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Rearrangement and the weighted logarithmic Sobolev

inequality

JIANG Ming-hong RUAN Jian-miao ZHU Xiang-rong*

Abstract. Here we consider some weighted logarithmic Sobolev inequalities which can be used
in the theory of singular Riemannian manifolds. We give the necessary and sufficient conditions
such that the 1-dimension weighted logarithmic Sobolev inequality is true and obtain a new

estimate on the entropy.

81 Introduction

Suppose that (M, g) is an n-dimension Riemannian manifold and ¥ is a k-dimension sub-
manifold of M,k < n. Let ¢ be a positive function on M that may take oo on ¥. The singular
manifold (M, ¢g) is of importance in geometry and PDE. Naturally, the analysis on (M, ¢g)
leads us to studing the following weighted Sobolev inequality

([ 1s@lru@av)t < ([ [FH@Pu@ar)ii<p <o s
M M
where u,v are determined by ¢ and may take co on ¥. In most cases, this inequality can be

reduced to
(/ |f ()] Tu(z)dz)7 < C(/ IV f(@)[Po(z)de)?,1 < p < q < .
n R’Vl

In [2] and ([16], Chapter 2), the necessary and sufficient conditions were given such that the
above inequality is true when n = 1 and n > 1. But, when n > 1, the conditions given in ([16],
Chapter 2) are difficult to check in general. So in [8,14,15], they gave some other sufficient
conditions. There are many other works [4,1,12,13] on this problem and its applications.

It is well-known that the critical index plays an important role in the Sobolev embedding
theorem. For the critical index, we usually need more dedicate estimates, such as the logarith-
mic Sobolev inequalities. There are some different forms of the weighted logarithmic Sobolev
inequalities. See [3,5,10]. Most of them are tightly related with the notion of entropy. The
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notion of entropy was first introduced by Boltzmann in the kinetic theory of gases, and since
then played a critical role in many fields, such as statistical physics, information theory and
mathematics. For f € L'(X, p), the entropy of f is deﬁned as

(@)
E — d
nt(f / @

By Jessen’s inequality, when p(X) < 1, the entropy of f is nonnegative. But if pu(X) > 1, the
entropy of f may be negative. There are many works [3,5,6,7,9] on the estimates of entropies.
Here we consider the following weighted logarithmic Sobolev inequality

VN T Pt
(], @ s gy )t < C([ 19 s)

where 1 <p < g <o0o,A>0. When n =1, we get the necessary and sufficient conditions such

that this weighted logarithmic Sobolev inequality holds. Our main result is stated as

Theorem 1.1. Assume that u,v are nonnegative and locally integrable on [0,00),A > 0,1 <
p<q<oo. Then
o] q 1 o0 1
([ i@t T gu@nt < o[ IP@ri@ant )
0 fo |f(y)|9u(y)dy 0
holds for some C > 0 and all f € C&(]0,00)) if and only if
T 1 1
sup(/ u(x)dz)a ln%(,,i
0 J

>0 o w(w)dw

_1
O, e ) < 00 @

Obviously, the entropy of f on ([0,00),u) is controlled by fo"o |f(x)|1n(%
e)du(x). With the help of this theorem, we can generalize some known results for the en-

tropies when n = 1. For example, we can get the following corollary.
Corollary 1.2. Set du(z) = (1+22)Pdz and w(z) = (1+ %), Then for any B < 2, we have

oS 2
B = [P m E S < 0 [T 17 @Eueine)
0

Remark. When § > 1, the above inequality was proved in [1, Theorem 3.4]. Thus, this
indicates that the estimation in corollary 1.2 holds true for any 8 € R. Note that one can easily
show the corresponding inequality in Theorem 1.1 is not true when S > 3. So there are some
essential differences between the entropy and the quantity that we consider here. Certainly, in
this problem, by virtue of this theorem we can get more generations. We omit the details here.

In Section 2 we shall introduce some definitions and lemmas. The proofs of Theorem 1.1
and Corollary 1.2 will be given in the last section.

