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Laguerre reproducing kernel method in Hilbert spaces for
unsteady stagnation point flow over a

stretching/shrinking sheet

M. R. Foroutan A. S. Gholizadeh Sh. Najafzadeh R. H. Haghi

Abstract. This paper investigates the nonlinear boundary value problem resulting from the
exact reduction of the Navier-Stokes equations for unsteady magnetohydrodynamic boundary
layer flow over the stretching/shrinking permeable sheet submerged in a moving fluid. To solve
this equation, a numerical method is proposed based on a Laguerre functions with reproducing
kernel Hilbert space method. Using the operational matrices of derivative, we reduced the
problem to a set of algebraic equations. We also compare this work with some other numerical

results and present a solution that proves to be highly accurate.

81 Introduction

The magnetohydrodynamic flow and incompressible fluid over a stretching/shrinking sheet
has attracted the attention of many researchers recently in view of its applications in multiple
engineering problems such as magnetohydrodynamic generators, manufacturing processes of
polymer, nuclear reactors, glass fiber production and geothermal energy extractions. Crane [10]
was the first who studied the two-dimensional steady flow of an incompressible viscous fluid
caused by a linearly stretching plate and obtained an exact solution in closed analytical form.
Numerous studies have been conducted afterward to explore various aspects of the flow over a
steady stretching sheet [1,13,30].

Recently, Mohamed et al. [24] studied the stagnation point flow over a stretching sheet and
Hayat et al. [25] investigated the flow of a second grade fluid over a stretching surface with
Newtonian heating. Most scientific problems like two-dimensional viscous flow between some
expanding or contracting walls with various permeability rates and other fluids in mechanic are

essentially nonlinear. There are many theoretical and experimental methods used to solve these
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equations. One of these methods that has been recently used in solving variable differential

equations is reproducing kernel method.

Reproducing kernel theory has important applications in numerical analysis, differential
equations, probability and statistics, machine learning and image precessing [2,3,23,28,29,33].
Recently, based on the reproducing kernel theory, Cui and Geng [11,17-19] have made much
effort to solve some special boundary value problems. Furthermore, using the reproducing kernel
method, some authors have proposed solutions to some two-point boundary value problems
[12,22]. For instance, Inc and Akgol have found some approximate solution for MHD squeezing
fluid flow in [20]. Jiang and Lin used reproducing kernel theory to obtain approximate solutions
of time-fractional telegraph equations in [21]. Some kinds of the second-order multi-point
boundary value problems have been solved numerically by using the reproducing kernel method
in [27]. Besides, Niu et al. presented convergence rate of the reproducing kernel method for
solving boundary value problems in [34]. Abu Arqub applied reproducing kernel theory for
the solutions of several integral, differential and fractional-order operators alongside with their
theories [4-8]. Furthermore, Niu et al. investigated the approximate solutions to three point

boundary value problems for parabolic equations by reproducing kernel space in [14,26].

In this paper, we use reproducing kernel Hilbert space method to study the unsteady magne-
tohydrodynamic boundary layer flow over the stretching/shrinking permeable sheet submerged
in a moving fluid. This problem has been solved by reproducing kernel Hilbert space method
and it has been compared with some other numerical results. The reproducing kernel Hilbert
space method, which accurately computes the series solution, is of great interest to applied

sciences.

The advantages of the utilized Laguerre reproducing kernel method lie in the following
powerful points; firstly, it can produce good globally smooth numerical solutions, and with
ability to solve many differential equations with various boundary conditions; secondly, the
numerical solutions and their derivatives are converge uniformly to the exact solutions and
their derivatives, respectively; thirdly, the method is mesh-free, easily implemented, without
discretization of the variables, effected by computation round off errors, with no necessity
of large computer memory and time; fourthly, Laguerre reproducing kernel method reduce
nonlinear problems to those of solving a system of algebraic equations thus greatly simplifying
the problem [2].

