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On the rate of convergence of two generalized Bernstein

type operators

LIAN Bo-yong! CAI Qing-bo?**

Abstract. In this paper, we introduce the Bézier variant of two new families of generalized
Bernstein type operators. We establish a direct approximation by means of the Ditzian-Totik
modulus of smoothness and a global approximation theorem in terms of second order modulus
of continuity. By means of construction of suitable functions and the method of Bojanic and
Cheng, we give the rate of convergence for absolutely continuous functions having a derivative

equivalent to a bounded variation function.

81 Introduction

In the year 1912, Bernstein [1] introduced a sequence of positive linear operators for f €
C10,1], as

Ba(f,2) =32 F(hpu(a), 7€ [0,1],
k=0

where p,, x(7) = (2)x*(1 — 2)"~*. Then many scholars have done a lot of relevant research.
Lorentz [2] gave an exhaustive exposition of main facts about the Bernstein polynomials and
discussed some of their applications in analysis. Cheng [3] obtained an estimate for the rate of
convergence of B,, for functions of bounded variation in terms of the arithmetic means of the
sequence of total variations and proved that the estimate was essentially the best possible at
points of continuity. Bojanic [4] investigated the asymptotic behavior of B,, for some absolutely
continuous functions having a derivative equivalent to a bounded variation function. King [5]
defined a new type of Bernstein operators which preserve z2. Quantitative estimates were given

and compared with estimates of approximation by the class Bernstein polynomials B, in [5].
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Very recently, Chen et al. [6] introduced a new family of generalized Bernstein operators

based on a non-negative parameter (0 < a < 1) as follows:

Toalf, ) Zf 5ol @), @ e 0,1), (1)
where
Y@ = 1-z, pi% (@) ==,
P = [ = a)z+ (T -a)(1—2) + (Max(l - 2)] 2* (1 - 2y

for n > 2 and (}) = 0(k > n). When o = 1, the operators Tj, o, reduces to the Bernstein
operators B,,.

In [6], the authors studied many approximaiton properties of T}, ,, such as uniform conver-
gence, rate of convergence in terms of modulus of continuity, voronovskaya-type asymptotic
formula, and shape preserving properties.

To approximate Lebesgue integrable functions, Mohiuddine et al. [7] introduced the follow-

ing integral modification of the operators (1):
k41

n+1
Kpo(f,z)=(n+1) Zp / f(t)dt. (2)
n+1
In [7], the uniform convergence of the operators and rate of convergence in local and global

sense in terms of first and second order modulus of continuity are studied. In [8-9], Acar et
al. introduced a-Bernstein-Durrmeyer operators and genuine a-Bernstein-Durrmeyer operators.
They obtained some approximation results, which include local approximation, error estimation
in terms of Ditzian-Totik modulus of smoothness.

As everyone knows, the Bézier curve plays an important role in computer aided design and
computer graphics. Zeng and Piriou [10] opened up the work of two Bernstein-Bézier type
operators for bounded variation functions. Then many scholars [11-14] have done research
work in related fields. Acar et al. [15] introduced the Bézier variant of summation integral type
operators based on the parameter a. They studied a direct approximation theorem by means
of the first order modulus of smoothness and the rate of convergence for absolutely continuous
functions having a derivative equivalent to a function of bounded variation. Also, they obtained
the quantitative voronovskaja type theorem.

Base on this, we propose the Bézier variant of the operators (1) and (2) in the following

Tr(LB) i

KO)(fx) =+ )Y Q%) (@) / o (4)

k=0 EEsy
where 8> 1, Q) (@) = [upa@)]” = Vusera(@)] Jugale) = Sjpl)(x) and
Jn,n+l,a<x) =0.
Obviously for 8 = 1, the operators (3) and (4) reduce to the operators (1) and (2) respec-

way:

3\#‘

(x), ze€]0,1], (3)

tively. Our results extend the work of [6] and [7].
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bet (B)
R(l) (J) t) — Ekﬁnt Qn,k,a<x)’ 0<t S 1;
el 0, t=0.
and .
2
B2, gl 1) = 3 (n+ 1)@, (2)xa(t),
k=0
where y(t) is the characteristic function of the interval [TH’ %] with respect to I = [0, 1].
By the Lebesgue-Stieltjes integral representations, we have
T = [ F0aRD, e o)
and
2
K@) = [ SRS (o ()

The aim of this paper is to establish a direct approximaiton by means of the Ditzian-Totik
modulus of smoothness and a global approximation theorem in terms of second order modulus
of continuity. Furthermore, the rate of convergence for some absolutely continuous functions
having a derivative equivalent to a bounded function is obtained. With regard to the research

work related to this topic, we can refer to references [16-25].

