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On a subclass of bi-univalent functions defined by convex
combination of order a with the Faber polynomial

expansion

Wurenqiqige!? LI Shu-hai! Tsedenbayar Dashdondog?®

Abstract. In this paper ,we define new subclasses of bi-univalent functions involving a differ-

ential operator in the open unit disc
A={z:2€C and |z| <1}.

Moreover ,we use the Faber polynomial expansion to obtain the bounds of the coefficients for

functions belong to the subclasses.

81 Introduction

Let R = (—o00,00) be the set of real numbers, C be the set of complex numbers and
N:={1,2,3,---} = No\{0}
be the set of positive integers.

Let A denote the class of functions of the form
f(2) :z—l—Zanz" (1.1)
n=2

which are analytic in the open unit disk
A={z:2€C and |z| <1}.
By B we denot the subclass of A consisting of functions the form (1.1) which are also univalent

in A. Further,7 be the class of functions consisting of ¢, such that
pz) =1+ Z onz"

n=1

which are regular in the open unit disc A and satisfy the condition R(¢(z)) > 0 in A.

In 1970, Robertson[1]defined the concept of quasi-subordination , which was shown as fol-
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lows:
Definition 1.1 Let f and g be two analytic functions in A,the function f is said to be
quasi-subordinate to the function g in A, written as:
f(2) <4 9(2) (2€D),
If there exists an analytic function ¢(|p(z)| < 1)such that the function% analytic in A and
f(2)
p(2)
that is, there exists the above-mentioned Schwarz function w(z) such that
f(2) = p(2)g(w(2)).

One observes that, in the special case when ¢(z) = 1, the quasi-subordination coincides with

<g(2) (2€d),

the usual subordination .
Definition 1.2 Let f and g be two analytic functions in A\, we say that f is subordinate to
the function g written as:
f(z) <9(z) (z€),
if there exists a Schwarz function w(z) = >~ | ¢,2™ analytic in A, with
w(0)=0 and |w(z)|<1 (z€A)
such that
f(z) =gw(z)) (z€d).
It is known that f(z) < g(z2) (2 € A)= f(0)=g(0) and f(A) C g(D).

Furthermore, if the function g is univalent in A, then we have the following equivalence

f(z) <g(2) (z€ L)« f(0)=g(0) and [f(D)Cg(D).

The Koebe One-Quarter theorem [2] stated that the image of A under every function f in
the normalized univalent function class B contains a disc of radius i. Every such univalent

function has an inverse f~! which satisfies the following condition:

[7Hf(2) =2 (z€D)
and

).

>~ =

FF W) =w (ol <ro(f)iro(f) =

In fact,the inverse function g = f~! is given by
g(w) = fFHw) = w — agw? + (203 — az)w® — (543 — 5azaz + ag)w* + - - (1.2)
A function f € A is said to be bi-univalent in A if both fand f~'are univalent in A. let
Y. denote the class of bi-univalent functions in Agiven by (1.1). For a history and examples of
functions which are (or which are not)in the class . Recently,Srivastava ,Altinkaya and Yalcin
[6lmade an effort to introduce various subclasses of the bi-univalent function class ¥ and found
non-sharp coefficient estimates on the initial coefficients|as|and |az|. But the coefficient problem

for each one of the following Taylor-Maclaurin coefficients

lan|,n € N\{1,2} : N={1,2,3,---}
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is still an open problem.

In 1903, Faber [3] introduced The Faber polynomials and it played an important role in
various areas of mathematical sciences, especially in Geometric Function Theory, using the
Faber polynomial expansion of functions f € A of the form (1.1), the coefficients of its inverse

map g = f~! may be expressed as follows(see[4]):

00 1 .
g(W) = f_l(w> =w+ Z EKn—l(a’27a’37 T )wn,
n=2

where (—n)! (—n)!
—n)! —n)!
K—n _ n—1 n—3
LT ot D=0 T Rear D=3
(777“)' n—4
+(—2TL F3)(n 4z M
—n)! e
TR o e st (ot 2]
—’I’L)' n—=6
T ey ot (72 Blase]
+Y a7V,
J>7
such that V;(7 < j < n) is a homogeneous polynomial in the variables as,as, - - ,a,(see, for
details[4]).

In 1908 , Jacson[5]defined the concept of q-derivative, which was shown as follows:
Definition 1.3 The g-derivative of a function f is defined on a subset of C is given by

(Duf)(z) = LA =T (), (13)

(1-q)z
and (Dgf)(0) = f'(0) provided f/(0) exists.

Note that f(2) = fgz) _ df (z)
(1-4q)z dz

lim (D, f)(2) = lim
q—1— q—1—
If f is differentiable, from (1.3)we deduce that

(Dgf)(z) =1+ Z[n]qanzn_la (1.4)

where the symbol [n],denotes the so-called the twin-basic number is a natural generalization of
the g-number , that is
e = %
nl, =
q 1— q

(g #1).

