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Non-uniform Berry-Esseen bound by unbounded

exchangeable pairs approach

LIU Da-lit LI Zheng? WANG Han-chao®* CHEN Zeng-jing!

Abstract. In this paper, a new technique is introduced to obtain non-uniform Berry-Esseen
bounds for normal and nonnormal approximations by unbounded exchangeable pairs. This
technique does not rely on the concentration inequalities developed by Chen and Shao [4,5] and

can be applied to the quadratic forms and the general Curie-Weiss model.

81 Introduction

Since Charles Stein presented his ideas in the seminal paper [15], there have been a lot of
research activities around Stein’s method. Stein’s method is a powerful tool to obtain the ap-
proximate error of normal and non-normal approximations. The readers can refer to Chatterjee
[2] for recent developments of Stein’s method.

While several works on Stein’s method pay attention to the uniform error bounds, Stein’s
method showed to be powerful on the non-uniform error bounds, too. By Stein’s method, Chen
and Shao [4,5] obtained non-uniform Berry-Esseen bounds for independent or locally dependent
random variables. The key point in their works is the concentration inequality, which also has
strong connection with another approach called the exchangeable pairs approach.

The exchangeable pairs approach turned out to be an important topic within Stein’s method.
Let W be the random variable under study. The pair (W, W’) is called an exchangeable pair
if (W, W’) and (W', W) share the same distribution. With A = W — W', Rinott and Rotar
[12], Shao and Su [11] obtained a Berry-Esseen bound of the normal approximation when A
is bounded. If A is unbounded, Chen and Shao [6] provided a Berry-Esseen bound and got
the optimal rate for an independence test. The concentration inequality plays a crucial role

in previous studies, such as Shao and Su [11] , Chen and Shao [6]. Recently, Shao and Zhang
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[13] made a big step for unbounded A and without using the concentration inequality. They
obtained a simple bound as seen from the following result.

Theorem 1. (Shao and Zhang [15]) Let (W, W’) be an exchangeable pair, A = W — W', and
the relation

E(AW) =AW + R),a.s.,
holds for some constant \ € (0,1) and a random variable R . Then,

sup | P(W < 2) — &(z)|
z€R

1 1
< B[l - 5 B(AW)| + L B|E(AA"[W)| + E|R|, (1)
where P(z), z € R, is the standard normal ditribution function, A*(W, W') is a random variable
satisfying A* (W, W') = A*(W', W) and A* > |A], a.s. .

In this paper, inspired by the idea of Shao and Zhang [13], we extend their results and
get a non-uniform Berry-Esseen bound for unbounded exchangeable pairs by combining new
techniques. In addition, Chatterjee and Shao [3] introduced a new approach for non-normal
approximation by Stein’s method in the case of bounded A. When A is unbounded, Shao and
Zhang [13] obtained Berry-Esseen bounds for non-normal approximation. In this paper, we
extend their result to the non-uniform case.

The main contribution of this paper is threefold. First, we introduce a new technique
to obtain non-uniform Berry-Esseen bounds for unbounded exchangeable pairs. Our proof
does not rely on the concentration inequality. Second, we present a non-uniform Berry-Esseen
bound for non-normal approximation. As far as we know, there are only a few results in this
area. Shao, Zhang and Zhang [14] obtained a Cramér-type moderate deviation for non-normal
approximation. At last, we apply our results to quadratic forms and the general Curie-Weiss
model.

The paper is organized as follows. We present the main result in Section 2. We give some
technical lemmas and the proof of the main result in Section 3. The applications of our result

are collected in Section 4.

§2 Main result

In this section, we present some notions and notations about Stein’s method. Further details
can be found in Shao and Zhang [13]. We then state our main result.

Let the function g(z),z € R, of the class C2, satisfy the following conditions:
(A1) g(z) is non-decreasing, and zg(x) > 0 for € R;
(A2) ¢'(x) is abusolutely continuous and 2(g’(z))? — g(z)g” (x) > 0 for all z € R;

(A3) lim,|— oo g(z)p(x) = 0 and limyqyo0 g(x)p(x) = 0, where

p(z) = c1e7 @ GQ(z) = /O ’ g(t)dt, z € R, (2)
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and ¢ is the constant such that fjof p(x)dr=1.

