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Numerical solutions of two-dimensional nonlinear integral
equations via Laguerre Wavelet method with convergence

analysis

K. Maleknejad* M. Soleiman Dehkordi

Abstract. In this paper, the approximate solutions for two different type of two-dimensional
nonlinear integral equations: two-dimensional nonlinear Volterra-Fredholm integral equations
and the nonlinear mixed Volterra-Fredholm integral equations are obtained using the Laguerre
wavelet method. To do this, these two-dimensional nonlinear integral equations are transformed
into a system of nonlinear algebraic equations in matrix form. By solving these systems, un-
known coefficients are obtained. Also, some theorems are proved for convergence analysis.
Some numerical examples are presented and results are compared with the analytical solution

to demonstrate the validity and applicability of the proposed method.

81 Introduction

Various problems in plasma physics, electrical engineering, electromagnetic analysis, the
Spatio-temporal development of an epidemic, theory of parabolic initial boundary value prob-
lems, physical phenomena [17,31-36, 40, 41], population dynamics, and Fourier problems (see
e.g [7,10,11,38,42,43] arise to the two-dimensional nonlinear integral equation.

There are several motivations for studying the numerical solution of two-dimensional inte-
gral equations such as triangular functions [3], block-by-block method [23], rationalized Harr
function [1,2] and block pulse functions [24] , Legendre polynomials [37], Tau method [14], re-
producing kernel method [9], Hybrid function method [20], hybrid of block-pulse and parabolic
functions [25], a new collocation method [26], two-dimensional orthonormal Bernstein polyno-
mials [27], Bernoulli wavelet method [28], piecewise linear functions [29] and two-dimensional
delta basis functions [30].
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The purpose of the present paper concerns two topics. One of the our intentions is to obtain
the numerical solution of the two-dimensional nonlinear Volterra-Fredholm integral equations

u(x,t) — A\ /t /I Gi(z,t,y,z,u(y, z))dydz — A2 /1 /1 Gao(z,t,y,z,uly, 2))dydz = f(z,t) (1)

where u(z, t)Ois :fn unknown function on some regi(cJ)n (02 :=10,1] x [0,1] and
X={(@tyzulyz)0<y<z<l, 0<z<t<1}h

The functions f(x,t), Gi(x,t,y, z,u(y,2)) and Ga(x,t,y, z,u(y,z)) are assumed to be given

smooth real valued function on €2 and Ay, Ao are given real constants.

The other aim is to attain the numerical solution of the two-dimensional nonlinear mixed
Volterra-Fredholm integral equation

u(z, t) = f(z,t) + /\/Off /Q G(z,t,y, z,u(y, z))dzdy, (x,t) €]0,1] x Q (2)

where u(x,t) is the unknown in D = [0,1] x Q, where Q is a closed subset of R" ,n = 1,2, 3.
The functions f(z,t) and G(x,t,y, z,u) are given functions in D.

In general,it is not easy to derive the analytical solutions to most of the nonlinear mixed
Volterra-Fredholm integral equation. Therefore, it is vital to develop some reliable and effi-
cient techniques to solve equation (1) such as two-dimensional triangular functions [18], two-
dimensional Legendre wavelets method [4], Adomian decomposition series [19,44], the trape-
zoidal Nystrom and Euler Nystrom method [12,13], He’s variational iteration method [46],
homotopy perturbation method [45] and two-dimensional block-pulse functions [21].

In this study, two-dimensional Laguerre wavelet is introduced and the numerical solutions
for equation (1) and equation (2) are computed by two-dimensional Laguerre wavelet method.
Thus, this paper is organized as follows. In Section 2, the basic definition and properties of
Laguerre polynomial are described. The two-dimensional Laguerre wavelets have constructed
a base on the Laguerre wavelet in Section 3. In Section 4 how the Laguerre wavelet method
can be used to reduce equation (1) and Eq.(2) to systems of nonlinear algebraic equations are
explained. Convergence analysis is discussed in Section 5. In Section 6, we apply the described
method to the solution of the Darboux problem. In Section 7, we present some numerical
examples which show the efficiency and accuracy of the proposed method. Finally, we give the
main conclusions of this study in Section 8.

