
Appl. Math. J. Chinese Univ.
2020, 35(4): 379-391

The valuation of multi-counterparties CDS

with credit rating migration
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Abstract. In this paper, the pricing of a Credit Default Swap (CDS) contract with multiple

counterparties is considered. The pricing model takes into account the credit rating migration

risk of the reference. It is a new model established under the reduced form framework, where

the intensity rates are assumed to have structural styles. We derive from it a non-linear partial

differential equation system where both positive and negative correlations of counterparties and

the references are considered via a single factor model. Then, an ADI (Alternating Direction

Implicit) difference method is used to solve the partial differential equations by iteration. From

the numerical results, the comparison of multi-counterparty CDS contract and the standard one

are analyzed respectively. Moreover, the impact of default parameters on value of the contracts

are discussed.

§1 Introduction

In the past two decades, a variety of credit derivatives has become increasingly prominent

with the rapid development of the credit derivatives market. CDS and other credit derivatives

provide credit risk distraction, hedging and innovation for investment strategy optimization.

In the same time, especially after the financial crisis, credit risks are getting more and more

attentions. In this situation, Basel Committee on Banking Supervision encouraged investors

taking a counterparty risk and credit migration into account on the Basel III framework. Now,

based on the principle of risk diversification, investors might be interested in credit risk mea-

surement and control: if the counterparty risk is considered, does using more counterparties

reduce the risk? What are the effects of the correlation of the reference and the counterparties?

Besides the counterparty risk, credit rating migrations cannot also be neglected in the credit

risk management. A variety of general bond credit rating structures are given by the rating
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agencies, such as Standard Poor’s, Moody’s, etc. These ratings affect directly the pricing and

the possible migrations should be taken into consideration.

Jarrow and Yildirim [14] proposed to consider the credit risk associated with conditions

based on reduced form, and assumed default intensity to be linear on the risk-free rate, which

lead to an explicit CDS pricing formula. Jarrow and Yu [15] dealt with the default correlation

with a common factor. Madan and Unal [6] took the risk of counterparty default into account

for CDS pricing in the infection model. Brigo et al. [4, 5] used multi-factors model to price

CDS with counterparty risks. Bo and Capponi [13] gave an explicit formula for the bilateral

counterparty valuation adjustment of a credit default swap portfolio referencing an asymptoti-

cally large number of entities. There are also many more research works relative pricing CDS

with counterparty risk, see e.x. [1, 2, 8, 19]. In terms of credit rating, Lando [7] assumed that

for a risky bond there exists a credit rating transition matrix. Furthermore, Alavian, et al.

[16] estimated the credit rating transition matrix with the Bayesian method. Seng and Kwok

[18] used public information to estimate the bond’s credit rating. Crepey [17], etc. introduced

an implicit factor reflecting the macroeconomic cycle to model and forecast the credit transfer

matrix. Liang & Li [11] first calculated and analyzed CVA of the multi-counterparties CDS

in simple intensities without credit migration risks. [3, 10, 20] used virtual trading at migra-

tion time to deal with credit rating migration for corporate bonds. We refer Capponi [1] for a

survey on counterparty risk valuation and mitigation up to 2012. For measuring credit rating

migration risks by structure model, we refer [3], [9].

In this paper, based on the Liang & Li [11], we consider the pricing of a CDS that involves

multi-counterparties defaults and takes into account the credit rating migration risks of the

reference. The model is established under the reduced form framework, where the intensities

are considered to be stochastic processes in a structural type. It is different from general

reduced form models, which are not relative to the firm’s assets. We use a new model to join the

advantage of the structure model with the reduced form model, so that the changes of the firm’s

asset are considered. In this way, the model is more practice. The models can be expressed by

a nonlinear system of partial differential equations. The key innovation is establishing a model

for pricing multi-counterparties under credit rating migration. A numerical scheme is obtained

and applied for calculation and analysis.

