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On complete convergence in Marcinkiewicz-Zygmund

type SLLN for random variables

Anna Kuczmaszewska!  YAN Ji-gao®*

Abstract. We consider a generalization of Baum-Katz theorem for random variables satisfying
some cover conditions. Consequently, we get the results for many dependent structures, such as

END, o*-mixing, ¢~ -mixing and ¢-mixing, etc.

81 Introduction

In this paper, we consider a sequence {X,,n > 1} of random variables defined on some
probability space (£2, #, P). Hsu and Robbins [10] introduced the following concept of complete

convergence. A sequence {X,,n > 1} is said to converge completely to a constant C' if

ZP(|Xn —C|>¢) < oo,

n=1
for all e > 0. For independent and identically distributed (i.i.d., in short) random variables
{X,X,,n>1},1et S, = >}, Xi,n > 1 be the partial sums, Hsu and Robbins [10] proved that
Sn/n converge completely to EX, provided DX < oo. Erdds [8] proved the converse theorem.
This Hsu-Robbins-Erdés’s theorem was generalized in different ways. Katz [13], Baum and

Katz [1], and Chow [7] formed the following generalization of Marcinkiewicz-Zygmund type.

Theorem 1.1. Let {X, X,,,n > 1} be a sequence of i.i.d. random variables and let ap > 1, >
1/2. Then the following statements are equivalent:

(i) E|X|P<oo0and EX =0 ifp>1;

(i) D02 nP72P(]S,] > en®) < oo for all € > 0;

(iii) > oo, n*?72P(maxi<i<y |Si| > en®) < oo for all € > 0;
If ap > 1, > 1/2 the above are also equivalent to

(iv) Yooy n*P 2P (sup;s,, i %|Si| > €) < oo for all e > 0.
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In many stochastic models, the assumption that random variables are independent is not
plausible. Increases in some random variables are often related to decreases in other random
variables, so an assumption of dependence is more appropriate than an assumption of inde-
pendence. One of the important dependence structure is the extended negatively dependent
structure, which was introduced by Liu [18] as follows.

Definition 1.1. Random variables X,k = 1,--- ,n are said to be lower extended negatively
dependent (LEND) if there is some M > 0 such that, for all real numbers z, k=1, -+, n,

P{ﬂ(Xk Sxk)} <M [ P{Xk <l (1.1)
k=1 k=1
they are said to be upper extended negatively dependent (UEND) if there is some M > 0 such

that, for all real numbers z,,k=1,--- ,n,
n n
P{ﬂ(Xk >xk)} SMHP{Xk > a1} (1.2)
k=1 k=1

and they are said to be extended negatively dependent (END) if they are both LEND and
UEND. A sequence of infinitely many random variables { X,k = 1,2, -} is said to be LEND/
UEND/ END if there is some M > 0 such that, for each positive integer n, the random variables
X1, Xa, -+, X,, are LEND/UEND/END, respectively.

In the case M = 1, the formula of END random variables reduces to the notion of negatively
orthant dependent (NOD, in short) random variables which was introduced by Joag-Dev and
Proschan [12]. They also pointed out that negatively associated (NA, in short) random variables
are NOD random variables and then END.

As pointed out in Liu [18], the END structure covers many negative dependence structures
and, more interestingly, it covers certain positive dependence structures. Hence, studying the
limiting behavior of END random variables is of great significance. There appeared literatures.
For example, Liu [18] obtained the precise large deviations for dependent random variables with
heavy tails. Shen [25] presented some probability inequalities and gave some applications. Wu
et al [33] considered some complete moment convergence and mean convergence theorems for
the partial sums of END random variables. Qiu et al [24], Wang et al [31, 32] and Shen et
al [27] investigated some results on complete convergence of END random variables. Chen et
al [6], Xu and Yan [35], Yan [36-39] considered the SLLN and complete convergence for END
random variables, and so on.

