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The spike layer solution to singular perturbation Robin

boundary value problem for higher order elliptic equation

FENG Yi-hu* HOU Lei

Abstract. The singularly perturbed Robin boundary value problem for the higher order elliptic
equation is considered. Under suitable conditions, the existence and asymptotic behavior of
solution to the boundary value problems are studied. The uniform validity of its asymptotic

expansion is proved by using the fixed point theorem.

81 Introduction

Nonlinear differential equations are very important in applied mathematics, mathematical
physics and engineering mathematics. Singular perturbation theory has been studied in non-
linear problems in natural sciences. Many scholars have studied the problems!'** and some
singularly perturbed problems have also been discussed!'®>—22.

Consider the following singular perturbation Robin boundary value problem for higher order
elliptic equation

ML = f(x,e,w), = €Q, (1)

Bjw=g;(z), z€0Q, j=0,1,---,m—1, (2)

where L™ denotes 2m-order elliptic operator, and L means second-order elliptic operator which
are expressed as the following

L= Z,;l @5 () 83} oz, ZBZ e iél i (%) GGy = A;QQ, V¢ € R, A>0,

Bj:éaj%—i—bj7 7=0,1,--- ;m—1.
where £ (£ > 0) is a small parameter, x = (1, z2, - 2,) € , Q is bounded convex domain in

R", 09 is smooth boundary of (2, I is an outer normal derivative on 092, a;(z) > 0, b;(z) >
n
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bo > 0. This paper is concerned with the solution for boundary layer and inner spike layers. And
the uniform efficiency of the asymptotic solution is proved by using the fixed point theorem.

With the following hypotheses we may find the solutions:

[H:] Coeflicients of operators L, a;(z), b;(z), f and g; in the corresponding region, excep-
t xg € §, for corresponding variable is a sufficiently smooth function.

[Hs] There is a positive constant d, such as

%(m,w,a) >(57 VIEQ, (.T?é.’l,‘o), Yw € R.

Let W (z,e) be the outer solution to the problem (1)(2), and let
W(x,e) =Y Wiz)e'. (3)
i=0

Substituting Eq.(3) into Eq.(1), developing f in e, combining the coefficients in &, and let

the coefficients equate to zero, for € we obtain
f(z,Wy,0) =0. (4)

From the hypotheses, there is a solution Wy(z) to Eq.(4). And for the coefficient of the

terms & (i=1,2,---), we obtain
j )
Wi(z) = m {Lngmi + [;(ijf(x,jzowj(x)gj,a)}e_o}, 1=1,2,---.

Substituting W;(z) (i = 0,1,---) into Eq.(3), we can obtain the outer solution W (z,¢) to
the original problem (1)(2). But it may not be satisfied in z¢ € 2 and also it may not satisfy
the boundary condition (2), so we need construct the corrective terms to the inner spike layer
solution and the boundary layer solution respectively in neighborhood of zy € Q and 0.

The rest of this paper is organized as follows. Section 2 we construct non-singular local
coordinate system and lead into the coordinate of multi-scales, and obtain the spike layer shock
behavior corrective term. Section 3 we construct local coordinate system by using the singular
perturbation method respectively, from the multi-scales variables, we have the boundary correc-
tive term. Then the asymptotic solution of the whole region is obtained by using the complex
method. Finally, a brief conclusion is given in section 4, by using the fixed point theorem, we
can prove the formal asymptotic solution is uniformly valid.

82 Inner Spike Layer Term

Non-singular local coordinate system (r, #) is constructed in the neighborhood of zg € 2. De-
fine the coordinate r (r < 7¢) of each point @ as the distance of the point @ to z( in neighbor-
hood of zy € 2, r¢ is an appropriately small positive constant, while § = (61,60s,--- ,6,_1) is a
non-singular coordinate (n — 1)—dimensional manifold (r = rg), the coordinate 6 of @ as the
coordinate 6 of P, where P is an intersection which through @ following the internal normal
line direction on the boundary r = rg.