The rest of paper is organized as follows. Section 2 introduces a multi - counterparties CDS

contract, where credit rating migration is taken into account for the reference. The discounted

cash flow is analyzed when the reference company changes its credit rating status. For these

cases, a model is established for pricing the CDS. In Section 3, the model is developed into a

coupled nonlinear partial differential equation system. The positive and negative correlations

among the reference and the counterparties are modelled by a single common factor model,

which is described by a geometric Brownian motion and an its inverse respectively. Section

4 presents the numerical tests, and the solution is solved by iterating through numerical ADI

algorithm. The numerical results are also analyzed from a financial perspective. Section 5 is

the conclusion of the paper.
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Figure 1: Multi-counterparties CDS structure.

§2 Modelling

2.1 Contract

Consider a multi-counterparties CDS contract, where the possibility of credit rating migra-

tion of the reference company is taken into account. Let us denote by T the maturity and k

the premium rate which is paid continuously. The face value of the reference bond is assumed

to be 1. We refer to the counterparties and the reference respectively by (i = C1, C2, R). The

default recovery rates are φi, 0 < φi ≤ 1, i = C1, C2, R, which are assumed to be constants.

If a counterparty defaults before the reference company, it clears the corresponding propor-

tion of the contract, and the other part of the contract will also be cleared immediately. If the

reference company default event occur before the counterparties, then the counterparties would

compensate respectively a1(1− φR) and a2(1− φR), (a1 + a2 = 1) for the investor.

2.2 Assumptions

Let (Ω, Gt, {Gt}t≥0, Q) be a filtered probability space. The filtration G = {Gt}t≥0 is the

information flow of the market, including credit events, Q is the risk neutral measure. This space

is endowed as right-continuous and complete, the sub-filtration represents all the observable

market quantities but the default event, {Ft}t≥0 is the right-continuous filtration generated by

the credit events, either of the reference or counterparties.

For the reference company with credit rating migration, the following assumption are made:

1. There exist credit rating migration risks for the reference, the credit states are represented

by a set of three: κR = {0, 1, 2}, where 1, 2 indicate the low and the high credit rating

states respectively, and 0 indicates the default state which is an absorbing one.
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2. The counterparties have only two states: default or survival, which are expressed by

κC1 = κC2 = {0, 1} respectively.

3. The credit events of the counterparties and the reference do not occur simultaneously.

Also, for the simplicity, the reference company does not directly default when it is in the

highest rating.

4. At time t, the credit state of the contract is denoted by Mt. It contains three variables,

the credit state, the state of C1, the state of C2. According to the assumptions above,

for any t ∈ [0, T ), Mt has the following possible value:

κ , {Mt} =

{
(2, 1, 1), (2, 1, 0), (1, 1, 1), (1, 1, 0), (0, 1, 1), (0, 1, 0),

(2, 0, 1), (2, 0, 0), (1, 0, 1), (1, 0, 0), (0, 0, 1), (0, 0, 0)

}
.

5. M0 is the credit state of the contract at the initial time. C1, C2 are survive at t = 0,

which means κC1 = 1, κC2 = 1. τ ji , i = C1, C2, R, j = 0, 1, 2, are random variables

defined in the probability space (Ω, Gt, {Gt}t≥0, Q), that correspond to the first passage

time of the reference company default, credit rating raising and credit rating declining

respectively, i. e.

τ0R = inf{t > 0|M0 = (1, 1, 1),Mt = (0, 1, 1)},

τ1R = inf{t > 0|M0 = (1, 1, 1),Mt = (2, 1, 1)},

τ2R = inf{t > 0|M0 = (2, 1, 1),Mt = (1, 1, 1)},

τ jC1 = inf{t > 0|M0 = (j, 1, 1),Mt = (j, 0, 1)}, j = 1, 2,

τ jC2 = inf{t > 0|M0 = (j, 1, 1),Mt = (j, 1, 0)}, j = 1, 2.

Remark The default times of counterparties are independent from the rating states of the

reference. However, for the convenience of the analysis, we use different notations depending

on their rating states.

2.3 Credit transfer intensities and their correlations

The traditional reduced form framework are mostly used for modelling default. The idea

of the intensity can be extended to the credit rating migration one, i.e. we introduce transfer

intensity. In this way, the reduced form framework can also be used for modelling credit rating

migration. However, the traditional intensity is assumed to be either constant or stochastic

process, the credit rating usually depends on the assets values, which is more suitable for the

structural framework. In our model, using the structural framework idea (see also [2]), we

assume that the reference’s credit rating transfer intensities depend not only on the outside

economic factor but also on its asset value.