In 2017, Serap Bulut [6] introduced the following function class Bx(A,t), and obtained
initial coefficient bounds for functions belong to the subclass. The definition of the subclass is
as follows: For A > 1 and t € (3,1), for all z,w € A, a function f € ¥ given by (1.1) is satisfies
the following conditions

f(z) / 1
1—A)—=+ A H(z,t) = ———
- ) <G =

and
1

(1- )\)@ + A (w) < H(w,t) := T 2T o?
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where g = f~1.

In 2018, Sahsene Altinkaya [7] introduced the following function class T (g, v), and obtained
upper bounds for coefficients of functions belong to the subclass. The definition of the subclass
is follows: Let the function ¢ € T be univalent in A and let ¥(A) be symmetrical about the
real axis with ¢’(0) > 0. We say that a function f € A is in the class Tx(q,v)(y > 1), if the

following quasi-subordinations hold true

-0 AD e < v (en)
and

-0 A D) ) <o) e )
where g = f71.

This study aims to introduce a new subclass of bi-univalent functions defined by using the
Jackson g-derivative operator and use the Faber polynomial expansion techniques to derive
bounds for the general Talor-Maclaurin coefficients a,, for the functions in the subclass, al-
so obtain the estimates for the initial coefficients |a,|,(n > 3) of the functions. This is an

improvement of the conclusion in reference [7].

§2 The general Taylor-Maclaurin Coefficients |a,|

Definition 2.1 Let the function ¥ € 7 be univalent in A and let ¥(A)be symmetrical
about the real axis with
v’'(0) > 0.
We say that a function f € ¥ is in the class
TGN > 1,0 €R)

If the following quasi-subordinations hold true:

(1 -0l D@ <) e (2.1)
and

(1= N M(D,) @) <, () (e ), (22
where g = f1.

It is clear from Definition 2.1 that f € TS (g;\) if and only if there exists a function
h(]h(z)] < 1) such that
(L= NE) + A(Dy ) ()

z

h(z)

<¥(z) (z€A)

and
(1= N[Z]e + \[(D,g)(w)]
h(w)

< ¥(w) (wedl),

Throughout this paper ,we suppose that the function ¥ € 7 is of the form:
U(z) =14 Biz+ Byz® +--- (B >0,z € A).
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The function h, analytic in A and have the form:
h(z) = Ho+ Hiz + Haz* + - (|h(2)| < 1,2 € A).
Our main result is given by Theorem 2.2 below.
Theorem 2.2 Let f given by (1.1), be in the class T3 (¢; A). If @y, = 0 for 2 < m < n—1, then

By + |Hp-1]

ol S o, - o 7

Proof For analytic functions f of the form (1.1), we have
(@)a =1+ anz" 1"

Denote

£ = (D)0 Ry = (1
and

p(2) = [(Dgf)(2)]%, Qw) = [(Dyg)(w)]*
Then )
(1= NF() +Ap(2) = (1 = N(= )" + A(Def)(2)]" 24 ¥(2) (2 € D), (2:3)

(1= M)+ 2w = (1= Ny D@ <, 1w @ed),  @4)
Let hl(Z) =1 + 22022 anzn_17

Ry (2) = ha(2),
hIQ(z = h3(2),
h3(2) = ha(2),

hn(2) = hnta(2)

Then by Talor expansion formula , we have

£y = LDy = PO + F0)z + L0 + SO0+ L) 4
We can calculate
hl(o) =1,
h1(0) = h2(0) = az,
h3(0) = h3(0) = 2las,
3(0) = ha(0) = 3lay,

Therefore

1
F(z) =14 aagsz + a[a(a — 1)a3 + 2aaz]2*+

1
g[a(a — 1)(a —2)a3 + 3la(a — 1)azas + 3laay]z® + - - -
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1
+W[A(a, (@—=1),(a=2),---(a—=n+1),az,a3, - an_1)+a(n—1la,]z""* +---
Where A(a, (a—1), (@ —2),- - (a—n+1),az2,as, - ap—1)is the sum of the functions formed by
(
factors is a;,2 <i<n—1so

the product of o, (a« — 1), (&« — 2),--- (o« —n+1),az,as, - a,—1and at least one of the product

(1 -nFe) = - nE D
=1 =N+ (1=Naaz+ (1 ;!A) [a(a — 1)a? + 2aas]2?
4 ;, 2 [a(a — 1)(a — 2)a3 + 3la(a — 1)agaz + 3laay)z® + - -
PO o 102 o D) D)
Since
(D)) =1+ i[nl
o nly = L (g # 1)
=1
Denote N
P(2) = (D))" = [1+ 3 [lyanz" 10
= 1+ [2]4a22 + [3]4a32° + [4]4asz? +n.:.2- ¥ []qanz™ "t + -]
Let N
pi(z) =1+ [n]ganz"""
=1+ [2)ga2z + [3]qa32” + [4]7;;3 4+ 4 [n)gan " 4 -
Then

