme1(2) = 2yrmea (= DI [ 01 () — 2paci(s — DJED
Ay +alt)
s [L(m —a)lq [T(a)]q
—m—1)

_ [Ty 4m-1(2) = Ty4m—1(s — 1)](
[T(m)lq ’

therefore, we have

Ly+m 1(s — 1)}(_7"_1)

(m—a) ? [x"/-l-m—l(z)_ - s 2(s) = V""q(x
’y+a f( ) /(H-l [F(m)]q g( )dv ’Y( ) v’y g( )’

which yields

VIV f(2) = VIV g(2) = g(2).
]

Inspired by Theorem 10, This is natural that we give the a-th order (0 < m—1 < Rea < m)
Riemann-Liouvile difference of f(z) as follows:

Definition 11. (Riemann-Liouvile fractional defferencel) Let m be the smallest integer exceed-
ing Re o, a-th order Riemann-Liouvile difference of f(z) over {a+1,a+2,...,z} on non-uniform
lattices is defined by

V5 £(2) = VIV F(2)). (59)

Yo
Formally, in Definition 6, if « is replaced by —a, then the RHS of (27) become

2z W2) = 21 (t— 1)
/Jrl [ Y—o— ( ) [F’(Y_a)] (t 1)} f(t)dvl'.y(t)
\Y \Y \Y

= Vo) Ty a0 Vs i (0

R (2) = Toin— o (t — (n—a—1)
'/+1 . [F(::_— a)] -l f(t)dvz., () (60)

= VIV (2) = V() (61)




CHENG Jin-fa. Fractional sum and fractional difference on non-uniform lattices... 431

From (61), we can also obtain a-th order difference of f(z) as follows

Definition 12. (Riemann-Liouvile fractional defference2) Let Rea > 0, a-th order Riemann-

Liowvile difference of f(z) over {a+ 1,a+ 2, ..., 2} on non-uniform lattices can be defined by
(—a—1)

Replacing x—_q(t) with z(t), Then
7 ey q1(2) — e (t — 1)]77Y
visie) = [ R s ) (63)

where o ¢ N.

85 Caputo fractional Difference on Non-uniform Lattices

In this section, we give suitable definition of Caputo fractional difference on non-uniform
lattices. By the use of V,(f(s)g(s)) = f(s = 1)V, g(s) +g(s)V, f(s), the following theorem can
be verified straight forwardly.

Theorem 13. (Sum by parts formula) Given two functions Let f(s), g(s) with complex variable
s, then
/ 9(s)V f(s)dvzy(s) = f(2)9(z) — fla)g(a) — / f(s =1)V4g(s)dvzy(s),

a a+1

+1
where z,a € C, and z — a € N.

The idea of the definition of Caputo fractional difference on non-uniform lattices is also
inspired by the the solution of generalized Abel equation (57). In section 4, we have obtained

that the solution of the generalized Abel equation
V. %(2) = f(2),0<m—-1<a<m
is
9(2) = V5 f(2) = VIV f(2). (64)
Now we will give a new expression of (64) by parts formula. In fact, we have
V() = VIV T ()
(m—a—1)

_um © [ym—1(2) — Tygm—1(s — 1)]
=V /a+1 T(m — )], f(s)dvzytals). (65)

In view of the identity

m—a)

Visloyem=1(2) = T40m-1()] "™ Ay [ty1m-1(2) — Tyqm-1(s — D"
Vi qa(s) Azyya(s—1)

= —[m — gty tm-1(2) — Tyym—-1(s — 1)]

(m—oz—l),

then the expression

/Z [$W+m,1(z) - l’nyrmfl(S — 1)](7”_“_1)
at+1 [T(m — a)l,

f(8)dvzysals)
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can be written as
(m—a)

: _[$7+m—1(2’) — acw_m_l(s)]

atl FEVet [T(m—a+1)], yvs
= ’ —[2yym—1(2) — 33'y+m—1(5)](m_°‘)
B a+1 H&)Vara L(m—a+1),

Summing by parts formula, we get

}dvmv-i-a—l (s).