Let λj
R , j = 0, 1, 2, be respectively, the reference company’s intensities of the default, the

downgrade and upgrade of the credit rating . The idea is that the asset value X of a company

is divided into three parts: Ω0 = {0 < X < bR}, Ω1 = {bR < X < BR} and Ω2 = {X > BR}.

λj
R =

{ Pi, in Ωi

0, otherwise,
i = 0, 1, 2.
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Figure 2: Cash flow of multi-counterparty CDS product.

That is,

λ0
R = P0H(bR −XRt), λ1

R = P1H(XRt −BR), λ2
R = P2H(XRt − bR)H(BR −XRt). (1)

Similarly, the default intensities of the counterparties are λi, i = C1, C2:

λC1 = P3H(bC1 −XC1t), λC2 = P4H(bC2 −XC2t), (2)

where the function H(·) is the Heaviside function, i.e. H(x) =
{ 0, if x < 0,

1, otherwise.
, BR and

bi, i = R,C1, C2, are the boundaries where the intensities change states; Pj , j = 0, 1, 2, 3, 4,

are non-negative constants that are determined by an outside systematic risk factor.

In the above, Xit is the asset values of company i, i = R,C1, C2. We assume that they are

correlated and following stochastic processes. A single-factor model is set to describe them. Let

yt represent a common systemic factor, like the GDP process, βit represent the specific factor

of the company i, i = R,C1, C2:
dyt
yt

= µ0dt+ σ0dW0t,
dβit

βit
= µidt+ σidWit, (3)

where µ0, µi are the expect returns; σ0, σi are the volatilities, all of them are positive constants.

W0t,Wit are standard brownian motions, which are independent of each other. i = R,C1, C2.

It is assumed that the asset values are characterized in the following in terms of the common

factor, see also Liang and Wang [12]:

Case 1 the asset of company i is positively correlated with the common factor:

dXit = ρidyt + lidβit, i = R,C1, C2; (4)

Case 2 the asset of company i is negatively correlated with the common factor, considering

the asset should be positive:

dXit = ρidzt + lidβit, i = R,C1, C2, (5)
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where zt = 1/yt, satisfying
dzt
zt

= (σ0
2 − µ0)dt− σ0dW0t,

where ρi, li are positive constants. We call ρi/ρj the correlation coefficient of company i to j,

i = R,C1, C2.

2.4 Cash flow analysis for the CDS

While pricing a financial contract, it is necessary to understand the cash flows of the contract.

However, involving credit rating migration, traditional cash flow analysis tends to be more

difficult. When the credit rating transfers, there is no cash flow of transaction. It is different

from the default, where the liquidation happens. To deal with this problem, we introduce an

approach called “virtual substitute termination” [3]. Therefore, in the model, each credit rating

is mapped to a corresponding virtual contract. We assume that the values of the contract in

the high and the low credit ratings are Ut and Vt respectively. If one counterparty, say C1,

defaults, there is two possibilities. If the value of the CDS contract is positive at the default

time, the investor obtains the corresponding proportion of the recovery. But, if it is negative, he

pays the full corresponding proportion to the counterparty. At the same time, for counterparty

C2, under the terms of the contract, the contract is stopped and the investor will receive (the

value of the CDS is positive to the investor) or pay (the value of the CDS is negative to the

investor) the full corresponding proportion to the counterparty C2.

Thus the investor’s cash flow at time t is:

1τ2
C1<τ2

R∧τ2
C2
1t<τ2

C1<T

[
a1(φC1V

+
τ2
C1

− V −
τ2
C1
) + a2Vτ2

C1

]
e−r(τ2

C1−t),

where r is the risk free interest rate, V + = max{V, 0} and V − = max{−V, 0}. The other

cases of cash flow can be analyzed similarly. Putting all cases together, under the risk-neutral

measure Q, the values of the contract respect to the investor can be described as

1. At time t, if the value of the CDS contract is in the high credit rating:

Vt = EQ
[
−
∫ T

t

1τ2
R>u1τ2

C1>u1τ2
C2>uke

−r(u−t)du

+1τ2
C1<τ2

R∧τ2
C2∧T [a1(φC1V

+
τ2
C1

− V −
τ2
C1
) + a2Vτ2

C1
]e−r(τ2

C1−t)

+1τ2
C2<τ2

R∧τ2
C1∧T [a1Vτ2

C2
+ a2(φC2V

+
τ2
C2

− V −
τ2
C2
)]e−r(τ2

C2−t)

+1τ2
R<τ2

C1∧τ2
C2∧TUτ2

R
e−r(τ2

R−t)|Gt

]
.