Another group of dependencies is formed by mixing type structures defined by special se-
quences of mixing coefficients. Some of them, however defined in a way that is significantly
different from the negative dependence structures, have many similar properties which allow
us to use in consideration methods and tools similar to those used in END case. In further
consideration we will deal with three types of mixing dependencies: p*-mixing, ¢-mixing and
o -mixing. One can easily find the exact definitions of them in the corresponding references.

Bradley [2] and Miller [19] studied various limit properties of random fields under the as-
sumption ¢*(k) — 0, k — oo. We refer to the results obtained under the condition ¢*(k) < 1
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for some k € N which is important in estimating the moments of partial and maxima of partial
sums, see Bryc and Smolenski [3] and Peligrad [20]. Peligrad [20], Utev and Peligrad [29] inves-
tigated the properties of the maximum of partial sums and used them to obtain an invariance
principle, Peligrad and Gut [21] presented Rosenthal-type maximal inequality and convergence
rate for the Marcinkiewicz-Zygmund type SLLN, Cai [4] obtained SLLN and complete conver-
gence for random variables with different distributions.

A concept of p-mixing dependence was introduced independently by Rozanov and Volkonski
[23] and Ibragimov [11]. A number of limit theorems for ¢-mixing random variables have been
established by many authors. We refer to Wang et al [30] (Rosenthal type maximal inequal-
ity, Hajek-Rényi type inequality, SLLN), Tuyen [28] (SLLN), and Chen et al [5] (complete
convergence and Marcinkiewicz-Zygmund type SLLN of moving averages processes) and Kucz-
maszewska [16] (complete convergence for NA, o*-mixing and @-mixing sequences satisfying
Petrov’s condition).

Some results concerning the complete moment convergence, the complete convergence and
strong law of large numbers of Marcinkiewicz-Zygmund type for moving average process gen-
erated by o~ -mixing seguences one can find in Zhang [38]. We also refer to Wang and Lu
[34].

In this paper, we are interested in generalizations of the Baum-Katz result. Kuczmaszewska
[14] extended the result to the case of negatively associated (NA, in short) sequence. They got

the following result.

Theorem 1.2. (Kuczmaszewska [14]). Let {X,,,n > 1} be a sequence of NA random variables
and X be a random variable possibly defined on a different space satisfying the condition

1 n
;Zp(p(k\ >z)=c-P(|X|>z) (1.3)

k=1
for allx > 0, all n > 1 and some positive constant c. Let ap > 1 and a > 1/2. Moreover,
additionally assume that for p > 1 EX,, =0 for alln > 1. Then E|X|P < co is equivalent to

S0 nP72P (maxi<i<n |Si| > en®) < oo for alle > 0.
Though condition (1.3) is weak in some sense, it remains a strong condition, we even get

the same result for arbitrary random variables with some rough conditions. Gut [9] introduced

the following concept of weakly mean domination.

Definition 1.2. We say that the array {X,;,1 < k < n,n > 1} is weakly mean dominated
(WMD, in short) by the random variable X if, for some v > 0,
1 n
EZP(IXnkI > ) <yP([X| > 2), (1.4)
k=1
for all z > 0 and all n.

Kuczmaszewska and Lagodowski [15] introduced another structure which can also be used
to prove results for non-identically distributed random variables.

Definition 1.3. Random variables {Xj,k > 1} are weakly mean bounded (WMB, in short)
by random variable X (possibly defined on a different probability space) iff there exist some
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constant 71,y > 0 such that for all z > 0 and n > 1
1 n
1w P(X] > 0) < =3 P(X] > 2) < p PIX] > 7). (15)
k=1
Obviously, if a sequence { X}, k > 1} and a random variable X satisty WMB condition, they
must satisfy WMD ones.