Throughout the paper, C, ¢ are used to denote positive constants that are independent of
all essential variables and may vary in the different occurrences. We also use the notation a ~ b

to mean that there exist two constants C' and ¢ such that ca < b < Ca.

82 Some definitions and lemmas

In this section we give some definitions and lemmas.
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For a real-valued function f on the measure space (X, pu), the distribution and the rear-
rangement of f are defined as
pr(a) = p({z - [f(z)| > a}),
() = int{a: py(a) < 1.
As iy is right-continuous, one can check that f and f* have the same distributions, i.e., for
any a > 0, there holds
{t: f*(t) > a}| = py(a).
It is easy to see that in order to prove that a non-increasing nonnegative function g is the
rearrangement of f, we only need to show that g and f have the same distributions. Below we
always use f;; to denote the rearrangement of f on the space ([0, 00), ).
The following proposition is probably well-known, but we can not find the related literature.
For the sake of completeness, here we give a direct proof, which may be generated to some Orlicz

spaces.

Proposition 2.1. Let p be a nonnegative Borel measure, A > 0 and f* be the non-increasing

rearrangement of f. Then we have

R Al o)dt ~ 2) 1> |f(z)] e .
| row G raws [ e +du(z).

fW)ldu(y)

Proof. As the integrals are linear, without no generality, we may assume that
Jgn |f(@)|dp(x) = 1. Set

By ={x: e <[f(@)| < e}ty = p(Br),ar = Y _t;.
j=k

As eFay, < § eI u(E;) < [pa |f(x)|du(z) = 1, one get that ar, < e~*. On the other hand, by
the deﬁniti(J)Izlkof ar and the rearrangement, it is easy to see that
pp(e?) = ap,e® < f*(t) < e'F when apy1 < t < ay.
At first, we give a fundamental inequality. For 0 < b < a < e~ !, there holds

@ 1 1
/ I Sdt < Cy(a — ) In* L. (3)
b t a

For any € > 0, as t¢ ln% is increasing on (0, e‘é) and decreasing on (e_%, 1),for0<t<a<e!

there holds t¢ ln% < af ln% when a < e~ % or

1 1 1
tIn—- < —,aln— > e” € when et <a<e L
t ee a
In both cases, we have t¢ ln% < L:aﬁ lné = Ceaf ln% which means that

1 t 1
In- < —) " €In—. 4
ny < Co) s @)

Take € = 5 in (4), some direct computations yield that
@ 1 et 1
/ In* —dt < cx/ (=) 2 In* =dt
b t y, a a

1
—b)In* =,
C,\(CL b) n a

IN
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So we get the inequality in (3).

Now we return to the main proof Asap <e F<el

/ F(t) In( + e)dt

Vol. 36, No. 2

when k£ > 1, we have

1
= Z f (t)In (;+e)dt
k=—o0 ¥ @k+1
— [ p1ga 1 | < A
< Y Tt —dt 4+ [ el (= +e)dt+ [ fr(t)In*(1+e)dt
a tz a 3 1
k=1 4k+1 1
o0 ag 1 1 1 [e%s)
< Z?ekﬂ/ In* fdt—i—e/ ln)‘(f—ke)dt—f—ln)‘(l—i—e)/ FE(t)dt
a t 0 t 0
k=1 k+1
<

Z / L —dt+1)
Ag41

< CA(Z eFty In* ﬁ +1).

1
2

when t < e !

Here we use the fact that % +e <

1, X/1
Jrn [f(@)|dp(z) = 1 and [y In*(;
inequality.

For the first term in (5) we need some further estimates.

ekt ln—
Z

1
= ( )ektk hl)\ —
k>1,a,>e—2F

ag

+

2.

k>1,a,<e— 2k

1
< 2k)* ekt Fag In* —
< Y @pens Y dawl
k>1,a,>e 2k k>1,a,<e— 2k

< 2>‘Zk)‘ektk+ Z eke*%ln)‘ﬁ—i— Z

k>1 k>max{1,3} max{1,3}>k>1
< ZAZk’\ektk—&— Z Z eFANN

k>1 kZmax{l,% %>k21
< OO KMt +1).