82 Laguerre Polynomials

For any o > —1, the Laguerre polynomials L;CO‘) (t), k > 0, are the eigenfunctions of the
singular Sturm-Liouville problem in (0, +00)

’ !/
(wre (o) ) hresfo =y

They are orthogonal in (0, +o0c) with respect to the weight w(t) = t*e~* and

> k
/ LWL ()t e~tat = T(a + 1) ( J};a ) Skms  kym > 0.
0
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The Laguerre polynomial satisfy the recursion relation

L) = @+t 1= L (1) = (k4 o)L (1),
where L((Ja) (t) = 1 and Lga)(t) = a + 1 —t. In the particular case o = 0, the polynomial
Li(t) = L,(CO) (t) satisty Ly(0) = 1 and are orthonormal in (0,+00) [5]. There is well-known a
classical global uniform estimates given by [22,39]

1 ¢
|Lf§(t)\§wei, a>0, t>0, n=0,1,2,... (3)
n!
In this paper, we assume that o = 0, therefore
1 t
|Ln ()] < (n—1)!e2’ t>0, n=0,1,2,... (4)

83 Wavelets and Laguerre wavelets

Wavelets constitute a family of functions constructed from dilation and translation of single
function called the mother wavelet 9 (t). They are defined by
1 t—1>
¢ (7) ) a, be Ra
a

Yap(t) = \/ﬁ

where a is dilation parameter and b is a translation parameter.

The Laguerre wavelets 1y, ,, (t) = ¥(k, n, m, t) have four arguments, defined on interval [0, 1)
by:

k
2

22 L2t —2n+41), =% <t < 52,

m!
Ynm (t) = (5)
0, elsewhere.
where k € Zt, n =1,2,3,...,2" " and m = 0,1, ..., M — 1 is the order of the Laguerre polyno-
mials and M is a fixed positive integer [15].

The two-dimensional Laguerre wavelets are defined as

Un,ig(T,t) =
FLfh 1 -1 1
TLl(lex—Zn—Fl) LJ(Qth—2l+1), %§x<2kl%, ﬁ§t<2k2ﬁ,
(6)
0, elsewhere.

where n = 1,2,...,2M=1 1 =1,2,...,2k2~1 [k and ko are any positive integers, i and j are the

order of the Laguerre polynomials .

3.1 Function approximation by Laguerre wavelets

A function u(x,t) defined over [0,1) x [0,1) can be expanded in terms of Laguerre wavelets

as

U(I,t) = Z , ch,i,l,jwn,i,l,j(zat)~ (7)
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If the infinite series in equation (7) is truncated, then it can be written as:
2kt py—12R2 71 My—1

uklwl't Z Z Z Z anljwnzlj(x t) \I/($,t)7 (8)

n=1 =0 [=1
where U(z,t) is (2F712F2 =10 My x 1) matrlx, given by

\I/(:]C, t) :[\1/1,07170(1‘, t)7 \111707171(39’ t)7 ceey \111,071,M2—1(I7 t)a ceey \P1,072k2*1,]V[2—1(‘T7 t)a ey

Yok -1 JMy—1,2k2=1 Mo — 1(z,1)].

Also, C'is (2’“1 Loka=1pr My x 1) matrix whose elements can be calculated from the formula

Cn,il,j = / / 1#7” wl,J ) (x,t)dxdt,

and
C = [c c c c c ]7
= 1€1,0,1,0,€1,0,1,15 -+, €1,0,1,Mp =15 -+, C1,0,202 =1 My —15 =+ C2k1 =1 My —1,2k2—1 My —1

84 Two-dimensional Nonlinear Integral Equations

In this section, the numerical solutions of two different kind of two-dimensional nonlinear

integral equation are obtained by the two-dimensional Laguerre wavelets method.

4.1 Two-dimensional Nonlinear Volterra-Fredholm Integral Equation-
S

Consider the following nonlinear integral equation

t T 1 1
uwt) = [ [ Gtz ez [ [ Galotiy,zuy2)aaz = fat)
0o Jo 0o Jo
where u(z, t) is an unknown function on some region 2 := [0, 1]x[0, 1] and X = {(«,t,y, z, u(y, 2))]
0<y<z<1,0<z<t<1}. Thefunctions f(z,t), Gi(z,t,y, z,u(y, 2)) and Ga(z, t, y, z, u(y, 2))
are assumed to be given smooth real valued function on © and A;, Ay are given real constants.