Let us note that if g(z) = z, then p(z),z € R, is the standard normal density function.

Let F(z),z € R, be the distribution function whose density function is p(z) as defined
in (2). For a fixed z € R, let f.(z) denote the solution of Stein’s equation, here and below
f;(:l?) = d%fz(x)

fi@) = g(@)f=(z) = I(z < 2) = F(2), z €R,
I(+) is the indicator function.
By Chatterjee and Shao [3],

r<z

B (x) ) = <

E@D = re - Fe)
plz)

From Shao and Zhang [13], we know that if (A1)~(A3) hold, then, f,(x) has the following
properties, for any fixed z € R:

(Bl) 0< fo(a) < — 2 € R:

C1

(B2) |IfL]l <1 (||-]| is the sup norm.) ;
(B3) F(z) =1 < g(2)f-(x) < F(z) ;
(B4) g(x)f.(x) is non-decreasing in x.

For a random variable W, applying Stein’s equation to it and taking expectation on both
sides, we have:
P(W < z) = F(z) = Ef,(W) — Eg(W)f.(W), z€R.

Before presenting our main result, we introduce another condition we want g(z) to satisfy:

(A4) There is a number 7 € (0,1) and a positive constant K, such that
g(x)
g(r)

< K, for all x € R.

There is a large class of functions g satisfying condition (A4), besides the conditions (Al)~(A3).

A typical example is g(z) = sgn(x)|z|*, a > 1 (« is a real number).

Let X be a random vector in R” and W = ¢(X) the random variable of interest (¢ is a
certain measurable function). Denote by F(z), z € R, the distribution function whose density

function is defined by (2). Now we present our main result.

Theorem 2. Let (W, W’) be an exchangeable pair, A = W — W', and let the following relation
be satisfied
EAIX)=MgW)+R) a.s., (3)
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for some constant A € (0,1) and a random variable R. Assume that g(x), x € R, satisfies (A1)
~(A4) and Eg*(W) < co. Then, for any z € R,

c 2 * 2
[PW < 2) = F(z)] < ¢ |g(z){\/ (1 E(A X))+ «/E|E AN X)| +E|R|}

Here C'is a constant depending on T and Eg*(W), A* is a random variable such that A* (W, W')
= A*(W/' W) and A* > |A| a.s..

Remark 1. Shao and Zhang [13] provided the Berry-Esseen bound for non-normal approxima-
tion similar to (1). Theorem 2 is a non-uniform refinement of their result.

Remark 2. Let W = Z X;, where {X;,i = 1,...,n} are independent random variables with

zero mean and EW? = 1 Our general result (4) cannot directly cover the following classical
result in Chen and Shao [?]: there is an absolute constant C such that for any z € R,
N (EXZI(X] > 1+ z2]) | EIXPI(IX <1+ |2])
PW <2) - a(z)| < c Y {= + = NG
W <2)-2()| <O A3y (Ear g SO

Here, ®(z), z € R is the standard normal distribution function. However, the technique ”leave

one out” to deal with sums of independent variables is very similar to the exchangeable pair
technique. If we begin with (9) (see in the proof of the main result) and use some results from
Chen and Shao [4], it is not difficult to obtain (5) . In some applications such as the quadratic
forms treated later in this paper, where relation (3) is satisfied with R = 0 and g(x) = x, the

non-uniform part in (4) can be improved significantly by replacing it with

¢
1+| T+]z] (I+]=])2

83 Proof of Theorem 2

Proof. In what follows, C is used to denote a constant whose value may change at each occur-

rence.
Since (W, W’) and (W', W) have the same distribution and E(A|X) = A(g(W) + R), we

obtain
0=EW — W) (fo(W) + f.(W))
= B(W = W) 2L (W) + fo(W') = f.(W))