: _[xwrmq(z) — xAHm,l(S)](m—a)
RIS RCErESyp b o1 (5)
(m—a)

- [Ty 4m—1(2) — Tyym—1(a)]
= f(a)=—F l[p(m _ a++ 1;],,

- [x’y-'rm—l(z) - x’y+7rz—1(3 — 1)](m—a)
+/a+1 L(m—a+1)],

vv-&-a—l[f(s)]dvx'y-i-a—l(s)'
Therefore, we lead to
/z [Ty +m—1(2) = Typm-1(s — 1)](m_a_1)
a+1 [F(m - a)]q
= f(a) [Ty +m—1(2) — xv-i-m—l(a)](m_a)
[L(m —a+1)],
+ /z [Ty m—1(2) = Tygpm-1(s — 1)](m_a)
at1 [T(m—a+ 1),
By mathematical induction we can obtain

/z [xv+m71(z) — ‘errmfl(S _ 1)](m—a+k—1)
a+1 D(m — a+ k)|,

f(8)dv@ytals)

Viyta-1[f(8)ldvzyia—1(s).

Vi taklf (8)ldvasra—i(s)

= vnga—kf((l) [1’7+m—1(2’) — x7+m71(a)](m—a+k)

Lim—-—a+k+1),

+ /z [Ty4m-1(2) = Tyqm_1(s — )]0 _,
a+1

+

T(m—a+k+ 1), rta-(et1) (809 Tr o) (5)-

(k=0,1,....m—1)
Substituting (66) and (67) into (65), we get

Tygm-1(2) = Tyym-1(a)] "™
Vo f(2) =V2”{f<a>[ - [;()m—a:‘ 1)](q )] !

_ (m—a+1)
+ V'y+a—1f(a) [x’Y-‘rm—l(Z) x’v-‘rm—l(a)] +

[[(m —a+2)]
)][mfaJrk]

[Zytm—1(2) — Zyrm—1(a
+ Vlfﬁ-a—kf(a) . [[(m — 07-1- k+1)]g

NS v A (m—1)f(a) [I’Y-‘rm—l(z) — 17'y+m_1(a)](2m*a*1) .

e [LE2m — )l

Jr/z [244m-1(2) = Ty4mr(s — D] Y g
a+1

T@2m — a)l, Vraml (8)dv T, ta—m(s)}
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(m—a+k)

m—1
— V(S Vo flay L) T T (o) .
k=0

Cim—a+k+1),
+ V"i;g”_@mv,’ﬁ_a_mf(z)}
m—1 —a+k)
_ k [2y-1(2) — xv—l(a)]( * a—m m
- kzzo Vita—k (@) C(—a+k+1)], T v%a—mvwafmf(z)'

As a result, we have the following

Theorem 14. (Solution2 for Abel equation) Set functions f(z) and g(z) over {a+1,a+2,...,z}
satisfy

V3%(z) = f(2),0<m—1<Rea<m,
then

[u

m—

Ty1(2) —zy (@) o
9(z) = V]'?H—oz—kf(a) [ s [é()_a Tk ‘|(‘ 1)])] + V’Y+()¢—77Lv’y+a—mf(z) (68)
k=0 q

holds.

Inspired by Theorem 14, this is also natural that we give the a-th order (0 < m < Rea <

m — 1) Caputo fractional difference of f(z) as follows:

Definition 15. (Caputo fractional difference)Let m be the smallest integer exceeding Re a, a-th
order Caputo fractional difference of f(z) over {a + 1,a+ 2,...,z} on non-uniform lattices is
defined by

OVEf(2) = VA WV e f(2) (69)
86 Complex Variable Approach for Riemann-Liouville Fractional
Difference On Non-uniform Lattices

In this section, we represent k € N1 order difference and a € C order fractional difference
on non-uniform lattices in terms of complex integration.