Example 1.1. We give an ezample of (1.5). Suppose that P(X, =1—4) = P(Xy =2—1) =
1/2 for k=1,2,---. Then

L& 1, 0<xr<1,
EZP(|XH>I)~> 1/2, 1<z<2,
k=1 0, T > 2.

that is, if the mean dominating random variable, X, is such that P(X = 1) = P(X =2) =1/2,
then (1.5) is satisfied.

The aim of this paper is to consider the analogous generalization of the Baum-Katz theorem
for a sequence of random variables satisfying WMD or WMB sense and some usual conditions
(Marcinkiewicz-Zygmund type inequality and Rosenthal type inequality). The main results and
there proofs are presented in Section 2 and Section 3 separately.

As usual, we note that C will be numerical constants whose values are without importance,
and, in addition, may change between appearances. I(A) is the indicator function on the set
A. Denote X+ = max(X,0) and X~ = max(—X,0).

82 Main Results

Before presenting our main results, we first give the following assumptions.
Hypothesis. Let {X,,,n > 1} be an arbitrary sequence of random variables satisfying for every
0>2andn>1

n 0 n n 6/2
E ( Zfi(Xi) > <C ZE|fi(Xi)|0 + (ZE|fi(Xi)|2> (2.1)
and
k 4 n n 6/2
E(Igl,ggn Zfi(Xn) < Clog’n | Y EIfi(X)|° + (ZElfi(X»lz) , (22
il ) i=1 i=1

whenever f1, fa, -, f, are all nondecreasing (or non-increasing) functions, F f;(X;) = 0 and
E|fi(X:)]? < oo, for all 1 <i < n.

Remark 2.1. A lot of dependent structures, for example such as p*-mixing, p-mixing, NA,
ND, END, etc., satisfy (2.1) and (2.2) in Hypothesis. We list some of them in the following
Lemma 2.1, Lemma 2.2 and Lemma 2.3 .

Lemma 2.1. (cf.Liu [18]) Let {X,,n > 1} be a sequence of END random variables. For
each n > 1, if f1, fo, -+, fn are all nondecreasing ( or nonincreasing ) functions, then random
variables f1(X1), f2(X2), -+, fu(Xy) are also END.
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Lemma 2.2. (cf.Wang et al.[31]) Let p > 2 and {X,,n > 1} be a sequence of END random
variables with EX,, =0 and E|X,|P < oo for each n > 1. Then there exists a positive constant
C, depending only on p such that (2.1) and (2.2) hold for § =p and f;(X;) = X,, i > 1.

Lemma 2.3. (cf.Utev and Peligrad [29], Wang and Lu [34], Wang et al.[30]) Let p > 2
and {X,,n > 1} be a sequence of o*-mizxing, o~ -mizing or p-miring random variables with
EX, =0 and E|Xn’p < 0o for each n > 1. Moreover, if X,,, n > 1 are p-mizing we assume
that 37, goé (n) < co. Then there exists a positive constant C,, depending only on p such that
(2.2) holds for 0 =p and f;(X;) = X;, i > 1.

Theorem 2.1. Suppose ap > 1, a > 1/2. Let {X,,,n > 1} be an arbitrary sequence of random
variables with EX,, =0 for alln > 1 if p > 1, and X be a random variable possibly defined on
a different probability space satisfying (1.4) for all x > 0, all n > 1 and some positive constant
v. Assume that {X,,n > 1} satisfies the conditions of Hypothesis. Then E|X|P < oo implies
that for all e > 0

Znap_zp ( max |Sg| > sna) < 00, (2.3)
n=1 1sksn
and
Znap*gP(supi*ﬂSi\ >€) < o0, (2.4)
n—1 i>n

where Sy, = Zle X;,1<k<n.

The next theorem presents the necessary condition for (2.3) under assumption that random
variables {X,,,n > 1} and X satisfy WMB condition (1.5).