2)\E(g(W)fZ(W))+2>\EfZ(W)REA/O FLOV + )t
—A

Thus Eg(W)f.(W) = s EA [\ fL(W + t)dt — Ef.(W)R. Then
Ef.(W) — Eg(W)f.(W)
1 0
= Ef{(W)— —EA [ f.(W +1t)d _(W)R
BILW) = 55 BA [ 10V + e + BLOW)
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0
= w1~ %A2) _ %EA [A POV +1) — f.(W)dt + Ef.(W)R

0
= B (1= 5y BAX)) = i BA [ S0V +0) = [L(W)at + B,

With the notation J = 55 EA fEA fo(W +t) — f.(W)dt, we find that
1 0
T =55 B(a [ gV 40207 1) = o)W )ar)
B\ .

1 0
—e(af 1 <) —I(W <
+ 5 ( /_A (Wt < 2) = I(W < 2)dt)
:J1+J2a

where

0
J, = %E(A[A g(W +8) fo(W + 1) *Q(W)fz(w)dt)a

1 0
= — <z)-— < .
T ZAE(A[A IW 41 < 2) ~ I(W < 2)dt)
From Shao and Zhang [13], it is known that

1] < 55 EANg(W) £.(W)
and

| < %EAA*I(W > 2).
Observe that

EAA* = 0.
Then we obtain
| < %EAA*(I(W >z 1) = %EAA*I(W’ <),
Combining (6) and (7), for z > 0, we have
|P(W < z) — F(z)|

< Bl (1 - S BA7X)) | + o5 Blo(w) . (W) B(AA"X)

1
+ ﬁE|E(AA*|X)I(W > 2)| + E|f-(W)R)|.
For z <0, using (6) and (8), we have
‘P(W <z)-— F(z)‘

<FE

£y (1= 55 BAX)) |+ o5 Blo(W) 1. (W) B(AA*[X)|

+ %E|E(AA*|X)I(W’ < 2)| + E|f.(W)R|.

Vol. 36, No. 2

(W)R.

(10)

The only difference between (9) and (10) is that the expectation E|E(AA*|X)I(W > z)| is

replaced by E|E(AA*|X)I(W' < z)|.
To prove (4), we first assume that z > 0.
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Using Cauchy’s inequality to the fist term of (9) yields

Bl 7 (1~ S B@a?x))| < mmwwwﬁm—;Emﬂmf. (1)
We will show now that o

Since g(x), z € R, satisfies (A4), for the 7 in (A4) , we have
E|fZ(W)]* = EIfL(W)PI(W < 0) + E[fZ(W)[PI(0 <W < 72) + B|fL(W)PL(W > r2).
Recall that for z <0,
o _ (F(@)g(2)
FU() = (@) @) + 1= Fle) = (=20
Because g(x)f.(z) is increasing in « € (—o00,0) and for fixed z, F(z) — 1 < g(x)f.(z) < F(z),

+1) ((1- F(2)).

we see that

1-F(z) = /:o p(y)dy < /:o ‘Z(‘Z;p(y)dy < 5(2- (13)
Hence
/ 2 2 2\ 2 C
E|f.(W)I(W < 0) < C(1— F(2))2 < C (58) <o (14)

By (13), we have
E|ffW)PI0<W <72)=EI0<W <72)-(1+ %F(W) g (1 — F(z2))?

< C(l + g(TZ)exp(/omg(y)dy))2 . exp( — Z/OZ g(y)dy> . 9212)'

We notice that

g(rz)exp (/Ong(y)dy> “exp (— /Ozg(y)dy) = g(rz)exp (— /T:g(y)dy>

< g(TZ)ef(lf'r)zg(Tz)

<C.

Therefore E|fL(W)|?1(0 < W < 72) < 26(1 ]
g%(z

For the term E|f,(W)[2I(W > 7z), by (B3) and (A4), we find, by Markov’s inequality, that
E|fLW)PI(W > 72) < P(W > 72)

and C depends on 7.