Theorem 16. Let n € N, T' be a simple closed positively oriented contour. If f(s) is analytic

in simple connected domain D bounded by I' and z is any nonzero point lies inside D, then

[n]y!  loggq f(s)Vayi1(s)ds
vn*'ﬂ f(Z) = . 1 1 ) (70)
T 2mi g5 — ¢~ 3 Jr [y (s) — 2, (2)] D)
where I' enclosed the simple poles s = z,z — 1, ...,z — n in the complex plane.

Proof. Since the set of points {z — 4,4 = 0,1,...,n} lie inside D. Hence, from the genaralized

Cauchy’s integral formula, we obtain
1 f(s)al,(s)ds

f(Z) = _ TNy

2mi Jp [24(s) — 24(2)],

1 s)xl (s)ds
P N G LA

211 i (5) — 2 (= — D]

(71)
and it yields

(72)
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Substitutig with the value of f(z) and f(z — 1) intog ((z)) = Iﬁi;:iiz(;)l), then we have

ZCRRER F(s)ans)
Vi, (z)  2miJp[rs(s) — 2y (2)][24(8) — 24 (2 — 1)]
L[ fe(s)ds

A

2mi Jr [ (s) — 24(2)] )
Vi) _ Viz-1)
Substitutig with the value of f((z) and vvmf((zzill)) into vi”éz;_zvilf;)l) , then we have
Y Y

Vi(z) Vi(z=1)

Vzy(2) ~ Va,(z—1) _ i% f( ) ( )
2(5) =~ 2) 2w o (5) — s ()

In view of

Ty (2) = 24(2 = 2) = [2]gVay-1(2),

\Y4 Viz), @% f(s)xl (s)ds
V,_1(2) Vay(2)" 2w Jp[z,(s) — 2,(2)]3)
More generalaly, by the induction, we can obtain
v v (1) ) _ [ f f(s)a’)(s)ds
e

Vg pi1(2) Vg nia(z) " Va,(2)” 2w §) — T4 (2)] ("D

we obtain

where
n

[y () — 2 (D = [l () — 2 (2 — )]

i
And last, by the use of identity z
lo
7 () = A Va1 (s),
q2 — q 2
e hve ! 1 F() V1 (s)ds€
nl,! logq )V i1(s)ds
v = -4 i 73
r-n+1f(2) 2mi g3 — g3 ]{ [2(8) — T (2)] (D). (73)

O

Inspired by formula (73), so we can give the definition of fractional difference of f(z) over

{a+1,a+2,...,z} on non-uniform lattices as follows

Definition 17. (Complex fractional difference on non-uniform lattices) Let T be a simple closed
positively oriented contour. If f(s) is analytic in simple connected domain D bounded by T,
assume that z is any nonzero point inside D, a+ 1 is a point inside D, and z—a € N, then for

any a € RT, the a-th order fractional difference of f(z) over {a+1,a+2,...,z} on non-uniform

lattices is defined by
o _ [M(a+1)], logq f(8)Vay11(s)ds
Vimanf2) = $io) -

where I' enclosed the simple poles s = z,z — 1,...,a + 1 in the complex plane.

74
211 q% — q_% ( )
We can calculate the integral (74) by Cauchy’s residue theorem. In detail, we have

Theorem 18. (Fractional difference on non-uniform lattices)Assume z,a € C,z —a € N, €
RT.
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(1) Let x(s) be quadratic lattices (5), then the a-th order fractional difference of f(z) over

{a+1,a+2,..,2} on non-uniform lattices can be rewritten by

z—(a+1)
Z fam —k+vy—a)Vey (2 — k) (—a)r (75)

T(22+y+1—k) K

(2) Let x(s) be quadratic lattzces(6), then the a-th order fractional difference of f(z) over
{a+1,a+2,...,z} on non-uniform lattices can be rewritten by

o
y+1— a

z—(a+1)
o _ _ [['(22 =k +v = )]gVayi1(z — k) ([alg)w
Si-alf(2)] = gio f(z—k) L2z +v+1-k), ]! (76)