k>1

In the second inequality we use the fact that ¢ In* % is increasing on (0,e~*

(e=*,1). From (5) and we can get that

(6),
/f ln( +edt<C,\ZkAktk+1)

k>1
On the other hand, one can yield that

| 1@ (1£@)] + e)duta
-

in the first inequality, [ f

Z /E ¥ In* (eF + e)du(z) >

(5)

“(t)dt =

+ e)dt < oo in the third inequality, and (3) in the last

_ 1
e A nd —

e—A

(6)

) and decreasing on
(7)

o0

Z k‘)‘ektk.

k=—o0

(8)
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Obviously, there holds [, |f )| In*(|f ()] + e)du(z) > 1. So, by (7) and (8) we have
/O () In* (E +e)dt < CA(Z EreFty +1)

k>1

< O V@7 +e)duta) + 1)
< O [ @I+ edula), ©)
To complete the proof of this proposition, it is left for us to show that
[ U@ @)+ du@) <€ [ 5@+ . (10)
Rn 0

When k > 1 and = € Ej, as a; < e~ ¥, we obtain that e*t! 4+ e < (i +¢€)? and

1 1
UKxﬂlnAﬂf(zHAke)§<¥+klnx&ﬂ+k4—e)Scf*kZAhﬁ(a;—ke)EQC&ekhﬁ(g;A%e)

By virtue of the fact that e* < f*(t) < el** for apy1 <t < ai and ay, — a1 = t, = u(Ey), we
can get that

| 1@l (1) + eana)
= () [ @A f@] + duto)

k>1 k<0

< ZC’eln —|—6tk—|—Z/ z)|In* (e + e)du(z)
k>1 k<0

< ol [ rowGradt [ @)

< cm/wf%wmwl+@ﬁ+1y

It is easy to see that [ f *(t) In* (++e)dt > [;° f*(t)dt = 1. So we prove (10).
From (9) and (10), we obtain that

oo . 1 oo . 1
o [ rOWG i< [ @@+ due) < [ PORE e

The proof of this proposition is completed.[]

The following lemma is fundamental.

Lemma 2.2. Suppose that u is nonnegative and locally integrable on [0,00) and
du(z) = u(x)dz. Set p='(t) = sup{a : [} u(z)de < t},t > 0. If f is nonnegative and non-
increasing on (0,00), then the rearrangement of f on ([0,00), 1) is

f;(t) =f o,u_l(t) = f(ﬁ'_l(t))’ a.e. t € (0,00).

Remark From the definition we can see that p~'(f) = oo when t > [°u(z)dw. If
0<t< fo x)dx, by the continuity of integral, u~1(¢) is well-defined and

()
/ u(x)dx = t. (11)
0
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1

It is easy to check that p~" is strictly increasing when 0 < ¢ < fooc u(zx)dz.

Proof. Because f is nonnegative and non-increasing on (0,00), f(oco) = lim f(x) can be
T—00
defined suitable.

As p=1 : (0,00) — (0,00] is increasing and f is non-increasing on (0,00}, we know that

fou™!
(0,00) and f on ((0,00), u) have the same distributions, i.e., for any a > 0, there holds

{t: fon™(t) > a}| = ps(a).

Set r = sup{x : f(z) > a} and t = for u(z)dz. As f is non-increasing on (0, 00), we have
f(x) >afor 0 <z <rand f(x) <awhen x > r. The fact that u is locally integrable implies
that p({r}) = 0, so there holds

ur(@) = ul(0.0) = [ oo =t. (12)

On the other hand, if 0 < s <t,as 0 < s <t = [ u(z)dz < [;° u(z)dz, we have

nt(s) r
/ u(z)dr =s<t= / u(z)dz
0 0

which yields that x~!(s) < r. So we have
fou™(s)=f(u () > a

If s >t and [;° u(z)dz < s, then p='(s) =oco >r. If s >t and [~ u(z)dz < s, then

p(s) T
/ u(z)dr =s>t= / u(z)dx
0 0

which means that g~!(s) > r. So in both cases we get that y=!(s) > r when s > ¢ and
Fouis) = f(u(s)) < a.
Therefore we prove that (0,¢) C {s: fopu~1(s) > a} C (0,t] which yields that
{s: fop'(s) > a}| =t = ps(a).