For solving the above problem (9), by attention to equation (8) we first expand u(z,t) by

the two-dimensional Laguerre wavelets as
2k1=1 A —12k271 My -1

ukM 1‘t Z Z Z Z cnzl]wnzl,](x t) ‘Il(l‘,t) (10)

n=1 =0 I[=1 j=0
where the coefficients ¢, ; ; ; are unknown. Then from equations (9) and (10) we have

11
up, M (2, t) )\1/ / Gi(z,t,y, z, up,m(y, 2))dydz — /\2/ / Go(z,t,y, 2, up, M (y, 2)dydz
0o Jo

= f(z, (11)
Let (z, ]‘) be the set of 2¥1=1 M, x 2¥2=1 M, zero point of the shifted Chebyshev polynomial
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in [0, 1]. Now, we collocate equation (11) at (x;,t;) as

Uk, M(xu ) A1/ / Gl xu ]7yaz Uk M(y7 ))dydz

+ )\2/ / GQ(xiatjayvzvuk,M(ya Z)dde = f(x’mtj) (12)
0o Jo

Gauss quadrature formulas will be used to compute the integral terms in equation (12). For
this purpose, we transfer the y-intervals and the z-intervals into [—1, 1] by means of the trans-

formations
2 T4
no= —y-1 =sy=(n+l), yel0w)
2 ¢
o= —z-1, =y=(e+l), z€l[0]
t; 2
1
m = 2y-—1, :y=§(771+1), y € [0,1],
1
o = 2z-—1, :>y=§(772+1)> z€[0,1].

So equation (12) converts to

o+

Maity (1 T ) i
U/c,M(%,tj)—%/ / Gl(xiatjag(ﬁ+1)7§J(72+1)7Uk,M(5(7'1+1) 5](7'24-1)))037'1

T: T 1
i =22 [ [ Gaastss g 0. 2 1 40, 0+ D) = )

Using the Gauss quadrature formula, we estimate the integrals and gets

rLoT2
t;

232D Gl b (7 #1003 (54 D (5 7+ 10,3 54 1)

)\1371

wp M (T4, t5) —

L T2

1 1
ZZWquG2 xzv ]7 (nq + 1) 2(77p + 1) Uk, ]W(2(nq + 1)7 5(77;0 + 1)) = f(xiatj)
p=1q=1
where 7, , 1, and 7, 1, are zeros of Legendre polynomials of degrees 7, and 2, respectively, and

wp and wy are the corresponding weights. Equation (?7) gives 2k1=1 01, x 2k2=1\f, nonlinear
equation which can be solved using Newton’s iterative method. The initial values required
to start Newton’s iterative method can be chosen by using the physical behavior of the given

integral equations.

4.2 The Nonlinear Mixed Volterra-Fredholm Integral Equation

Consider the nonlinear mixed Volterra-Fredholm integral equation

u(et) = £ =3 [ [ Gtz ey @) € 0.1 x9 (13)
0o Ja
where u(z,t) is the unknown in D = [0, 1] x Q, where Q is a closed subset of R® ;n = 1,2,3.
The functions f(x,t) and G(x,t,y, z,u) are given functions in D.

Now, consider equation (13) with © = [0,1]. We solve equation (13) by the Laguerre
wavelet. According to the process described in Section 4.1, we consider u(x,t) in equation (13)
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is approximated by two-dimensional
2k1=1 ppy—12%271 pMp—1

ukM Z, t Z Z Z Z anl,jwnzl,j(x t) W(.’E,t) (14)

n=1 =0 I=1 0
Substituting equation (14) into equation (]13) gives
ug.m(z,t) = fx,t) + )\/w /1 G(z,t,y, z,up,m(y, 2))dzdy (15)
Collocation equation (15) at 2511 My x 2k2=1 M, point (x4, t;), gives
wp, v (x4, t5) = f(z,t5) + )\/O /0 G(24,t5,9, 2, uk,m (Y, 2))dzdy (16)

where z; and t; are zeros of the shifted Chebyshev polynomial in [0,1]. We transform the
integrals over [0, z;], [0, 1] into the integral over [—1, 1]. For this purpose, linear transformation
must be applied with the following form

9 )
T = ;y—l, iy:%(Tﬁ_l)’ ye[O,xi],

1
a = 2z-1, :>z:§(oz+1), z €10,1],
Let

7 1 i 1
H(xi,tj,70) = G(xi,tj, %(T +1), 500+ 1)7uk,M(%(T +1),(a+ 1)))

Equation (16) may then be restated as

wpp (23, t5) = flai, t; / / H(z;,tj, 7,a)dodr

Using the Gauss quadrature formula relative to the quadrature weights w, and w,,, we estimate
the integrals and gets

Az &
g, m (i, b i} ZZw,}wq (x,,tj,rq,ap) = f(zi,t5) (17)

p=1q=1
where 7, and o, are zeros of Legendre polynomial of degrees 1 and 73, respectively. By solving
the nonlinear system (17), we can find the unknown coefficients ¢, ;;; and then we have the

approximate solution of equation (13).