Theorem 2.2. Suppose ap > 1, a > 1/2. Let {X,,,n > 1} be a sequence of random variables
satisfying (2.1) for 8 =2 and X be a random variable possibly defined on a different probability
space satisfying (1.5) for allx > 0, allm > 1 and some positive constants y1 and 2. Then (2.3)
implies E| X [P < 0.

As a consequence of Theorem 2.1 and Theorem 2.2 we get the following result.

Corollary 2.1. Suppose ap > 1, a > 1/2. Let {X,,,n > 1} be a sequence of END, o*-mizing,
o~ -mizing or w-mizing random variables and X be a random wvariable possibly defined on a
different probability space satisfying (1.5) for all x > 0, all m > 1 and some positive constants
Y1 and v2. Moreover, we assume EX, =0 for alln >14fp>1and )., ©2(n) < oo in case
of w-mizing sequence. Then the following statments are equivalent:

(i) BE|X]P < oo;

(i4) Y02, n®P72P (maxi<;<y, |Si| > en®) < oo for all e > 0.

Remark 2.2. Since END and ¢~ - mixing random variables include NA random variables, our
result also holds for NA case.
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83 Proofs of the Main Results

In proving the main results, the following fundamental lemma will be used many times.

Lemma 3.1. (cf.Gut [9]) Let {X,,n > 1} be a sequence of random variables satisfying a weak
dominating condition with mean dominating random variable X. Let r > 0 and for some A > 0

Xi=X;I(1X;| < 4), X!'=XI(X;| > A),
X7 = XI(1X| < A) — AI(X: < —A) + AI(X; > A),
and
X' = XI(X|<A), X"=XI(X|> A),
X* = XI(|X| < A) = AI(X < —A) + AI(X > A).

(i) if B|X|" < oo, then 23" | E|X;|" < CE|X|";

(i) L0 E|X]|" < C(E|X'|"+A"P(|X| > A)) for any A > 0;
(i) L3 E|X[|" < CE|X"|" for any A > 0;

(iv) 230 E|X;|" < CE|X*|" for any A > 0.

~

Now, we present the proofs of the main results step by step.
Proof of Theorem 2.1. We first take
0<p <p, aip <g<1
such that
alp—p)>alp—pHg>1, and p—p >1ifp> 1.
For all 1 <i <n,n > 1, denote that
XU = _pear(X; < —n®) 4 XI(|X;| < n®9) + n®I(X; > n®9);
X® = (X; —n*)I(X; > n); XP) = (X, + n)I(X; < —n®9).
Then, for every 1 <i<n,n>1
X=X 4+x2 - x® and xP >0 x>0

Thus,

o

=1

o) 3 o

Znap*zP max |Sg| >en® | < ZZHQP*QP max
‘ 1<k<n 1<k<n

n

j=1n=1

> sno‘/?)) + Zn‘”’”P (Z X,(L? > 5n”‘/3>
n=1 i=1
oo n
+ Z noP—2p <Z X,(L?;) > 5n°‘/3>
n=1 i=1

2 L+L+1Is
To prove (2.3), it suffices to show that I}, < oo, k =1,2,3.

> ena/S)

k
)
n

[
M8 i

n®?2pP [ max
1<k<n |4

1=

X
1

n=1
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For I, we first prove that

n~ % max

0, n— oo. (3.1)
1<k<n

Z ex(V

i=1

We will do it in three cases.
Case I. Let o < 1. Then ap > 1 implies p > 1 and, according to the assumption, £X,, =
0,n > 1. It follows from Lemma 3.1 that

ZEX

i=1

k
n=o

. . aq aq . aq
lrgnkaécnzl[EXzI(|Xl|>n ) + n®P(|X;| > n®)]

7=

n~% max
1<k<n

< Qn*O‘ZE|XZ-|I(|Xi|>n 9y < op~lear—)=ll=al=0) 0 5 oo

i=1
Case II. Let o > 1 and p > 1. We have
n=% (1) <@ S X | < o4 aq . aq
max. ZEXM <n7 L IBIXIIX < 1) + 0P X5 > 1)