Proof. From (74), in the case of the quadratic lattices (5), one has
salie) = S f I ’ff;jg%?ffn
a—!— 1) [ f(s VSC'Y_H (s —2)T(s+2+v—a)ds
Ns—z4+a+I'(s+z+~v+1)
According to the assumption of Deﬁnltlon 17, T'(s — z) has simple poles at s = z — k, k =
0,1,2,....,z2 — (a+1). The residue of I'(s — z) at the point s — z = —k is

lim (s—z4+k)(s—2z2)

s—z—k

— lm (s—2)(s—2z4+1).(s—z+k—1)(s— 2+ k) (s—2)
 soa—k (s—=2)(s—z4+1)..(s—2z+k—-1)
) I(s—z+k+1)
= lim
s=z—k(s—2)(s—2z+1)...(s—z+k—1)
_ 1 _ (=
(k) (—k+1)..(-1) &
Then by the use of Cauchy’s residue theorem, we have
a+1

ZZ fo— gz Rty — ) Ve (e = k) (-1

Vori-alf ()] =Tla+1 Tlatl-Bl2trt1-F) &
Since (o +1)
a
NCESE] =afla—1)...(a—k+1),
and

ala—1)(a—k+1)(=1)" = (—a),
therefore, we get

F(2z+’y+17k) k!

o
y4+1— a

From (74), in the case of the quadratlc lattices (6), we have

V) = [(a+1)], logg %fr f((s))waﬂ() 5)ds

SN
_ C(a+1)], logg ff IV, 11(8)[L(s — 2)]4[T(s + 2z + v — a)]qds
2w g3 —q 2 I(s—z+a+1)[I(s+z+v+1),

211 q2 —q
(77)
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From the assumption of Definition 17, [I'(s—z)], has simple polesat s = z—k,k =0,1,2, ..., z—
(a+1). The residue of [I'(s — z)], at the point s — z = —k is
lim (s—z+k)[I'(s— 2)],
s—z—k
s—z+k

- s_l,igik M[S —z+k|g[I'(s — 2)]q

[SE

= q%_iq_ lim [s —z+ k],[T'(s — 2)]
logq s—z—k 4 4

_ q%_q_ im [s — zlgls =2+ 1g...[s — 2+ k —1]g[s — 2 + K4 [I'(s — 2)]q
logg s—z—k (s—2)(s—2z4+1)..(s—2z+k—-1)

N

gz —q 2 T(s—z+4+k+1),
= m
logg s—z—k[s—z|g[s—z+1]g..[s—2z+k—1],
_ ¢ —q? 1 _ 2 —q? (-
logg  [—klg[—k +1]g...[-1]q logg [k]q!
Then by the use of Cauchy’s residue theorem, we have
z—(a+1) k
(22— k+7 = )]y Va,pa(z = k) (<1)
Vi =Ta+1 —k .
Sri—alf(2)] = M@+ 1)), kZ:O LA g 3 P s
Since
[I'(a+ 1),
S S s L S —1]g...[a — 1
[F(Oé+ 1— k)]q [a]q[a ]q [Oé k+ ]q7
and

[a]glo = g = k 4+ 1)(=1)* = ([~a])s,
therefore, we obtain that
z—(a+1)

Vel = S s m

=0

2z —k+7v—a)|{Vay11(z = k) ([—afg)k
C2z+y+1-k), k!

So far, with respect to the definition of the R-L fractional difference on non-uniform lattices,
we have given two kinds of definitions, such as Definition 11 or Definition 12 in section 4
and Definition 17 or Theorem 18 in section 6 through two different ideas and methods. Now
let’s compare Definition 12 in section 4 and Theorem 18 in section 6.