2. At time t, if the value of the CDS contract is in the low credit rating:

Ut = EQ
[
−
∫ T

t

1τ0
R>u1τ1

R>u1τ1
C1>u1τ1

C2>uke
−r(u−t)du
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+1τ1
C1<τ0

R∧τ1
R∧τ1

C2∧T [a1(φC1U
+
τ1
C1

− U−
τ1
C1
) + a2Uτ1

C1
]e−r(τ1

C1−t)

+1τ1
C2<τ0

R∧τ1
R∧τ1

C1∧T [a1Uτ1
C2

+ a2(φC2U
+
τ1
C2

− U−
τ1
C2
)]e−r(τ1

C2−t)

+1τ1
R<τ0

R∧τ1
C1∧τ1

C2∧TVτ1
R
e−r(τ1

R−t)

+1τ0
R<τ1

R∧τ1
C1∧τ1

C2∧T (1− φR)e
−r(τ0

R−t)|Gt

]
.

By the standard process of reduced form analysis (e.x. see [12]), we can obtain

Vt = 1τ2
R>t1τ2

C1>t1τ2
C2>tE

Q
[ ∫ T

t

e−
∫ s
t
(r+λ2

R+λ2
C1+λ2

C2)dθ
(
− k + λ2

RUs

+λ2
C1[a1(φC1V

+
s − V −

s ) + a2Vs] + λ2
C2[a2(φC2V

+
s − V −

s ) + a1Vs]
)
ds
∣∣∣Ft

]
.

Ut = 1τ0
R>t1τ1

R>t1τ1
C1>t1τ1

C2>tE
Q
[ ∫ T

t

e−
∫ s
t
(r+λ0

R+λR
1+λ1

C1+λ1
C2)dθ(−k + λ1

RVs

+λ0
R(1− φR) + λ1

C1[a1(φC1Us
+ − Us

−) + a2Us]

+λ1
C2[a2(φC2U

+
s − U−

s ) + a1Us])ds
∣∣∣Ft

]
.

Using the Feynman-Kac formula, Vt and Ut satisfy the following partial differential equa-

tions:

LV = (r + λ2
R + λC1 + λC2)V + k − λ2

RU − λC1[a1(φC1V
+ − V −) + a2V ]

+λC2[a2(φC2V
+ − V −) + a1V ], y, βi ∈ (0,∞), t ∈ (0, T ), i = R,C1, C2,

LU = (r + λ0
R + λ1

R + λC1 + λC2)U + k − λ1
RV

−λR
0(1− φR)− λC1[a1(φC1U

+ − U−) + a2U ]

+λC2[a2(φC2U
+ − U−) + a1U ], y, βi ∈ (0,∞), t ∈ (0, T ), i = R,C1, C2,

V (y, βi, T ) = U(y, βi, T ) = 0, y, βi ∈ (0,∞), i = R,C1, C2,

(6)

where λj
i = λj

i (y, βi), i = R,C1, C2, j = 0, 1, 2, are defined in (1), (2), (4) (or (5) depending on

the correlation to be positive or negative). The differential operator L is defined by:

L =
∂

∂t
+

1

2
σ2y2

∂2

∂y2
+ µy

∂

∂y
+

∑
i∈{R,C1,C2}

(1
2
σi

2βi
2 ∂2

∂βi
2 + µiβi

∂

∂βi

)
.

§3 Numerical analysis

Now, we are able to calculate the value of CDS contract with multi-counterparties under

different credit ratings by the above PDE problem, which is a nonlinear PDE system. So far,

there is no closed form solution. Thus, we have to use numerical methods to solve the problem.