The remaining sections of this paper are organized as follows: In section 2, the unsteady
stagnation point flow over a stretching/shrinking sheet is addressed and transformed into a
nonlinear ordinary differential equation. In section 3, it is demonstrated that Laguerre functions
with the given properties can be applied to approximation third order nonlinear differential
equations. According to our method, a brief introduction of the reproducing kernel Hilbert
spaces is represented in section 4. In section 5, the existence of solutions for nonlinear ordinary
differential introduced in section 5 is established. In section 6, we use Laguerre functions to
solve this nonlinear equation and the operational matrix for these functions is derived. We also

compare the proposed solutions with some well-known results and the comparisons show that
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Figure 1. Physical model and coordinate system.

the present solutions are accurate.

82 Mathematical Formulation

We consider the unsteady magnetohydrodynamic stagnation-point flow of an incompressible
viscous and incompressible fluid towards a stretching vertical sheet placed in the plane y = 0.
The flow being confined to y > 0. The flow is generated by the stretching/ shrinking effect
along the z-axis. This flow is divided into two streamlets leaving in positive and negative
z-axis respectively. It is assumed that the external velocity wu.(x) and the stretching velocity
Uy (x) are of the forms u.(z) = az and wu,(x) = cx, where a > 0 is the straining constant
and ¢ being constant with ¢ > 0 and ¢ < 0 corresponding to stretching and shrinking cases,
respectively. The physical model and coordinate system of this problem are shown in Figure 1.
A uniform magnetic field of strength By is assumed to be applied in the positive y-direction
normal to the plate. Under the assumption of small magnetic Reynolds numbers, the boundary
layer equations which govern the unsteady magnetohydrodynamic boundary layer flow take the

following forms:
Ou Ov
420 1
9 Tay =0 (1)

ou @ due 0%u  oBy?

u%—&—vay:ue%—l—ua—yz—&— 5 (te — u), (2)
The boundary conditions of equations (1) and (2) are
U= cuy () + Lg—zv = uy(z), at y=0, (3)
u — uc(x), as y — o0, (4)
where v and v are velocity components in the z and y direction, respectively, (v = H) is

Kinematic fluid viscosity, p is the fluid density, p is the coefficient of fluid viscosity, o is the
electrical conductivity. and L is the velocity slip length. We now introduce the following

similarity variables (see Foroutan et al. [15]):
Ue | L

n=(—%)%y, ¥ = (vzu.)® f(n), (5)

VT



M. R. Foroutan, et al. Laguerre reproducing kernel method in Hilbert spaces for ... 357

where 9 is the stream function defined as u = g—;ﬁ and v = —g—i’ , which identically satisfies
Equation (1). Thus, we have
1
= azf'(n), v=—(av)2 f(n). (6)
Substituting (5) and (6) into equation (2) gives the nonlinear differential ordinary equation:

1)+ £ () = (£ () = M (£ () = 1) +1 =0, (7)

2
where M = 220 s the magnetic parameter. The boundary conditions (3) and (4) can also be
pa

reduced to
F(0) =0, f/(0) = A+3/"(0), T f'(n) = 1. (8)

1
¢ is the velocity ratio parameter and 0 = L(%)? is the slip parameter.

where A = £

83 Laguerre function

The well-known Laguerre polynomials are orthogonal in the interval (0,+o0) in terms of
weight function w, (z) = x®*e~* and can be calculated via the following recurrence formula:
LYW =1, L@ =-2+a+1,
(n+ 1)L (z) = @n+a+1-2)L (z) — (n+ )L (), n=1,2,---.