Here follows a theorem connecting the R-L fractional difference (63) and the complex gen-
eralization of fractional difference (74) :

Theorem 19. For any a € RT, let T be a simple closed positively oriented contour. If f(s) is
analytic in simple connected domain D bounded by ', assume that z is any nonzero point inside
D, a+1 is a point inside D, such that z — a € N, then the complex generalization fractional
integral (74) equals the R-L fractional defference (62) or (63):

o e S Brale) moya(k- DIV
S+1-alf(2)] = k;ﬂ C(—a), f(k)Vayq1(k).
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Proof. By Theorem 18, we have

z—(a+1)
a _ (ale L@z —k+y—a)lg . oo
’Y+1—a[f(z)] - ];) [kf]q' [F(QZ —k+ v+ 1)]q f(Z k)v "/-‘rl( k)

-y Lk-a)y, [IRz-k+y-a)
[C(=a)lg[C(k + 1)]g (22 =k +7+ 1),

Fz = B}V (z — k)

Ty-al2) =2y _o(z — k= 1)o7
kZ::O [F(_O‘)]q

z [xv_a(z) — x’y—a(k _ 1)](—(1—1)
k:za;rl I(—a)lq

So that the two Theorem 12 and Theorem 18 are consistent. O

J(z = )V (z — k)

)V 41 (R).

Set a = v in Theorem 18, we obtain

Corollary 20. Assume that conditions of Definition 17 and Theorem 18 hold, then

V()] = T(y+1)]g logqg f(8)Vayy1(s)ds
Vilf(z)] 2mi gqi —q 3 fiﬂ [2(8) — zy(2) D)
z—(a+1)
_ 5 [L'(22 + p = k)|g Vg1 (2 — k) ([=7]g)k
B zfz:zo S T2z +vy+p+1-Fk), (k]!

where I' enclosed the simple poles s = z,z — 1, ...,a + 1 in the complex plane.

Remark 21. When v =n € N*,we have
Vi) = Tt e _loes J SOV ()h
s Jrl

2m q% —q xn(S) - In(z)(”‘i'l)
_ n L2z 4+ pu — k)|(Vans1(z — k) ([-nlq)k
_kz—of(z_k) [F(22+n+u+1tl k) A (78)

where I' enclosed the simple poles s = z,z — 1, ...,z — n in the complex plane.
This is consistent with Definition 2 proposed by Nikiforov. A, Uvarov. V, Suslov. S in [22]

Finally, for complex integral of Riemann-Liouville fractional difference on non-uniform
lattices, we can establish an analogue of Cauchy Beta formula on non-uniform lattices, which

is also of independent importance:

Theorem 22. (Cauchy Beta formula) Let o, € C, and assume that

! 1
%‘At{ [25(2) — 25 (0] ® [w_1(t) — z_1(a)]@ D Mt =0,

1 logg f{ LB+l T@lAya)dt — [T(a+P),
2mi gz — ¢~ 3 Jrlzp(2) —2p()] P [2(t) —2(a)]@) [z5(2) — zp(a)]@TH)
where I' be a simple closed positively oriented contour, a lies inside C.

then

In order to prove Theorem 22, we first give a lemma.
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Lemma 23. For any «, 3, then we have

[1—alglzs(2) =2t = B)] + [Blgle1-alt + o = 1) —21-a(a)]

— [1—alylza(z) —wsla+ 1—a—B)) + [a+ B — Ufe(t) — a(a+1—a).

Proof. (79) is equivalent to
[+ 8= 1) + [1 — alyzs(t - B) — [Bloar—alt +a - 1)
o+ B—Tgalat1-a)+[1—alzslat1—a—B) - [Blyz1-ala).
Set a — 1 = @, then (80) can be written as
[+ Blgx(t) — [a]qz—p(t) — [Blgza(t)
— @+ Blyala — @) — [lgo_pla — @) — [Flyrala - &).
By the use of Lemma 9, then Eq. (81) holds, and then Eq. (79) holds.