< Cn' Y [EIX|I(|X]| < n™) +n®P(|X]| > n?)] < Cn'™® -0, n— 0.
Case III. Let a > 1 and p < 1. We have

ZEX“) n

<n~* Y [BIXG|I(|X] < n®) + n®P(|X;] > n®)]
1=1

< Cn'"[B|IX|I(|X]| < n®) + n®P(|X]| > n®9)] < Cp~lea—p)-1-all=0) o 5

By (3.1), to prove I; < co, we prove only that

00 k
* é ap—2 (1) (1))
I &3 nor2p <1r<nka§n Zl (X _EX

n=1 i=

n~% max
1<k<n

> 5n“/6) < 0. (3.2)

From Hypothesis, for each n > 1, {Xflli) - EXr(Lli)7 1 < i < n} remain satisfy the inequalities in
Hypothesis. By ag(p —p’) > 1 and 0 < ¢ < 1, we have for p < 2

1 p—1p 1 p—7p alp—p')—1
- = — - = — 1-— = 0.
« 5 aq( 5 >>o¢ 5 a( 5 5 >

By taking
p—(—p)g ap-1 ap — 1
) 10 ’ ’
1—q a—3 a—%—aq(l—%)

Chebyshev’s inequality and Hypothesis we get

T > max< 2,p,

o k T
* < ap—2—aTt ( (1) _ (1)>
Iy < C; n E (12135“ ; x - ex!
50 n /2
< Cznap—Q—on— 1Og'rnZE‘X7(i) _’_Cznap 2—ar log" n (ZE‘X(l )
n=1 i=1

= I+ 1.
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Again by Hypothesis
> —a(l—g)(r—r=a@=p") _
I, < CZn (a-a)( ) "log” n < oo,
n=1
and

0o n T/2
I}, <CY n* 2T log"n {Z [E|X:[PI(1X;] < n™) + n®*1P(|X;] > n?)] } :
i=1

Now, we prove I, < 0o in two cases: p >2and 0 <p < 2.

n=1

If p > 2, then
IuSCZn” log" n-n (EX) SC’Zn : log™ 1 < o0.
n=1 n=1

For 0 < p < 2 we have

S . 7/2 N\T/2
I, < C Z noP=2mOT 1goT . (nOMJ(Q—(p—p ) . n) (E|X|p—p )

n=1

< Cin&pﬂJ[“*%*aq(l*p;plﬂ log”
) g n < 00.

This ends the proof of I; < co. Next for I < oo and each 1 < i <n,n > 1, let
er?) =(X; —n*NI(nY < X; <n® +n%) +nI(X; >n* +n).
Then YTE?) > 0 and
X® =v® 4 (X, - n® - n®)I(X; > n® +n®).
Thus,

L < Znap 2P<ZY(2) )""ZHQP 2Z:PX >n® 4 n®) 2 Iy + Iy

=1
By Lemma 3.1,
Iy < > n2) P(X;|>n%) <CY n'P(X]|>n®) < CE|X|]P < 0. (3.3)
n=1 =1 n=1

Next we prove only that I5; < co. Similarly7 we can get

n= ZEY(2 =0, n—oo. (3.4)

en® <
— 0.
12

For 0 < p < 2, by Chebyshev’s inequality, Hypothesis, Lemma 3.1 and (3.3) we have

By (3.4), to prove I < o0, it is sufﬁ01ent to show that

I3 = Zn PP ( Z (Y(Q) EY(Z))
=1
We will prove it in two cases: 0 < p < 2 and p > 2.