Also, these polynomials satisfy conditions set by Strum-Liouville equation,

(L (2))" + (a+ 1 — z) (LY (z)) + nL®(z) =0, neN.
The Laguerre function is defined by

G(x)=e? L), a>-1, zeR":=(0,+00). (9)
Also, the Laguerre functions are well-behaved with the decay property:
G (z)] =0, as z — +oo,

Furthermore, the Laguerre functions are orthogonal with respect to the weight function

Xa(z) =2%, ie,

o G (2)G (Y o (z)dx = Wémn. (10)
In what follows, we restrict ourselves to the most commonly used case,
Gn(z) =GO (z)=e= L,(z), zeRY, (11)
which satisfies the three-term recurrence relation:
Go(z)=e=, Gi(z)=(1-2)7, (12)
m+1)Gpt1(z) = 2n+1—2)Gp(x) —nGp_1(x). (13)
Also, the Laguerre functions satisfy the following recurrence relations:
n—1
= Gule) — 5Cula), (14)
k=0
L (Ca(e) ~ Cra(0) = Ci(@) — Gy (a), (15)

G () = n(G(&) — Grs () — %xGn(ac), (16)
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and these functions are uniformly bounded. In particular, we have
|Gn(z)] <1, Vzel0,+00).

The Rodrigues formula for Laguerre functions takes the form:

Gn(x) = o] @{x e "} (17)

Furthermore, the the Laguerre functions satisfy conditions set by Strum-Liouville equation,

zGl(z) + Gl (x)+ (1+n— %x)Gn(x) =0. (18)

3.1 Zeroes of Laguerre functions

We are going to review some properties of the zeroes of Laguerre functions. we refer for
instance to Funaro [16] for proofs and further results. For any N > 1 we denote the N zeroes
of G, by z,, 0 <n < N. A good approximation of the zeroes of Laguerre functions is obtained

by the following procedure. For any N > 1, we first find the roots of the equation

) N—n—i—%
Zp — SINZy = 27 INT3 0<n<N.
Then, we set
Zn :(cosézn), 0<n<N,
and define for 0 < n < N,
1 5 1

w=2(2N +3)7; — N ———T )
e =20N 435 - e i T 1o Y

which provides a good approximation of x,,. Let us permute the value of y,,, 0 < n < N, in such
a way they are in increasing order. After third rearrangement, we denote the new sequence by
Un, 0 <n < N. Finally, we have z,, #7,, 0 <n < N.

84 Reproducing kernel function

We start with some basic definitions.which play a very important role in the study of repro-
ducing kernel Hilbert spaces [1].

Definition 4.1. Let H be a Hilbert space of functions f : X — R defined on a non-empty set
X. A function K : X x X — R is called a reproducing kernel of H if it satisfies:
i)Vee X, K,=K(0)ecH.
(i) Ve e X, VfeH, < f K,>=f(x) (thereproducing property).

Also, a Hilbert space H is a reproducing Kernel Hilbert space if and only if it has a repro-
ducing Kernel.

Theorem 4.2. Let {G,}52, be a sequence of the generalized Laguerre functions. Then, for

the orthonormal system {Gn}5%, and for

Kn($7y) = Z Gj('r)Gj(y)7 ('T7y € R+)’ (19)
j=0
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we have
and
Kn(z,7) = (n+ 1)(G},41(2)Gn(2) — G}, (2)Gni1(2)). (21)

Proof. Let x,y € RT. From (13), we have
2n+1 1 n
Gn = - Gn(x) —
=L m -
We first prove (20). By equation (22),

Gj+1(2)Gi(y) — Gi(2)Gima(y) = [(

Gn-1(z), n>1 (22)

27 +1 1 ‘ _ L

i L e
2% +1 1

- Gi@)[( . jﬁy)Gj(y) -

)Gj+1($)Gj(y) —G@)Gin(y)  Gi(@)G-1(y) — Gj—1(2)G;(y)

Gj-1(2)]G;(y)

J
jﬁGa‘ﬂ(y)l
Thus

(G+1 j = G;(2)G;(y).

y—x y—x
This relation also holds for j = 0 by defining G_; := 0. Summing the above identities for
0 < j < n leads to (20). To prove (21), we observe that
Gry1(2)Gn(y) — Gn(z)Gria(y) _ Gnt1(7) = Gnia(y)
y—x y—x
Gn(x) — Guly
Gn@) =G .
y—x

Consequently, letting y — x, we obtain (21) from (20) and the definition of the derivative. [

Gn(y)

We denote the N41 simple zero points of G 41 on (0, +00) by {z,}'}'. From equation
(20), we have

K () = (N + 1)GN+1(xm)GN(xn) — GN(Tm)GNi1(zn)

Tn — Tm

=0.