In the neighborhood of g € Q: 0 < r < g, we have

Rt B 0? 0 X9
L:annw—F;amm-Fzz amm—anE—FszaﬁGl, (5)

J=1 i=1
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where

- or Or " or 00; - 00; 00;
nn — ik A ni = 2 j 7717 iy = Zij?
“ j%z:l Ak Oz Oxy, “ j%_:l O‘J’“axj oy @i Z Ul Oz, Oxy

k=1
- %r " 0%0;
b, = e b = ———.
Z sk 8-73»‘(9l‘k j;l Qjk 8a:j8xk

In the neighborhood of xzg: 0 < r < tg , by leading into the coordinate of multi-scales!!,

hr,0) ~ . . .
we have 7 = M, 7 =1, 6 =0, where h(r,0) is determined later. For convenience, we
€

use r, 0 instead of 7, 9. From (5), we have

1 1
L= ?SO + gSl + Sa, (6)
while Sy, S; and Sy are the decomposition expressions of the second-order elliptic operator L
(Eq.(5)), their expressions are as follows

2
_ 2
SO - annhrﬁv
52 n—l 2
Sl = 2annhr% + ; anihrm + (annhrr + bnhr’)aa
2 n—1 82 n—1 82 8 n—1 a
2=ty ; “oro0, T 2= "o0,00, " or ; o0,

Let h, = \/1/ann , and w is outer solution to the problem (1),(2) for higher order elliptic
equation
w=W(z,e)+Y(r,r0), (7)
where Y is the corrective spike layer term

Y = iYi(T, r,0)e. (8)
=0

Substituting Eqgs.(7),(8) into Eq.(1), developing nonlinear term in e, combining the same
coefficients of ¢* (i = 0,1,---), we obtain

SSLYQ = O7 (O < r < ’I“Q)7 (9)
7Yy W,
. = — . j=0,1,--- -1 10
8""] TZO 8""] T:07 ] ) ) 7m ) ( )
Sg)n}/;:G’Lv (0<r<r0)7 7;21727"'; (11)
07Y; OIW;
- = — - , j=0,1,--- ,m—1, 12
ori |,_, ord |, _, J mn (12)
82
where S{* is the m-power of Sy = amhfﬁ, G; (i = 1,2,---) are known functions suc-
T

cessively. From Eqgs.(9)(10), we can obtain Yy. From Eqs.(11)(12), we can obtain solutions
Y; (i=1,2,---) successively.

Observe from the hypotheses, it is not difficult to see that ¥; (i = 1,2,---) possesses spike
layer shock wave behavior

Yi=O(exp(~5,5)), 0<e<l, i=01,-, (13)

where §; > 0 (i =0,1,---) are constants.
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Let Y; = ¢(r)Y; , where ¢(r) is a sufficiently smooth function in 0 < r < 7 , satisfies

1
la 0 g T g 570,
Y(r) = 0 2 3
. Tz 57’0.
we still use Y; instead of Y; below. Then we can obtain the spike layer shock behavior corrective

term Y in the neighborhood of o (0 < r < 79).

83 Boundary Layer Term

In the neighborhood of the boundary 92, we construct local coordinate system (7, ). De-
fine Q(7,0) in the neighborhood of 9L, where the coordinate 7 (r < 7o) is the distance
between @ and the boundary of 99, 7y is a appropriate small positive constant.The 6 =
(61,02, ,0,_1) is a non-singular coordinate in (n — 1)—dimensional manifold (7 = 0). The
coordinate 6 of Q as the coordinate  of P, where P is an intersection which through @ following
the internal normal line direction and the boundary of 7 = 0. Then

9 _ — Y, B i S
where
- oF oF - oF 00, " 00, 00,
Qpyp = g m— 77—, G —2 Q73— Q;5 =
j,%z:l J 81’j 8xk ];1 J 8x axk J k;l 8mk &rl
_ - 0%F
bn B Z ajk&‘xjaxk’ Z Ak 8$]8$k
J,k=1
T, 0) ~

By using of multi-scales!!! variables in 0 < 7 < 7p. we have 7 = r=7, 0=0,

c ’ _
where h(7,0) is a function to be determined. For convenience, we substitute 7, 6 for 7, 6 as
follows. From (14), we have
1 1
L==STo+-T1 + 1y, (15)
) € €
while TO = Emﬁf P o
too.

and Ty, T, are known operators, therefore the constructions are omitted

Let w be the solution of the original problems (1)(2)
w=W+V, (16)

where

V= Zvl , (17)

and V is the boundary layer corrective functlon Set

A(F,6) = / 1.
0 VOnn
Substituting Eqs.(16)(17) into Eqgs.(1)(2), expanding nonlinear terms in e, combining the
coefficients of * (i = 0,1,---), then we have