An iteration is used with the following procedure:

1. First, solve the system without considering the counterparty default and reference rating

transfer risks, i.e. solve the following linear uncoupled PDE system:
LV1 = (r + λ2

R + λC1 + λC2)V1 + k, y, βi ∈ (0,∞), t ∈ (0, T ), i = R,C1, C2,

LU1 = (r + λ0
R + λ1

R + λC1 + λC2)U1

+k − λR
0(1− φR), y, βi ∈ (0,∞), t ∈ (0, T ), i = R,C1, C2,

V1(y, βi, T ) = U1(y, βi, T ) = 0, y, βi ∈ (0,∞), i = R,C1, C2.
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In the iteration steps, we apply finite difference method to solve the equations above in a

truncated finite domain (t, y, βR, βC1, βC2) ∈ (0, T )×(0,Hy]×(0,HR]×(0,HC1]×(0,HC2].

We denote Hi, i ∈ y,R,C1, C2, as a upper bound, which is sufficiently large to make the

default probability of each party approaching 0. If reference company has no default risk,

the value of the contract is 0, too. So we use V1 = U1 = 0 as the boundary condition at

y = Hy and βR = HR.

2. Once Vl, Ul are obtained, we solve the following linear uncoupled PDE system:

LVl+1 = (r + λ2
R + λC1 + λC2)Vl+1 + k − λ2

RUl − λC1[a1(φC1V
+
l − V −

l ) + a2Vl]

+λC2[a2(φC2V
+
l − V −

l ) + a1Vl], y, βi ∈ (0,∞), t ∈ (0, T ), i = R,C1, C2,

LUl+1 = (r + λ0
R + λ1

R + λC1 + λC2)Ul+1 + k − λ1
RVl − λR

0(1− φR)

−λC1[a1(φC1U
+
l − U−

l ) + a2Ul] + λC2[a2(φC2U
+
l − U−

l ) + a1Ul]

+λC2[a2(φC2U
+
l − U−

l ) + a1Ul], y, βi ∈ (0,∞), t ∈ (0, T ), i = R,C1, C2,

Vl+1(y, βi, T ) = Ul+1(y, βi, T ) = 0, y, βi ∈ (0,∞), i = R,C1, C2.

3. Then, by solving the linear equations with ADI difference form, we obtain a sequence

{Vl, Ul}, l = 1, 2, ... . We continue the iterations until the difference of the last two

solutions is less than a preset constant. The iteration is compressed, so that it converges.

This can be proved similarly by typical PDE technique as the one by W. Wei [20], where

the interest rate swap with single counterparty risk without credit rating migration is

considered.

4. In this way, we obtain the approximating solution of the problem (6),

After the numerical tests and results, we analyze the parameters of the model and choose

the following:

T = 5(year), r = 0.025, k = 100(bp),∆t = 0.5, St = 200(bp), a1 = 0.5, a2 = 0.5,

xi = 0.031, φ1 = 0.4, µi = 0.02, σi = 0.1, β0
i = 0.031, (i = R,C1, C2).

Figure 3 shows that the value of CDS (U , similar for V ) has almost no change when the

number of iterations n ≥ 3 indicating a very fast convergence. With this pricing approach,

calculating the value of CDS has a high efficiency.

In Figure 4, we can find the relationship between the value of CDS contract and the asset

of the reference company. The figure shows that the value of the contract decreases when the

reference company asset increases. In fact, the default probability of the reference company

decreases as the reference company asset increases.

Figure 5 shows the relationship between the value of CDS and the asset of the counterparty

C1. The value of the contract increases with the counterparty asset. The default probability

of the counterparty decreases when the asset goes up, so that the value of the CDS contract

increases correspondingly. For C2, the figure is similar.

The interesting results that we reveal in this paper are the impact of the correlation on the

CDS value.
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Figure 3: The value of CDS with different
number of iterations.

Figure 4: The value of CDS with different
asset value of reference company.

Figure 6 indicates the value of the CDS as well as the positive correlation between the coun-

terparties and the reference. The value of the contract decreases when the positive correlation

coefficient increases. We can see that as this coefficient increases, the default probability of

counterparties increases with reference defaults, which results in decreasing the value of the

contract.

Figure 5: The value of CDS with different
asset value of C1.