Meanwhile, if m = n, from equation (21),
KN (n, xn) = (N +1)(Gy 11 (2n)Gn(2n) = Gy (2n)Gna(zn)) = (N + )Gy (2n) G ().
Let Hg, (0,+00) be the (finite-dimensional) Hilbert space with the reproducing Kernel K.

We consider the linear transform of Hy, (0, 400),

f(ajn) =< fa Kzn >HKN (0,400) -
Therefore, if we set,
2
Xn = HKn||HKN(O,+oo) = K(zn,r,) >0,
we have
< Kapo Koy >Hie (0,400)= K(xn,Tm) = Om,nXn-
Since {K,, }21:01 are linearly independent, the linear mapping is isometric and we have the
identity
|f

| f @)
[ fll s, 0,400) = (Z —).
n=0 Xn
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Then, by sampling theorem, we have

flx) = <f,K > Hi y (0,400)

= fon K(zn, )

n

_ Zf xxn)

K(n,zn)

_ GN 1(z)
— fon b + . (23)

N+1 Tp) (T — Tp)

§5 Existence for f(n)

In this section, we will prove the existence and nonexistence of solutions to the problem (7)
with conditions (8), and will also prove some qualitative results regarding the behavior of this
solution.

Lemma 5.1. Let M >0 and f € C3([0,+00)) be a solution of the problem (7) with boundary
value conditions (8). Then the following assertions hold.

(i) If no be a minimum for f’, then f'(no) > 1 or f'(no) < —M — 1.

(i) If no be a mazimum for f', then —M —1 < f'(no) < 1.

Proof. (i) Let f a solution of (7) and o be a minimum of f’. so f”(ny) = 0 and by equation
(7), we have

£ (m0) +1 = f(no) + M1 = f'(10) = 0.
Setting

m(z) =1—2*+ M(1l —x).

Since f"(no) > 0, so m(f'(no) < 0 and the result follow.
(ii) We proceeding the same way as in the pervious Assertion, but with condition m(f’(ny)) >
0. O

Lemma 5.2. Let M >0, f”(0) > 0 and f € C3([0,+0)) be a solution of the problem (7) with
boundary value conditions (8). Then f"'(n) >0 and f'(0) < f'(n) for n € (0, +00)

Proof. Let
1o = sup{n € [0,+00) :  f"(n) > 0}.

Since f”(0) > 0 and f” is continuous on (0, +00), 79 > 0. We prove that 79 = +o00. In fact, if

f"(n) <0, on (o, +00),
then f’ is strictly decreasing on (79, +00). Hence, for n € (19, +00), we have

1= f'(c0) < f'(n) < f'(mo),
a condition. Because, it follows that f/(n) has a positive maximum in 0 < 7 < 400, which
contradicts with (ii) in lemma (24). Equation f'(0) < f’(n) follow from f”(n) > 0 for n €
(0, 4+00). O
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Lemma 5.3. If6 >0, M >0, X> —1and f € C3[0,+00) is a solution of (7)-(8), then
f" is strictly decreasing on [0,+00) and lim, 4 f”(n) = 0.

Proof. By f'(4+00) =1, We know

. . 1 _
ngar_loo inff"(n) =0, (24)
and the exists n,, such that, for n,, — +oo,
" (nm) >0, and f"(nm) — 0. (25)

We prove that f”(n) is strictly decreasing on [0, +00). If there exist 0 < 7, < 7y, such
that f""(Mm,) < f”(Mm,). Then by equation (25), there exists Nm; € (Mm,, +00) such that
I (Mms) < " (Mmy). Let 5% [y, Tmg] such that

') = maz{f"(n) = 0 € Mm,, Mm,]} > 0. (26)
This implies f”(n*) = 0 and f®(n*) < 0. Furthermore, by equation (7), we get
FOm) = ' )f" () = F) " (n) + MF" (n). (27)