Eg*(W)
~ g%(1z)
< C _ g% (2) C
T gi(r2)  g*(rz) ¢*(2)
K2.C
9*(2)

Thus E|f.(W)|* < gz(fz) for z > 0 with a constant C depending on 7 and Eg?(W).
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The next is to use the fact that || .|| < 1 and see that
C C
BT (W) P < min {1, } < :
lg()]) = 1+1g(2)|
which complete the proof of (12) for z > 0. By (11) and (12), we have

L) (1 g Ba?X)) | < 1+|O<> \/E\ B2 X)) (15)

Using Cauchy’s inequality, for the second term of (9) we find

1 . 1

S5 El9W)L(W)E(AA*X)| < V/Elg(W P VEIEBAT[X)P. (16)
We will show that

Bl (WP < 1+|(;<>|
Since we know that g(z)f.(z) = fi(z) — (I(x < z) — F(2)) , |lgf.|| < 1 and E|f,(W)|* < =&
we only need to show that E(I(W < z) — F(z))2
For z > 0,

E(IW <2)—F(2))? = E(1 = F(2)) I(W < 2) + F>(2)[(W > 2) <

C
< g%(=)"

Thus we have proved (17) for z > 0. By (16) and (17), we have

3 EJo V)£V BAA )| < - 5 VETBAAT TR, (18)

For the third term of (9), we obtain

1 1

S EEQA X)W > 2)| < VPW > 2) - o5 E|E(AAX)|. (19)
By Markov’s inequality,

E 2
P(W > 2) < w
9%(2)
< 2C
9%(2)
Then , (19) becomes
1 C 1 2
—E|E(AA*|X)I < —— /| = F|E(AA*X)]|". 20
S EIEAA RN > )| < 1l p@anix) (20
From Shao, Zhang and Zhang [14], we know that
1 1
2 £ming —, —— 21
70 < win{ > s (21)
for z € R. For the last term of ( 9), we have
C
E|f.(W)R| < ——E|R|. 22
FAWIR < (o EIR (22)

To show (22 ) holds, it suffices to consider z > 0 where |g(z)| = g(z). There is zg € (0, +00]
such that

. 1 c1,2 < 20,
min {cl, ) } .
z
I oGz % > .
1+g(2) 1 g(2)+1 1

for z > zy. Also, for

Since 7) is bounded for z > =z, o =

C
7 oG @ S THe()
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0<2<2p,c1=cp-(1+4g(2))- #(Z) < ﬁ(z). Thus, min{cl, |g(1z)|} < 1+|§(z)|. Then we
have 1 c
BIf.(W)R| < |7\ BIR| < min {e1, o b IR < - 5 IR

From (9), (15), (18), (20) and (22), it follows that we have proved (4) for z > 0.
For z < 0, we take (10) and use Cauchy’s inequality. For the third term of ( 10), it is easy to
see that

VPW' < z)\/;)\E]E(AA*|X)|2

%E!E(AA*|X)I(W’ <) <

C 1 2
< ——\/ —F|E(AA*X)|". 23
o ElEEaT) 23

For the last term of (10), in view of (21),
C

E|f.(W)R| < ————E|R)|. 24
[/:(W)R]| 1+|g(2)‘|\ (24)

Thus we only need to prove (12) and (17) for z < 0.
For z <0, we have, for any 7 € (0, 1), that
BIf.(W)I? = BIfL(W)PI(W < 72) + BIfL(W)*1(rz < W < 0) + E|fL(W)[PI(W > 0).

By the same arguments as above, we obtain

pz)
FE) <o 250 (25)

Then following similar steps as in the proof for z > 0, we establish (12) for z < 0. To prove
(17) for z < 0, it suffices to show that E(I(W < z) — F(z))2 < C/|g(2)]? for z < 0. Indeed, by
(25) and Markov’s inequality,

C
E(I(W < 2) = F(2))? <2P(W < 2) + 2F%(2) < B
Let us summarize our findings:(9), (15), (18), (20) and (22) show that the bound (4) is true for
z > 0, while (12), (17) proved for z < 0, and (24), (25) show that this bound holds for z < 0.
Theorem 2 is proved.