So we complete the proof of this lemma.[]

is nonnegative and non-increasing on (0,00). So, it left for us to show that f o u~! on

Lemma 2.3. (/2], P407, Theorem 2) Assume that w,v are nonnegative and locally integrable
on [0,00) and 1 < p < g < oo. Then

([ w0t <c [ lg@Pro@an?
holds for some C > 0 and all g € Li,.([0,00)) if and only if

sup( [ wl@)da) o H] ey <o (13)

[r;00))

Remark. In [2], they proved the dual form of this lemma and this lemma was considered
as a corollary. In fact, if we set w(z) = 2w (2x~1),v(z) = 2?7 29(x~!) and g(z) = 27 2g(2~1),

then this lemma can be derived from Theorem 1 in (2], P405) directly.
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83 The main proof

Now we give the proof of our main theorem. At first, we show that
(2) = (V).
For A > 0,a > e~ !, there holds

—1

a 1 a € 1 1
/ 1nA(¥ +e)dt < / In*(e + e)dt + / ln)‘(z +e) < C,\aln)‘(a +e).
0 e 0

Therefore, by (3), for any a > 0 we get that

aln’\(l—f-e) §/ ln>‘(1+e)dt§C)\alnA(l+e). (14)
a 0 t a
Set a = p(r) = [y u(z)dz in (14), we have
" 1 1 " A 1
([ wle) (o )~ ([ a@)do)t it (e o)
0 Jo uly)dy 0 7 u(z)dx
So, the inequality in (2) is equivalent to
" 1 1 1
5 I (———— + e)dz)a v 7| o < 0. 15
ili%</o e A M (T (15)
Take du(x) = u(x)dz. By Proposition 2.1, we know that
/oo |f ()] In*( F @)l + e)u(x)dr ~ /oo f;;(t)mn*(1 + €)dt.
0 fo |f(y)|7u(y)dy 0 3

So (1) is equivalent to
/ Fa0) I (5 4 e)r) < c</0 | (@)Po(a)da)b. (16)

As f € C}(]0,00)), there holds | f(t)] < G(t) = [ |f(s)|ds,t € (0,00). By Lemma 2.2, we

have

HOGO=c = [ 7l (")
pt
Set x = p~(t). From the remark of Lemma 2.2, When 0<t< fo s)ds, there holds
t = p(z) = [ u(s)ds. On the other hand, when ¢ > p(00) = [~ u(s)ds, we have pt(t) =
and f;‘( ) < G(p~1(t)) = G(oc) = 0. So we obtain that
/ fn@®)? In*( —|— e)dt

IN

u(o0) 1
’ A=
/O (Ll(t) 7/(5)lds) A + )t

Y 4 p* b e)du(x
L st s+ edduta)
L1 e e+ e (15)
Take g(z) = |f'(z)], w(z) = u(z) In* (fl wd T e) in Lemma 2.3. We get that if (15) holds,

then
! Iy (x) In? 71 +e)dx
(/0 (/m |f (5>|d5) ( )1 (fox (S)ds )d )

Q=

<o / T IF @)Po(e)da) b
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From (18), we get the inequality in (16). So one can obtain that
(2) = (15) = (16) = (1).
At last, we prove that
(1) = ().
When p > 1, for any r > 0, set
f() [ v(s) 7 Tds, 0<a<r
r\T) =
e o(s) 7 ids, x>
By approximation, here we may assume that v~! is continuous on [0, ), so f, € C3(]0, 00))

and it is non-increasing on (0, 00). By Lemma 2.2, if ¢ < p(r) = [; u(s)ds, then p~*() < r and
(150 = o7 0 = [ o) #H1as.