By M > 0 and lemma (25), we have f(*) > 0, then we have a contradiction. Hence, f”
is decreasing on (0, +00). If there exist 0 < 7y, < Mim, such that [ (N, ) = f”(Mm, ), then

1" (n) = constant, on (P, , Py )s
and
f”/(n) = 07 on (777?7,1 ) an)
By equation (27), we see

FO =) ) +Mf"(n) >0, on (M, 7m,);

which is a contradiction. Therefore f(n) is strictly increasing on (0, +00), and then
lim, 4o f(n) exists. By (24), we obtain lim,_, . f"”(n) = 0. O

86 Solving equation

In this section, we want to solve the nonlinear equation (7) with boundary conditions (8)
through Laguerre reproducing kernel functions. Equation lim,,_,~ f'(n) = 1 implies the asymp-
totic behaviour f(n) — 1+ «, as n — oo, where « is an unknown constant. Therefore the
application of Laguerre polynomials directly to the variable f(n) is not possible and one must
introduce a new unknown function by the following change of variables

Fn)=F(n) +n(l—e?). (28)
Thus from equation (28), we conclude that f(0) = F(0), f/(0) = F'(0), f”(0) =1+ F"(0)
and lim,_,o f'(n) = 1+ lim, o F'(n), where
F) =F(n) +1— (1~ Znje
£ =F" () + (1= e,

4
£ ) =F""() = 56~ m)e .

(NS
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Therefore, the equation (7) changes to the following problem:
F" (1) + F(n)E" () = (F'(n))* + p() F" () + ¢() F'(n) + r(n) F (n) = s(n) = 0,

where

(29)

Furthermore, the boundary conditions equation (8) changes to the following boundary con-

ditions for the new unknown function F':

F(0)=0, F'(0)=A+d+0F"(0), lim F'(n)=0.

n—00
If we assume that

Gn+1(n)
bn) =3 Caalm)—my 17
1; = Mn,

where 0 <n < N and {n, }_, are zero points of G 1(n). Of course, we have
Gnya(n)
lim v, (n) = li N+l
S g (n) = lim Gra (1)
So, the equation (23) changes to [15]

N
F(U) = Z bnwn(n) = BTWU),
n=0

=1, 0<n<N.

9

such that
¢(U) = Wo(ﬁ)ﬂh(ﬁ% e 7’(/)N(77)}T7 B = [F(n0)7F(771)7' o aF(nN)]T'

The derivation vector is defined by

Y'(n) = dlf;’n) = Dy(n),

(30)

(31)

(33)

(34)

that D is a (IV 4+ 1) x (N + 1) matrix is called the derivative operator and the entries of that

matrix estimated by

dpm = % (nm)'
Moreover, for any polynomial p of degree at most N + 1, one gets:

N
Pn) =Y domp (m).
m=0

To find the entries of derivative operator, by equation (31), we have
dn " Gy 1 (mn)(n =)
In the case m = n, from equation

Gnii(mn) =0, n=0,1,...,N,

;, n€(0,00), n#nn, 0<n<N.



M. R. Foroutan, et al. Laguerre reproducing kernel method in Hilbert spaces for ...

and equation (35), we deduce
G/ _ _ G G//
lim [ ¢n] — lim N+1(I77)(77 Nn) N2+1(77) _ 1>/+1(77n) ’
- dn) n—=mn Gy (02) (0 = 11n) 2Gy41(1n)
On the other hand, by equation (18), we have

1
G7v+1(77n) = 7,'77G/1\/'+1(77n), TL:O,l,...,N.

Substituting equation (38) into (37), we get
lim [—¢,] =——.
ngzn[dn ¥nl 21
In the case m # n, by substituting equation (36) into (16), we have

N+1
Gy (m) = — Gn(m), m=0,1,...,N.
Thus from (35), it follows that
d nnGN(nm)
— () = .
[dn 1C7m) NinGN (1) (M — 1)
Therefore
WnGN(Um) n 7& m
Ay = nm?N(nn)(nm — 1)’ ’
Y n=m.
21

Now using equations (32) and (33), we can write
F'(n) = BTy (n) = BT Dy(n), F"(n) = B"Dy'(n) = B"D*(n),
and
F"(n) = BT D*y(n).