Tovo =0, 07 <7, (18)
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331}0 .
|:a’ja?j+b]’00:| o =49j B]wo 7":0’ J = 1727"' 7m_17 (19)
) To’Uj :éi7 0<T<’I“0, ’i—172, s (20)
631)1- . .
{ajarjwjm} L mw| = 1,2+, j=1,2,--- ,m—1, (21)

where G; (i = 1,2,---) are known function successively, whose constructions are also omitted
too. From the problems Eqs.(18)(19), we can obtain vg. From vy and Egs.(20)(21), we can
obtain solutions v; (¢ =1,2--) successively.

From the above hypotheses, it is easy to see that v; (i = 0,1---) possesses boundary layer
behavior B

vi:O(emp(—Sig)), 0<exl, i1=0,1,---, (22)

where 0; >0 (i =0,1,---) are constants.

Let v; = (7)v;, where 1(7) is a sufficiently smooth function in 0 < 7 < 7 , and satisfies

1
1 Ogigfia
) r 3T0

<
—
S
3
Il
[\)

0, 7= =7p.

w

For convenience, we still use v; instead of T;. Then from Eq.(17) we have the boundary
corrective term V' near the boundary 9Q (0 <7 < 7).

84 Uniform Validity of the Asymptotic Solution

From Eqs.(3)(8)(17), we obtain the formal asymptotic expansion of solution w(z,¢) for the
singular perturbation Robin boundary value problems (1)(2)

o0
w(z,e) = Z[Wz(x) +Yi(z) + vi(z)}si, re, 0<exk1
i=0
Now from the fixed point theorem we can prove the above formal asymptotic solution for € is
uniformly valid in the following theorem:
Theorem Under the hypotheses [Hy], [Hz], then there exists a solution w(z, €) to the singular
perturbation Robin boundary value problem for higher order elliptic equations (1)(2), there is
an uniformly valid asymptotic expansion for e in €.

M
w(z,e) = Z[W,»(:w +Y(2) + vi(x)}ei FO@EMHY), 20, 0<e< L. (23)
i=0
Proof From the above boundary problems (1)(2), we obtain the formal asymptotic solution
w = (z,¢) and Eqgs.(13)(22), let w(z,e) = w(x,e) + R(x,¢)

where
M

W(r,e) = > (Wi+Y; +v)e’. (24)
i=0
Using Eqs.(13)(24) we obtain F(R) := e*™ L™ R~ f(z,w+R, &)+ f(z,w,e) = O(e™*?t), z €
Q, and B;R=0, z€0Q, j=1,2,---,m—1.
Let L; is the corresponding linearized differential operator, Li[p] = e*™L™[p] — f.,(z,w)p,
and we have V[p| = F[p| — Li[p| = f(z,w,e) — f(z,W+p,e) = fu(z,W+60p,e)p, p€Q, 0<
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0 < 1, for fixed € , the linear space N is chosen as

N :{p‘p(l‘) e C(Q), [Bj[p(x)ﬂ

:g](x)}ﬂ ,7: 1a27"' , M — 1)
€02
with norm

Ip(z.€)||= max |p(z),

and the Banach space B is chosen as
B = {qla(x) € C()}

la(2)||= max q(z)].

with norm

Vg € B, where [7! is inde-
pendent of €, L1_1 is continuous inverse operator. The Lipschitz condition of the fixed point

From the hypotheses we may show that ||L7'[g]]|<

theorem yields

H\Il[p2 U(p,] H = max

0
max f(x W+ Oapa, €)p2 — %(x,@+91P175)P1

= max (x, W+ 0ap2,€) —

e

0
ai(x,w+91p17€)}p1

0 0

8f (z,W+09p2,€)(p2 —p1) + {af
< CTHPz —P1H7

where C is a constant independent of ¢ and this inequality is valid for all p1, ps in a ball Qx(r)

(1,2]

(|7l € 1). Finally, from the fixed point theorem!*?| we obtain the result that the remainder

term, moreover
_ m—+1
max ‘R(x,e)‘ =0(E™).

The proof of the problem Eq.(23) is uniformly completed for € in Q.
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