Some direct computations yield that

([ (G +

Q=

n(r)
([ GG +

Y

p(r) oo ) )
- (/O (/T v(s)*ﬁds)qlnA(%Jre)dt);
= 7nn)‘i e x i oovsfﬁ S
= ([ W du@) ([ o)
= Tux n>‘71 eac%v_%%
= (| e s a0

) 7T (fro0))

On the other hand, f/(z) = v(x)fﬁx(noo)(x), so (16) implies that

T

' A 71 e 1:% v_% T
R PR Lol U

) L7 ([r,00))

IN

C(/TOO v(s) 7T ds)

_1
Clo~#|" %
L7=T ([r,00))

which means that
" 1 1 1
1 A —_— dx)ad|lv™r|| _»_ <C.
(/0 el s T I gt ) <
On the other hand, when p = 1, for any r > 0, there holds
2 1]_1 oo ([r.00
{z € (r,00) s v (z) > WH >0
»=1=L

which implies that [{z € (r,00) : v(z) < M#H > 0. So, by the differential theorem,
we always can find an interval (a,b) C (r,00) such that

b
/ v(@)dz < 2(b— a)[o™ 172 o0y

By approximation, we may set f, = X(q,4)- Then for any x < r we have f,.(x) = b —a. In this
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case, if t < u(r), by Lemma 2.2, then p~1(t) < r and
(fr):;(t) = fr(ﬂil(t)) =b—a.

Some simple computations yield that

(s o+ any

Y

w(r) \ 1 1
(b—a)(/o (5 + e)de)
(b—a)(/o () In(

———— +e)dx)T.
Jo u(s)ds +e)de)
Obviously, there holds
0o b
/0 |fl(x)|v(z)dx = / v(x)de < 2(b— a)||v*1||£io([noo)).

So (16) implies that

. Tux i -
- o
< CO=a)llo M7 (o))

which means that

T 1 1
M dx)allo ™ e roo)) < C.
(/O u(x)In (fmu(s)dere) )7 |07 | poe (fr,00)) <

0
Now, whether p > 1 or p = 1, we both obtain that
r 1 1 1
1 A~ dx)dllv™»|| o < C.
(/o el ygs O I g oy <

Since r is arbitrary, we obtain that
(1) = (16) = (15) = (2).
The proof of Theorem 1.1 is completed. O

215

Finally, we show how to get Corollary 1.2. Take p = ¢ = 2,u(z) = (1 + 22)7” and

v(z) = (1 + 22)?>7A. Then by Theorem 1.1,

| s@P L (@) o)1 +a%)Pdr < C /OOO (@) P+ 22 Pde

0 Jo PPy +y?)Pdy
holds if and only if

Sup[/(:(1 +2%) P da][ln

>0

(ot
for(l +2?)~Fdx

Some simple computations yield that

4 e)][/oo(l +2?)P2da] < oc.

r, r <2
T 1
/ (1+22)Pde ~ L r>2,6>5
0 Inr, r>27B:%;
1

ri=26 r>2p<1
In particular, for r > 2 and any 8 € R we obtain that

c< / (1 + 2% Pde < Cmax{Inr,r~27}.
0
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On the other hand, when 8 < %, we have

o 1 r < 2;
1+ 22524z ~ D -7
/T ( ) 283 > 2.

Now, when 8 < %,0 < r < 2, there holds

' ) Pdx n; e h 2P 2dx Tn1 e
) e Pt g Ol (e < Orn e < 0

When 8 < 2 and 7 > 2, from (19) one can get that

"t e Pl L
R R e

1
Cmax{Inr,r =2} In(= + e)r?f3
c

+ e)}[/ma + 22)P2dg)

IN

< Cmax{r%_3 In 7‘,7‘_2} < C.
So we derive that

Eg}g[/or(l + 22) P da][In(

W + 6)][/ (]. + Iz)ﬁizdll}] < 0
0 '
which implies that
>~ 2 |f(x)|2 2\—p R 2 2\2—8
/0 | (z)] ln(fooon(y)(lerQ)*ﬁdyJre)(lJrz ) dacSC’/0 | ()7 (1 +2%)" "da.

Obviously, Ent,(f?) is controlled by [;°|f(x)|? In( fli(zllju + e)du(z) where du(z) = (1 +
0

22)7Bdz. So the proof is completed. O]
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