Proof of Theorem 22: Set

p(t) = ! L
. [25(2) — xp(t)] P+ [2(t) — z(a)](@)
o(t) = [ra-1(t +a—1) = za-1(a)][zs(2) — 25(t)].
Since
[25(2) — ()] P = [25(2) — 2a(t — 1)]P[zg(z) — 25(t)],
and

[2(t) = 2(a)] ) = [z 1(t) =21 ()] Pzt + @ = 1) — 21 4(a)],
these reduce to

1 1
[xp(2) — :L'g(t - 1)](ﬁ) [x_1(t) — x_l(a)](afl) ’

a(t)p(t) =
Making use of

where

and

(79)
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Ay 1

o ap(2) —as(t— D]
:Vt 1 }
Va0 a2 — 2 O]
5,

[25(2) — za(t)] P+
then, we have

K ()}

_ 1 [1—alq +
[23(2) — a1 [oft) = o(a)]

. 1 51y

[z-1(t) = 21 ()] V) [25(2) — wp(t)| P+

= {[1 — alglws(e) = a(t = A)] + [Blylwr-alt + o~ 1) — 21_ala)]}
1 1

* @) = 2(@)]® Tas(z) — (O] FFD

= r(t)p (1)

where

T(t) = [1 — alglzs(z) — 2t = B)] + [Blglz1-a(t + o — 1) — 21-a(a)],
this is due to

[25(2) = 2(0)] P = [w5(2) — 25()] Plws(2) — 2(t = B)].
From Proposition 5 one has

Ay
m{a(t)P(t)}

= {[1 - alylws(2) —zpla+1—a—B) +la+p—1fz(t) —z(a+1-a)}
1 1
es(z) = s (B]CFY [2(t) - 2(a)]@

Ao (t)p(t)}
={[1 - algzp(2) —wsla+1—a=B) +[a+ B —1glz(t) —x(a+ 1 - a)]}
1 1
. [25(2) — 25(t)]B+D [2(t) — 2(a)](@ Az (t). (82)
Set
a) = 1 logg 1 Vi (t)dt
M= g ﬁ [25(2) — 2p(6)] D [a(t) — w(a)](@” (83)
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and
1 logg 1 Vi (t)dt
0= g i R ) 2T ) e
Since
() = 2(@)] @ V[a(t) —2(a+1 - )] = [2(t) — 2(a)],
then
1) = 1 logg 1 [(t) —x(a+1— )]V (t)dt
o= o AT B e e e

Integrating both sides of equation (82), then we have
ﬁAt{U(t)p(t)}dt =[1—aly[zp(2) —zp(a+1—a—pB)(a)

—Ja+B-1](a—1).
If
7{ Ado(B)p(t)}dt =0,

then we obtain that

Ia-1) _ [a-1],
= yg(z) —ygla+1—a—F)].
o ) s )
That is
[F(a+[3_1)]q 1
Ila—1) a1, s —zs@]@sD
I CET) P
Te) [T()]q [25(2)—zg(a)](*+5)
From (84), we set
r 1
I(a) = L@ £ Al

[(a)lq  [zs(2) — zp(a)]@+A’
where k is undetermined.

Set a = 1, one has
1
I(1) = kL (1 + B)], 25 (2) = z(@)] P

and from (83) and generalized Cauchy residue theorem, one has

_ 1 logg 1 Vi (t)dt
10 = 5y o 5 O )~
1 1 a (t)dt

= 2mi Jrfws(2) — 2 (0] [a(t) — a(a)]

" [ea(2) — (@] P
From (86) and (87), we get

1
Ta+8)

Therefore, we obtain that
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= [L(a + B)lq 1
T8+ D]g[T(a)]q [25(2) — zp(a)]@+h)’

I(a)

and Theorem 22 is completed.

1]

[12]

[13]

References

R P Agarwal. Certain fractional q-integral and q-derivative, Proc Camb Phil Soc, 1969,
66: 365-370.

W A Al-Salam. Some fractional q-integral and q-derivatives, Proc Edinb Math Soc v2,
1966,/1967, 15: 135-140.