85 Convergence Analysis

Theorem 5.1. If u(z,t) defined on [0,1) x [0,1) and |ug ap(z,t)] < M, then the Laguerre
wavelets expansion of ug am(z,t) defined in equation (8) converges uniformly and also
M~ 1)

‘Cn,i,l,'|§ N
TR - 1)) G - 1)!

Proof. The function uy ar(z,t) € [0,1)X%[0,1) can be expressed by the two-dimensional Laguerre
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wavelets as
2k1=1 ppp—12k2=1 ppy—1

Z Z Z Cnyil,jUn,it,i(z,t)
n=1

i=0 =1 j=0

g, M (2, )

2F1=1 prp—12F2—1 pMp—1

Z Z Z Cn,il,j¥n,i (@)1 (t)
=1 j=0

n=1 =0

where the coefficients cp 1, can be determined as

Cn,ilj = <<uk,M($at)awn,i(m)>7wld(t»

/01 (/01 U’“’M(I’twmi(@dﬂf)md(t)dt
/Il,kz </n,k1 i b (2, ), i(7) dx) Yy;(t)dt

ki+ko
2
ﬁ/ </ up v (0, ) Li (28 2 — 2n + 1)d33> Lj(2%2t — 21+ 1) dt
v]: Iy n,k1

1 -1 !
where Ik, = |:2k1172’€11) and Ik, = [zkzu ml)

Now by change of variable u = 2*12 — 2n + 1, we obtain :
k1+ko

2772 ! u+2n—1 k
Cnilj = W /I\Lkz </Ov Uk7M(2k1,t)Ll(u)du>L](2 2t — 2] + 1)dt

Similarly, changing the variable for t as v = 2%t — 21 + 1, we get :

1 ! ! u+2n—1 v+2n—1
Cnyil,j = m]/ (/0 uk7M( o1 s o2 )Li(u)d’UJ)Lj(’U)dU,

Now by equation (4), we observe that
u+2n—1 v+2n—

1 1 1
<
|Cn,z,l,j| = leer QZ'J'/ (/ k1 ) ok2
= k1+k2 </ |L; (u du)(/ |L;(v |dv>
2 7,']

U, v (

H Lawlen) 5 0) e

B 4M Ve —1)?
(i - 1) R
My—1 —2F27t ~My—1 .
This means that the series Z Z =1 2_j—0 Cnilj 1 absolutely convergent and

hence the series
2k1=1 ppy—12F271 pp—1

oYY i),

n=1 =0 I=1 ;=0
is uniformly convergent. O

kq1—1 ko—1
Theorem 5.2. Let u ap(z,t) = 22_1 Z?ilo_l 12:21 Z;‘/ljo_l Cnyil,j¥n,il,j(z,t) be the trun-

n=1
cated series, then the truncated error E, ;; j(ac t) can be defined as

e —1)2 2
[ En (2, )13 < Z Z Z Z<k1+k2, (Ve-1) . )
j—1)!

n=2k1-14149=M; |=2k2—141 j=M> 271) (
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Proof. Any function u(x,t) can be expressed by the Laguerre wavelet as
o0 oo o0 o0

(J)t chnzljwnzl,j(x t)

n=1 i=0

If

2k1=1 ppyp—12k271 My —1

ule‘t Z Z Z chzlﬂ/)nzlj(xt)

n=1 =0 I[=1 j=0
be the truncated series, then the truncated error term can be calculated as

B2, t) = u(z,t) — upp(z,t) = Z Z Z Zcm,z,j%@,z,j(x,t)

n=2k1-14149=M; [=2k2—- 141 j=DM>
Therefore,

1En i3 (2, )13

o0 o0 o0 o0
o> > Y et @3

n=2k1—-1414=M; |=2k2—141 j=M>

o3 S Y crigtnail@)wn (@)

n=2k1-141i=M; [=2k2—141 j=M>

2
dxdt

D DD DD SN DY CHNE / | 1ty )P acar
n=2k1—141i=M; |=2k2—141 j=M> 0 Jo
S Y T S ol (e
o kitha . .
n=2k1-1414i=M; |=2k2—141j=M> 12 : il(i — 1)l g7 = 1)!
That is establishing the claim. O