Also using equation (32) the functions p(n), ¢(n), 7(n) and s(n) can be expanded as:

N N

pm) =Y pma)ea(n) = PTo(m),  qln) =Y alm)n(n) = QT v(n),
n;]O ];0

r(m) = > r(ma)n(n) = RT(n), ~ > s(m)tn(n) = STp(),

where

P = [p(mo)
R =[r(no),r(
From expressions (32), (41), (42) and (43

;p(m), -+, (N
’)71) .« .. y

Res(n) = BT D (n) + (BT ¢(m) (BT D*p(n)) — (BT Dv(n))* + (P74 (n)) (BT D*(n))
)

+(QTY(m)(BTDY(n)) + (RT4(m) (BT (n)) — ST (n) = 0
By collocating equation (45) in N — 1 points n; for j = 3,4,..., N we get
Res(n;) = BT D*¢(n;) + (BT (1)) (BT D*p(n;)) — (BT Dip(n;))?
+ (P19 (n) (BT D*¢(n;)) + (QT (1)) (BT Dyp(n;))
+ (RT9 () (B ¢ () — ST (n;) = 0.

363

(46)
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Using equation (32) and equation (41) in equation (30), we get
BTy(0)=0,  BTDy(0) - §BTD%*)(0) = X+ 0. (47)

Table 1. Values of f (0) for different values of A\ and M with a= 0.

M=0 M =0.5 M=1.0 M =2.0

A Wang [31] | Present Present Present Present
5.0 || -10.26475 -10.2647502 || -10.4550325 || -11.0072589 || -12.9920640
2.0 || -1.88731 -1.8873077 -1.9513821 -2.1326775 -2.7438711
1.0 || 0.0 0.0 0.0 0.0 0.0

0.5 || 0.71330 0.7132974 0.7553048 0.8696273 1.2260970
0.2 || 1.05113 1.0511301 1.1239352 1.3189875 1.9115629
0.0 || 1.232588 1.2325857 1.3294099 1.5853318 2.3466605

Considering lim,,_, d%?ﬁ(ﬁ) = 0, it seems that the boundary condition F'(+00) = 0 is
automatically met. Equations (45) and (46) give an N + 1 system of nonlinear equation,
which can be solve for F'(n;), j =0,1,--- N, using Newtons iterative method. So the unknown
function of F(n) can be found. In the process of computation, all the symbolic and numerical
computations are performed by using Maple 16 Software Package.

An algorithm is a precisely defined sequence of steps for performing a specified task. The aim
of the next algorithm is to implement a procedure to solve nonlinear boundary value problems
in numeric form in terms of their grid nodes based on the use of Laguerre reproducing kernel
method.

Algorithm 1 To approximate the solution of equations (7) and (8), we do the following steps:
Input: The numbers «,d, M € R and N € N.

Output: The approximation solution f(n) for equations (7) and (8).

Step 1: Define the unknown function F'(n) by function f(n) as in equation (28);

Step 2: Define the functions G, (z) for n =0,1,..., N by equation (11);

Step 3: Compute 7, the zeroes of Laguerre functions as in section 3.1;

Step 4: Construct the functions ¥, (n) for n =0,1,..., N by equation (31);

Step 5: Compute the square operational matrix D with the entries of d;; as in equation (40);
Step 5: Make the unknown vector B and vector 1(n) by equation (33);

Step 6: Assign the vectors P, @, R and S by equation (44);

Step 7: Solve the nonlinear algebraic equations system (46), (47) and compute the unknown
vector B;

Step 8: Put F(n) = BT4(n);

Step 9: Use the transformation f(n) = F(n) +n(1 —e™2).

To get a clear insight of the physical problem, numerical results are shown in Tables 1-3.
Note that in (7), the second derivative at zero f (0) is an important point of the function.
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Table 2. Comparison of the values of skin friction coefficient f” (0) for 6§ = 0, M = 0 and
several values of A.