G A Anastassiou. Nabla discrete fractional calculus and nalba inequalities, Mathematical
and Computer Modelling, 2010, 51(5-6): 562-571.

M H Annaby, Z S Mansour. g-Fractional Calculus and Equations, Springer, 2012.

G E Andrews, R Askey, R Roy. Special functions, Encyclopedia of Mathematics and its
Applications, 71, Cambridge University Press, Cambridge, 1999.

R Askey, J A Wilson. Some basic hypergeometric orthogonal polynomials that generalize
Jacobi polynomials, Mem Amer Math Soc, 1985, 319.

N M Atakishiyev, S K Suslov. Difference hypergeometric functions, In: Progress in Ap-
proximation Theory, Springer New York, 1992, pp: 1-35.

F M Atici, P W Eloe. Discrete fractional calculus with the nable operator, Electronic
Journal of Qualitative Theory of Differential Equations, Spec Ed I, 2009, 2009(3): 1-12.

J Baoguo, L Erbe, A Peterson. Two monotonicity results for nabla and delta fractional
differences, Arch Math (Basel), 2015, 104: 589-597.

J F Cheng. Theory of Fractional Difference Equations, Xiamen University Press, Xiamen,
2011. (in Chinese)

L K Jia, J F Cheng, Z S Feng. A g-analogue of Kummer’s equation, Electron J Differential
Equations, 2017, 2017(31): 1-20.

J F Cheng, W Z Dai. Higer-order fractional Green and Gauss formulas, J Math Anal Appl,
2018, 462(1): 157-171.

J F Cheng, L K Jia. Hypergeometric Type Difference Equations on Nonuniform Lattices:
Rodrigues Type Representation for the Second Kind Solution, Acta Mathematics Scientia,
2019, 39A(4): 875-893.



442

[14]

[20]

[21]

[22]

[24]

[25]

Appl. Math. J. Chinese Univ. Vol. 36, No. 3

J F Cheng, L K Jia. Generalizations of Rodrigues type formulas for hypergeometric differ-
ence equations on nonuniform lattices, Journal of Difference Equations and Applications,
2020, 26(4): 435-457.

J F Cheng. On the Complex Difference Equation of Hypergeometric Type on Non-uniform
Lattices, Acta Mathematica Sinica, English Series, 2020, 36(5): 487-511.

J F Cheng. Hypergeometric Equations and Discrete Fractionl Calculus on Non-uniform

Lattices, Science Press, Beijing, 2021. (in Chinese)
J B Diaz, T J Osler. Differences of fractional order, Math Comp, 1974, 28(125): 185-202.

Rui A C Ferreira, Delfim F M Torres. Fractional h—differences arising from the calculus
of variations, Appl Anal Discrete Math, 2011, 5: 110-121.

C Goodrich, A C Peterson. Discrete Fractional Calculus, Springer International Publishing,
Switzerland Springer, Switzerland, 2015.

H L Gray, N F Zhang. On a new definition of the fractional difference, Mathematics of
Computation, 1988, 50(182): 513-529.

M E H Ismail, R Zhang. Diagonalization of certain integral operators, Advance in Math
Soc, 1994, 109 (1): 1-33.

A F Nikiforov, S K Suslov, V B Uvarov. Classical orthogonal polynomials of a discrete
variable, Translated from the Russian, Springer Series in Computational Physics, Springer-
Verlag, Berlin, 1991.

A F Nikiforov, V B Uvarov. Special functions of mathematical physics: A unified introduc-
tion with applications, Translated from the Russian by Ralph P Boas, Birkhauser Verlag,
Basel, 1988.

M Rahman, S K Suslov. The Pearson equation and the Beta Integrals, STAM J Math Anal,
1994, 25(2): 646-693.

S K Suslov. On the theory of difference analogues of special functions of hypergeometric
type, Russian Math Surveys , 1989, 44(2): 227-278.

Department of Mathematics, Xiamen University, Xiamen 361005, China.

Email: jfcheng@xmu.edu.cn