86 Application on the Darboux problem

Consider the Darboux problem
0%u
ox0ot

= H(z,t,u)
with initial condition

U(l‘,O) :fl('r)7 U(O,t) :fQ(t)7 ($7t) EQv
where f; and f2 are given continuous functions on = [0,1] x [0, 1] with f;(0) = f2(0). In [6],

it has been shown that this problem is equivalent to

u(z, f(z,t) / / K(y, z,u(y, z))dydz (18)

where f(x,t) = fi(z) + f2(t) — f1(0). An equation of the form (18) will be considered in
Examples 7.1 and 7.2.

87 Numerical experiments

We propose some examples to approximate the solution of two-dimensional nonlinear Volterra-
Fredholm integral equations and mixed nonlinear Volterra-Fredholm two-dimensional integral
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Table 1. Numerical results for Example 7.1.

Presented method with Method in [37]with Method in [8] with

(,9) = (37, 5 My =My =4 M=3 m = 16

(=2 0 1.7 x 1074 1.40 x 1071
=3 2.22045 x 10716 1.3 x 107° 2.18 x 1076
0=4 2.22045 x 10~16 3.5 x 107 3.59 x 1078
=5 0 3.2x107° 5.21 x 1010
(=6 8.88178 x 1016 1.9 x 107° 491 x 10711

equations using the Laguerre wavelet method. We consider the absolute error between the exact
solution and the present solution defined as
E(x,t) = |u(z,t) — ug am(z, t)], (z,t) € [0,1] x [0,1],

to illustrate the performance of the method. The computations associated with the examples
were performed using Mathematica 10 software on a PC. Newton’s iteration method is used
to solve the nonlinear systems and we solved this system using the Mathematica function
FindRoot, which uses Newton’s method as the default method. The initial values required
to start Newton’s iterative method can be chosen by using the physical behavior of the given
integral equations.

Example 7.1. (See [37]) Consider the following two-dimensional nonlinear Volterra integral
equation of second kind

u(z,t) = f(z,t) —l—/o /Ow u?(y, z)dydz (19)

where

1
f(x,y) =2 +1* - 4—5xt(9m4 + 1022%* + 9t)

The exact solution of equation (19) is given by u(x,t) = x® +t> . By applying the method
discussed in detail in Section 4.1, this problem has been solved by Laguerre polynomial for
My =My =4,k =ko=1. Table 1 and Figure 1 show the approximate solution obtained by
Laguerre wavelets method.

It is evident from the Table 1, that the numerical solution converge to the exact solution.
It is also concluded that the proposed method is very efficient for numerical solution of these
problems.

Example 7.2. Consider the following two-dimensional nonlinear Volterra integral equation

u(z,t) = f(x,t) —l—/o /Om(ny + cos 2)u*(y, 2) dtdz, (x,t) € 0,1] x [0,1]
where

1 1 1
flz,t) = xsint(l - §x2 sin? t) + 1—0356 (5 sin 2t>
and the exact solution is u(x,t) = xsint. Table 2 and Figure 2 show the numerical results.

Example 7.3. Consider the following two-dimensional linear Volterra-Fredholm integral equa-
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ki=ho=1, My=My=4
0.0 {

8.x 1076

Error
6.%x10716
4,x1071®

2. 1018

1.0

Figure 1. The error function graph of Example 7.1.

Table 2. Numerical results for example 7.2.

Presented method with

Presented method with

Method in [9] with

((E,y)—(z—legl—e M1:M2:4 M1:M2:6 N =30

(=1 7.7782 x 1077 1.6191 x 107 6.1 x 1079
¢ = 1.7623 x 1075 7.5459 x 108 1.2 x 1074
=3 1.6143 x 1072 1.3338 x 108 7.1%x107°
(=4 3.5218 x 10~ 1.7705 x 108 5.3 x 1079
(= 5.8934 x 1077 4.6972 x 107? 5.9 x 107
(=6 1.0493 x 106 2.9310 x 10710 7.4 %1074

ki=ky=1, My=M=4

Ki=ho=1, My=ih=6

Figure 2. Graph of the Laguerre wavelets approximation error of Example 7.2.
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Table 3. Numerical results for example 7.3.