O

84 Applications

4.1 Quadratic forms

Let X1, X5,..., X, be ii.d. random variables with zero mean, unit variance and a finite

fourth moment. Let A = (a;;)1<i,j<n be a real symmetric matrix with a;; = 0 and let

1 n n
Wn:—Zainin, 02:2220’12]
On i#j i=1 j=1
This is a classical example which has been widely discussed in the literature. For example, de

Jong [7] obtained the asymptotic normality of W,,, Chatterjee [1] gave an L! bound and Gotze
and Tikhomirov [10] studied the Kolmogorov distance between the distribution of W, and the



264 Appl. Math. J. Chinese Univ. Vol. 36, No. 2

distribution of the same quadratic forms with X;; repalced by corresponding Gaussian random
variables. Shao and Zhang [13] established the following bound:

sup [PV, < 2) - (2 < C2X P2 () + [Z (Xananr)

The next theorem is a non-uniform refinement of this bound.

Theorem 3. Let {X1, Xo,..., Xy} be i.i.d random variables with zero mean, unit variance and
a finite fourth moment. Let A = (ai;)};—

1 n n
1<i<n. PutWn,=—>;0;X:X; and o2 =2%", > i aZ;.. Then,
On

ij

IP(W, < 2) - 8(2)| < 1iEj|(la2 \/—J (aikaj,cp) . (26)

where C is an absolute constant depending on EX{.

be a real symmetric matriz with a;; = 0 for all

Proof. Let (X{, X}, ..., X]) be an independent copy of (X1, Xs, ..., X;,) and 6 a disrete uniform-
ly distributed random variable over the set {1,2,...,n} and independent of all oher random
variables. Define N
WT/L = Wn — Z angQX + — Z angéX
Op =1

] 1
Then (W, W’) is an exhcangeable pair. It is easy to see that

2 n n
A=W,-W.=25NS"{o=i} Y ay; X;(X; — X!
%;{ }; X5 )

and 5

E(AIX) = EW"
These relations imply that condition (3) is satisfied with g(z) =z, A = % and R = 0. By Shao
and Zhang [13],

n n n n

El1- %E(A2|X)‘2 < Cot (E(Xf))z S (Zafj)Q + 3 (D (anam)?) (27)
=1 =1 =1 k=1
and

V)

Var( (A|A|\X)) < Co B2 (XY Z(Za;) . (28)

J

Note that EX{ < oo and EW < C for any n = 1,2--- . Then,

W4

P(IWa| > 2) < =5 AL=min{l, C/2'} < ©

SR DA
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For 7 involved in (A4), we can take, for example 7 = 1 and derive that
E|f.(Wo)21(0 < W < %z) < [C(l 1 oreld” ydy)2 o2 )5 vay ZLQ} Al
< [0(6—22/22 + 6_322/4)} Al
_ [C(z2e_z2/z4 n 246—322/4/24):| Al

< min{1, C/z*}

«_C©

EECESEN
By( 14), we have

E|fL(W,)PI(W <0) < C’(pEZ;)Z = 06732/2/22 = C’ngfz2/2/z4 <C/t
g(z
Then,
C
Elff (WP < —~

Using the same arguments as those in the proof of the main result, we find that

C
/
E|fz(Wn)|2 S ma
W, WP < o
(1+1z[)?
Hence the bound %IZI in (4) can be improved replacing it by ﬁ Thus, referring to
Theorem 2, in view of (27) and (28), we complete the proof of this theorem. O

4.2 General Curie-Weiss model

The Curie-Weiss model is important in statistical physics and has been extensively discussed
in the literature. For some history and the first asymptotic results, the reader is referred to Ellis
and Newman [8], [9]. Using the technique of exchangeable pair approach, Chatterjee and Shao
[3] studied a kind of Curie-Weiss model. Shao and Zhang [13] studied a general Curie-Weiss
model and got the optimal convergence rate. In this subsection, we refine the bound in Shao

and Zhang [13] to the non-uniform case.