I3y <C> a2 N EIXGPI(X] < 20%) + C Y 072> " P(IX;] > n®) < oo.
n=1 i=1 n=1 i=1
Let p > 2. By taking

ap—1 2(ap—1) }
04—§7a(P—P')—1
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2> K,/Q
Ly + 15y

By the similar method, we can get I5;; < oo, I3, < 00, so omit them. To prove the second
thesis of Theorem 2.1, it is enough to show that (2.3) implies (2.4). For 0 < e <1 and ap > 1

we have

Chebyshev’s inequality and Hypothesis we have

C i nozp—Q—om i E ® + C i nap—Q—om (i E
i=1 n=1 i=1

n=1

I3 v, v

IN

4

oo 27—1

Z n°r=2p (SUP k™| Sk| > 5) = Z Z nP=2p (sup E=|Sk| > 5)

n=1 kzn j=1p=2i—1 k>n
<y =D\ p S >e) <0S oilar-1)p S| >
- ; ; 2’?—IP§aI§(<2i Sk > ¢ ) < z:zl 2i—r1n§al§(<27: Skl > ¢

oo o0

i(ap—1) —aoia ap—2 —2a,

<C 212 P(llgr}fug)gi|5k|>52 2 ) SCEln P(1??§n5k|>52 n ) < 00.
1= 1=

This ends the proof of Theorem 2.1. O
Proof of Theorem 2.2. In order to prove the result, it suffices to show that
> nP7 P(IX| > n®) < oo. (3.5)
n=1

For simplicity, we denote A = {maxi<;<, |X;| > n®} and Sy = 0. By (2.3), we first note that
for0<e<1

ap—2 < ap—2 Q. o
ngzln P(A) < nE_l O (fg&xﬂ |S; — Si—1| > en >
< ap—2 . @ . )
< 2n5=1n P <1r£1?<xn |Si| > en /2> < o0 (3.6)
Therefore,
PA) =P ( max | X;| > n”‘) — 0, asn — oo. (3.7)
1<i<n

Moreover, by Lemma 3.1 and (1.5)

Y -nP(IX] > n%) <Y P(|X5| > n®)
k=1
;P (le| >n?, max |X| >n ) +’;P (IXk >n®, max |X;| <n )

n

P X" @ X; @ PX, @, X; o P(4), (3.8
> (6> o s 0> )+k§_: (> s 13> 00 ) + PL4), - (39)
since the sets {|X%| > n® maxj<;<i |Xi| <n%},1 < k < n are disjoint. By Hypothesis,
{X;F,n > 1} still satisfy the inequality in Hypothesis. It follows from Cauchy-Schwarz in-

n
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equality and Hypothesis that

ZP(X+>n ,Inax|X|>n):E

ZI <X,j' >n%, max | X;| > na>]
1<i<k

k=1 k=1
< E Z{I(X,j>na)—P(X,j>na)}I(A E|> P (X} >n*)1(A)
— k=1
< S E{I(X) > n0) — P (X >ne) Y P(A) + P(A)Y. P (X} >n®)
k=1 k=1
< |G PXE > ne)P( AP (x>0
k=1 k=1
< VCopnP(IX] > n®)P (A) +72P (A) -nP (|X| > n%)
< BP(X] > n) + Z2P(4) 4+ 9nP (4) P(X] > n%), (39)
1

where we used the following inequality
Vab< 0 22
T A0 oM
Similarly, we can have >°,_; P (X, > n® maxi<i<j |X;| > n®) < BEP(|X| > no‘)—l—%]:m)—i-
vanP (A) P (| X| > n®). Taking into account with (3.8) and (3.9), we have

25C
p W%MP(A) + 299nP (A) P (IX] > n).
1

y (3.7), for sufﬁmently large n we have

a>0,b>0.

)

P(IX[>n%) <

P(A) = P max |Xi| >n®) < -,
1<i<n 8vs

and consequently

272 C
nP(|X]| > n%) < MP(maX | X >n ) (3.10)
Y1 1<i<n
Relations (3.6) and (3.10) give (3.5) and in conclusion we get the desired condition E|X [P < co.
This ends the proof of Theorem 2.2. O
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