Figure 6: The value of CDS with different
positive correlation coefficient of counter-
party and reference.

Figure 7 indicates the value of the CDS contract and the negative correlation between the

counterparties and the reference. The value of the contract increases when the absolute of nega-

tive correlation coefficient goes larger. In fact, as the absolute of negative correlation coefficient

increases, the counterparty’s default probability decreases with respect to the reference default.

Thus, the contract value goes up.



388 Appl. Math. J. Chinese Univ. Vol. 35, No. 4

Figure 7: The value of CDS with different
negative correlation coefficient of counter-
party and reference.

Figure 8: The value of CDS with differ-
ent positive correlation coefficient among
counterparties.

Figure 8 indicates the relationship between the value of the CDS contract and the positive

correlation between the counterparties. The value of the contract decreases as the positive corre-

lation coefficient increases. In fact, if one of the counterparties defaults, the other counterparty

is also more likely to default. Thus, the contract looses value.

Figure 9: The value of CDS with differ-
ent negative correlation coefficient among
counterparties.

Figure 10: The value of CDS with different
intensity of the credit rating declining from
high credit rating.

Figure 9 indicates the relationship between the value of the CDS contract and the negative

correlation between the counterparties in certain parameters. The value of the contract increases

when the absolute negative correlation increases. Once default risk of one counterparty rose,

the one of the other counterparty would decline, then the contract value may be added.

Figure 10 indicates the relationship between the value of the CDS contract and the intensity

of the credit rating downgrades from the high credit rating. The value of the contract increases
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when the downgrading intensity of credit rating increases. Once the downgraded credit rating

intensity increases, the asset of the reference company decreases correspondingly and the ref-

erence company default becomes easier. So the value of the contract in the high credit rating

increases. On the other hand, the value of the contract in the low credit rating has almost no

change.

Figure 11: The value of CDS with different
intensity of the credit rating rising from low
credit rating.

Figure 12: The value of CDS with different
default intensity in low credit rating.

Figure 11 shows the relationship between the value of the CDS contract and the intensity

of credit rating upgrading form the low credit rating. The value of the contract decreases

when the upgraded credit rating intensity increases. Once the upgraded credit rating intensity

increases, the value of the reference asset increases correspondingly and the default probability

of the reference company will be smaller. So, the value of the contract in the low credit rating

decreases while the value of the contract in the high credit rating has almost no change.

Figure 12 shows the relationship between the value of the CDS contract and the default

intensity in the low credit rating. The value of the contract in low credit rating does not change

dramatically when the intensity is relatively small, but it changes obviously when the intensity

becomes larger. In such processes, when the default intensity increases, the reference default

is more likely to happen, so the value of the contract increases quickly. At the same time, the

value of the contract in the high credit rating has almost no change.

§4 Conclusion

We consider the pricing of a multi-counterparty CDS contract with the presence of credit

rating migration risks in the reference. A reduced form model with structural type intensities is

established. The credit rating migration and default intensities are assumed to be functions of

the companies’ assets. From the model, The value of the contract satisfies a nonlinear system

of partial differential equations. By solving the problem numerically by iteration, the impacts

of the correlation among the reference and counterparties are analyzed correspondingly.
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1. When correlations of the reference with both counterparties are positive, the value of

the CDS contract increases with respect to the correlation. Thus, the positive correlation

increases the risk. This is the case of “wrong way risk”. However, the more counterparties

we use, the less risk we have.

2. When the correlation of the reference with both counterparties are negative, the value of

the CDS contract decreases with respect to the correlation. Thus, the negative correlation

does decrease the risk, and the more counterparties we use, the less risk we have.

3. When the default correlation among the counterparties is negative, it is uncertain to

reduce the risk by adding a counterparty. In fact, compared to the reference, adding a

negatively correlated counterpa

rty will reduce the risk, while adding a positively correlated counterparty will increase

the risk.

4. For a CDS contract, it is more risky when the reference is in the low credit rating than

when it is in the high credit rating. So the upgrade in the reference’s credit rating status

will decrease the risk of the contract.

Remark The model and method of calculation are able to extend to the case of multi-

counterparty with more than two counterparties under credit rating migration risks. It also can

be used to the case where there are more than two credit grades.
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