Let L(z),z € R, be a distribution function satisfying the conditions:

+o0 +oo
/ xdL(r) =0 and / r?dL(z) = 1 (29)
For a positive integer k aI;(Toa real number A, say tha‘golo/ be of type k with strength A, if
oo oo 0, for j=1,---,2k—1,
/ 27 d®(z) — / ! dL(x) = J
) —o0 A, for j =2k,
where, to recall that ®(x),x € R, is the standard normal distribution function.

Let (X1, ..., X;,) be arandom vector with joint distribution function P, g(x), x = (21, ..., &) €
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R™, such that

dP, 5(x )_%nep(ﬂ(zl+ A a,)? )HdLmz (30)

where K, is the normalizing constant. Let £ be a random varlable with distribution function
L. Moreover, assume that:

(1) for 0 < B < 1, there exists a constant b > 3 such that
Be < '/ e R, (31)

(2) for 8 =1, there exist constants by > 0, by > 0 and by > 1 such that:
exp(t?/2 — bit?*),  |t| < b,

Ee't <
exp(t2/2b2), |t| > by.

(32)

We have the following results:

Theorem 4. Suppose that the distribution function of the random vector (X1, Xa, ..., X,,) s
given by (30), where L satisfies (29) and let S, = X1 + -+ X,
(1) If 0 < B < 1 and (31) is satisfied, Wy, = Sp/+/n. Then
C 1
e S e E R
where Fy(z), z € R, is the distribution function of a random variable Z1 ~ N(0, ﬁ) and C is
a constant depending on b and .
(id) If B =1, L is of type k, (32) holds and W,, = S,,/n*~'/?* then
C 1
[P(W, < 2) = Fi(2)] < T Zheg o1 7z
where C is a constant depending on by, b1,by and k. Fy(z), z € R, is the distribution function
H(Qk) (O)
(2k)!

(33)

(34)

) o ek ) -
whose density function is pi(z) = c1e” Y | co = , ¢1 1s the normalizing constant,

and

H(s) = ? i ( / = emp(sx)dL(a:)) L sER.

—00

Proof. Recall that S, Z X;. We first construct an exchangeable pair as follows. For a

fixed i, 1 < i < n, g1ven { j.J # i}, let X/ be a random variable which is conditionally
independent of X; and has the same conditional distribution as X;. Let 6 be a random index
unformly distributed over {1,--- ,n} and independent of all other random variables. Let S/, =
Sn — Xg + X). Then (S,,5),) is an exhangeable pair.

When 0 < 8 < 1, let W,, = S,,/v/n and W), = S, //n. Then (W, W}) is an exchangeable
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pair. By Shao and Zhang [13], the following relations are satisfied:

E(W, —W![X) = %((1 — B)Wo + V/iRs ) (35)
E|R,| < Cn~Y/? (36)
E‘% (W, W)|X—1‘ <onl (37)
E‘ﬁE((Sn — 5)|Sn — s;HX)‘ <n . (38)

Here C depends on 8 and b. Thus (3) is satisfied with g(z) = (1 — 8)z, and A = L. Using (36),

(37), (38) and Theorem 2 , we obtained (33).

When 8 = 1, recall that W,, = S,,/n'~'/2¢ and define W/, = S’ /n'=1/2F so (W,,, W) is

an exchangeable pair. By Shao and Zhang [13], we obtain the following;:

H(2k)
E(W, — W!|X) =n~2+1/k (ﬂwikq I n71+1/2kR1>;

2k — 1)
E|Ry| < Cn~Y/?, (39)
E‘% (W — W)2[X) — 1’ < Cn~ Yk, (40)
E‘% (W — W')X) —1‘ <Oon L. (41)
Here C depends on 8 and b. Thus g(x) = Ié(,:k)l(?,)m% U= 2keox?1 and A = n=2t2. By
(39),(40), (41) and Theorem 2, we obtain (34). O
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