Bhattacharyya [9] Present
A First solution | Second solution || First solution | Second solution
-0.25 1.40224051 — 1.4022407 —
-0.50 1.49566948 —_— 1.4956699 —_—
-0.75 1.48929834 — 1.4892927 —_—
-1.00 1.32881689 0.0 1.3288170 0.0
-1.15 1.08223164 0.11667340 1.0822315 0.1167031
-1.20 0.93247253 0.23364909 0.9324738 0.2336497
-1.24 — —_— 0.7066019 0.4356713
-1.246 —_— — 0.5843750 0.5542150
-1.2465 0.58429146 0.55428565 0.5842918 0.5542896
-1.24657 — — 0.5745288 0.5542964
-1.246579 || —— — 0.5692646 0.5550269

Here, we have to calculate to this equation. To validate the numerical results obtained in this

study, they are compared with values obtained by Wang [31] as given in Table 1, for several

values of M and A. From this Table it is evident that the present results are found to be in

good agreement with the results of Wang [31] in the cases of M = 0. According to Ref [9], the

unsteady stagnation-point flow over a shrinking sheet has self-similar solution for certain values

of velocity ratio parameter A. For § = 0,0.1, with M = 0 of the ranges A where dual solutions
exist are —1.2465 < A < —1, —1.31067 < A < —1, respectively with no similarity solution for
A < —1.2465, A < —1.31067, respectively.

Table 3. Skin friction coefficient f~ (0) with § = 0.2, M = 0.2. and several values of \.

Present

A First solution | Second solution
-1.24 || 1.2446725 0.1976892

-1.22 || 1.2818786 0.1590704

-1.2 1.3144899 0.1258411

-1.0 1.4973281 0.0037855

1.0 0.0 —

3.0 -3.4237221 —

5.0 -7.7860408 —

10.0 -21.2162615  —

Table 2 shows a comparison of the values of f”(O) obtained in the present study and those

obtained by Bhattacharyya [9], showing that these values are in excellent agreement.
observed that, for M = 0 and 0 = 0, it has dual solutions for —1.246579 < X\ < —1, the solution

We
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Figure 3. Shear stress profiles f' (n) with 6 = 0.1, M = 0.1 and several values of A.

is unique for A > —1 but there is no solution for A < —1.246579.
The results for the stretching and shrinking case are given in Table 3. For the axisymmetric
case, solutions seem to be unique for A > —1.

Figure 2 shows the variation of the skin friction coefficient for M = 0 and A = —1.1. As
it is shown, there are dual solutions for the skin friction coefficient f”(O) for some values of
unsteadiness parameter A, that is, for —1.424 < A\ < —1, but there is no solution for A < —1.424,
and a unique solution exists for A > —1. The velocity, shear stress and temperature profiles
for several values of A\ are demonstrated in Figure3. In Figure3, the dual velocity profiles f /(n)
confirm that the velocity decreases with increasing values of A in first solution and conversely

for second solution.
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87 Conclusion

In the present paper, a new computational method is proposed to solve a class of nonlinear
differential equations driven by stagnation flow towards a shrinking and stretching sheet. The
method is based on a new class of orthogonal polynomials, namely the Laguerre reproducing
kernel method. We applied the Laguerre reproducing kernel method to singular third order
three-point boundary value problems and obtained approximate solutions with a high degree of
accuracy. The operational matrix of the derivative is derived and used in the implementation
of the proposed method. These matrix play an important role in modelling of problems. The
main advantage of the proposed method is the reduction of the problem to a simpler one, which
consists of solving a system of nonlinear algebraic equations. In addition, the nonlinear ordinary
differential equation is solved numerically through using an efficient and accurate numerical
technique called the Laguerre reproducing kernel method, where the second derivative at zero is
an important point of the function, so we have computed f " (0) and have compared it with other
results. Moreover, the reliability and applicability of the proposed method are demonstrated

by solving several numerical examples.
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