By Talor expansion formula,we have

1 1
P(z) = P(0) + P'(0)z + aP”(o)z2 + S’P”’(O)z?’ o P(0)2" -

p(0) =1, and P'(2) = a[pi(2)]* 1 P](2)
P"(z) = ol = Dp1(2)]* [P (2)]° + alpr (2)]* 7 P (2)
P"(2) = a(a = 1)(a = 2)[p1(2)]*°[P{(2)]° + ala = 1)[pi1(2)]*22[P{ (2)] P (2)+
ala = 1)[p1(2)]*2P{(2) P (2) + alpr (2)]* 7 P (2)

1

So
P™(0) = H(e, (0 — 1), (@ = 2),--- (= n+1),a9,a3, - an_1) + a(n — 1)[n],an
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Where H (o, (a—1), (@ —2),--- (a—n+1),az,as,- - an—1) is the sum of the functions formed by
the product of o, ( — 1), (¢ —2),--- (e« —n+1),as,as3, - -a,—1 and at least one of the product

factors is a;,2 < i <n—1. So

P(z) =1+ (af2lgaz)z + %[a(a — 1)([2]gaz)* + 2[3]gaas]z*+

2
%[a(a — D) — 2)(12]4a2)® + 6a(a — 1)([2],a2)3lgas + a3![4],ar2® + -
+%[H(a, (a—1),(a=2), - (a—n+1),a2,a3, - an_1) + a(n — 1)![n]qan}z"’1 .
Then )
AP(2) = A+ A(af2lga2)z + oy [aa = 1)([2]4a2)* + 2[3]4aas)2?
+%[a(a — 1)(a —2)([2]4a2)* + 6a(a — 1)([2]4a2)[3]4a3 + a3![4];a4] 2>
-t (nAl)![lﬂav(a—1)7(04—2)7'“(04—n+1)7a27a37~-~an1)

+a(n — )[n],a,)z" "t + -
If @y, = 0 for 2 < m < n — 1, then The coefficient of 2" lin (2.3) is
1+ ([, - DXaan
Similarly , the coefficient of w™~lin (2.4) is

(14 ([n]g = DAJaby

Where b, = %K;fl(ag, as, - ap).

On the other hand , the inequalities (2.1) and (2.2) imply the existence of two Schwarz

functions u(z) = 37 | ¢pz™and v(w) = Y7 | d,w™so that

(1- A)[@]“ + A(Dgf)(2)]* = h(2)¥(u(z)) (2.5)
" (1- A)[(@)P + Al(Dqgg) ()] = h(w)¥(v(w)) (2.6)
Thus, from (2.3) and (2.5)yields
1+ (nly — DNeaan, = Hy—q + ni inEﬁ(cl,CZ, ) Hy— 1) (Ho = 1) (2.7)
Similarly , by using (2.4) and (2.6), wte:flir]:g lthat
(14 ([n]q — DN ab, = H,—1 + tz;l kztjl ByEf(dy,d2, -+ dn)Hp—(141) (2.8)

We note that, for a,, = 0(2 <m <n — 1), we have b, = —a,, and so
a[l + ([n]g — DA]an, = aan, + aX([n]ly — V)a, = B1Ch—1 + Hp—1
afl + ([n]g — DA, = ab, + aX([n]y — 1)by, = Bidn—1 + Hp—1
Now taking the absolute Values of the above two equations and using the facts that |C,,—1| < 1
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and |d,—1] < 1, we obtain
|B1Cr 1 + Hy 1| _ |Bidy—1 + Hy 1| By + |Hp 1

la[l+([n]g = DAl o[l +([n]g = DAl = all +([n]g — 1)A]

Which evidently completes the proof of Theorem 2.2.

Corollary 2.3 If we take o = 1, then obtain

B, + |H,_

lan| < Bit |Hoa|

1+ ([n]g — A

(2.9)

lan| =

(n > 3).

this is the conclusion of Reference|7].

Corollary 2.4 If we take h(z) = 1 and ¥(z) = (3£2)5(0 < ¢ < 1) which gives By = 2¢, in

Theorem 2.2, then we obtain

4] < %

= o (w7

Corollary 2.5 If we take h(z) = 1 and ¥(z) = %‘EQZ(O < & < 1) which gives By =
2(1 — &),in Theorem 2.2, then we obtain

2(1-9)
all +([nfq = DA

|an| S (’ﬂ>3)

83 Conclusions

In this study, we investigate the problems of coefficients of the classes T (¢; A) defined
by subordination relation , by the Faber polynomials expansion to obtain upper bounds for
|an|(n > 3)coefficients of functions belong to a subclass of bi-univalent functions defined by
convex combination of order «.The results obtained generalize and unify the theory of coeffi-
cients in function theory. In addition, if we put o = 1 in Theorem 2.2, then we easily get the

results were mentioned in the reference [7].
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