93

Presented method with

Presented method with

Method in [9] with

(x,y) M1:M2=4 M1:M2:6 N =30
(0.1,0.1) 4.3308 x 107° 1.1695 x 10~7 8.5538 x 107°
(0.2,0.2) 2.0279 x 107° 3.0373 x 1077 6.5403 x 10~*
(0.3,0.3) 2.3651 x 107° 2.0071 x 107° 7.2516 x 107°
(0.4,0.4) 1.2687 x 1075 7.1645 x 107° 1.0695 x 10~°
(0.5,0.5) 4.2236 x 107° 1.7806 x 10~° 3.5914 x 107°
(0.6,0.6) 2.0285 x 1074 3.4134 x 10~* 1.2525 x 1074
(0.7,0.7) 5.3816 x 104 5.1831 x 107 1.0928 x 10~4
(0.8,0.8) 8.9278 x 1074 5.8443 x 104 1.2101 x 1074
(0.9,0.9) 6.8220 x 10~* 2.8651 x 10~* 1.6056 x 10~4
k=fy=1, My=M=6
10 x
0.0
0.04
0.02
Error
J 0.00
Figure 3. Graph of the Laguerre wavelets approximation error of Example 7.3.
tion:
t pl
u(z,t) = f(x,t) — / / t?e*u(y, z)dtdz, t€10,1]
0 Jo
where

and the exact solution is u(x,t)

f(z,t) = 2%’ +

x3t2

3

=x"e".

2.t

Example 7.4. Consider the nonlinear mixed integral equation by

u(z, t) :f(x,t)—i-/ot/ol

f@ut):<—Ln(1+

where

(1 -y

(1+8)(1+22)

xt?

xt )+
14 ¢2

8(

1+ 01+

(1 —e W)Y aydz

Table 3 shows the numerical results.
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Table 4. Numerical results for example 7.4.

(1’,):(2%,2%) M1:M2:4 M1:M2:6
(=1 3.9208 x 10~ 2 1.2907 x 10~3
=2 5.3914 x 10~4 1.1706 x 10~*
(=3 4.8309 x 1074 2.7803 x 10~5
0=4 2.0072 x 1074 5.6331 x 10~6
=5 3.5691 x 10~4 1.9092 x 106
{=6 2.4496 x 10~ 4.4770 x 10~

Vol. 36, No. 1

Table 5. Numerical results for example 7.5.

Presented method with Presented method with Method in [14] with

(1'7y) M1:M2:4 M1:M2:6 N =14
(0.0,0.0) 8.6676 x 10~ 7 1.7271 x 1076 6.45 x 1079
. . . X N . X - . X B
(0.2,0.2) 4.4562 x 10~* 2.4632 x 10~¢ 1.26 x 1075
(0.4,0.4) 1.9565 x 1073 3.5691 x 10~¢ 6.20 x 107°
(0.6,0.6) 2.4501 x 1074 3.7141 x 107¢ 3.18 x 1074
(0.8,0.8) 1.9121 x 1073 3.7411 x 107¢ 6.88 x 1074
which has the exact solution u(x,t) = an(l + %) The numerical results are shown in
Table 4.

Example 7.5. (See [1/]) Consider the following 2D nonlinear Volterra-Fredholm integral e-

quation

1 1 t T
u(z,t) = f(z,t) +16/ / ew+t+y+zu3(y,z)dydz+/ / u(y, z)dydz
o Jo o Jo
where
f(x,t) _ 26:p+t+4 o e:p+t+8 o ew+t Lt 4 et _ 1’

whose exact solution is u(x,t) = e**t. The numerical results using presented method are shown

in Table 5 and Figures 4.

88 Conclusion

In this study, a two-dimensional wavelet method based on Laguerre polynomial for two-
dimensional nonlinear Volterra-Fredholm integral equations and the nonlinear mixed Volterra-
Fredholm integral equations is presented and some theorems are proved for convergence analysis.
Moreover, the numerical results and absolute errors are presented. As a practical example, the
Darboux problem is transformed into a two-dimensional nonlinear Volterra-Fredholm integral
equation and the solution of the Darboux problem is obtained by the two-dimensional Laguerre
wavelets method. It has been shown that the obtained results are in excellent agreement with
the exact solution. Since this method is very powerful and efficient makes it necessary to
investigate a method for solution of such equations and we hope that this work is a step in this

direction.
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Figure 4. The error function graph for Example 7.5.
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