82 Some lemmas

The proof of our results are based on the following lemmas.
Lemma 2.1 ([6]) Fore; =t',i=0,1,2, we have

Tn,a(eOax) = 1? Tma(el"r) =z,

2(1 —
Thole2,z) = 2+ Mw(l —x).
n
By Lemma 2.1 and Cauchy Schwarz inequality, we get

Tho(t —z,2) =0, (7)

n+2(1l—a«
Lot — %) = "2 Dy =52, (2, 0
Tha(lt— Tt —x)? Tho(l,2) = Ynal(z). (9)
)<y 0y )

According to (8), it is clear that Yna(z) tends to O w1th the help of (n +2(1 —a))z(1 —z)/n
tends to 0 as n tends to oo.
Lemma 2.2 ([7]) Fore; =t',i=0,1,2, we have

ne 1

K, ole,x) =1, K, (e1,2) = i + 3n+1)’
K, o(e,x) = (nj—21)2 <x2 + Wm(l - x)) + n :L_xl)g + 30 _1'_ ek
By Lemma 2.2 and Cauchy Schwarz inequality, we get
Ky ot—z,2) = %, (10)
Ky ol(t— 2)%,2) = Wz(l —2)+ m — 2o (@), (11)
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K’ma |t—.CL‘| \/Kna t—l‘ \/Knalx)—nna() (12)
Obviously, 7nq(z) = 0(n — 00)

By the definition of the operators T,, , and K, o, combined with Lemma 2.1 and 2.2, we

have

Lemma 2.3 For f € C[0,1], = € [0, 1], the following inequalities hold
| To,a (DI < 1I£1
[ Km0 (O < (£II-

We omit the proof of Lemma 2.3.
Lemma 2.4 For f € C[0,1], z € [0, 1], we have

TS0 < BILIs
I < BIFI-
Proof. For 0 < z,y < 1 and 3 > 1, the inequality |27 — y”| < |z — y| holds, then we get
0 < [Jupa(@)’ = asr1a@)]” < B (Jupa(@) = Jugrrale) = Bpii ().
By (3), (4) and Lemma 2.3, we have
TN < BITna(HI < BIF

and

KRN < Bl Ko (I < Bl
Lemma 2.5 (i) For 0 <y < z < 1, there holds
s

1) 2
R (2,y) < —F—42 (2). 13
@) € k@) (13)
(i) For 0 < z < z < 1, there holds
_ R - B s
1 Rnaﬂ( ) — (l_iz)QVna(x)' (14)

Proof. (i) By (5) and (8), we get

RO ) < SR Ge) =6 [ dl,
Y /@x—t (1)
S /B/O <.’17—y> denozl(z7t)
ﬂ 1
< (m_y)g/o (tfx)zdtRS,LJ(%t)
- (x_ﬁy)QTma((t—x)Q,x)
= (x—ﬁy)2%2w‘(x)

(ii) Using a similar method, we can get (14) easily.

Along the same line of proof, we have
Lemma 2.6 (i) For 0 <y <z < 1, there holds

y
(2) 2
R z,t)dt < nalT). 15
/0 n,a,ﬁ( ) ((E . y)gn ( ) ( )
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(ii) For 0 < z < z < 1, there holds

[ R st 2 e,

83 Main results

325

(16)

Let f(x) € C[0,1],t > 0 and W2[0,1] = {g € C[0,1] : g” € C[0,1]}, the Peetre K-functional

K> (f,t) and the second order modulus of continuity wy(f,t) are defined as follows:

K(ft) = b {I1F = gll +tllg"ll + 2119”113,

wa(f,Vt) = sup sup [f(z +2h) = 2f(x +h) + f(z)].

0<|h|<Vt @ x+h,2+2h€[0,1]
By [26], there exists an absolute constant C' > 0, such that

Ka(f,1) < Cwa(f,V1).
Theorem 3.1 For f € C[0,1] and z € [0, 1], we have
|T(5 (f,2) — f(z)] < C’wg( \f’Yna( )>’

where C'is a positive constant.

Proof. Let g € W2. By Taylor’s formula, we can write
9(0) = ) + 9 @0 2) + [ =g
Applying the operators T, ,(LB 3(, x) to the above equation, we have
T0.0) = o(o) + o @t~ a0) + 7 ([ (g (u)iu, ).

By Cauchy Schwarz inequality, (8) and Lemma 2.4, we obtain
T (g, ) — ()]

t
< | @ITOt - 2l2) + |7 ( / (t—u)g”(u)du,x>’
< MNTE~ ) + @ - a2
< ||g'\|Té?g(<t—x>2,x)l/2 ) ¢ - 292.)
< VB T (- 2)%) "+ 81, (- 22 )
< VBlg lnale) + 812102 ()
Thus
T (f,x) = f(x)] < |TEf — g.0)| + | f — gl + 1T (g, 2) — g(=)]
< 20f gl + VBl Inale) + 812152, )
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For all g € W2, taking the infimum on the right hand side, we can get

T (fo2) — fla)] < 2K (f, Pnalz )) .

By (17) and the above inequality, we obtain the desired result of Theorem 3.1.
Using a similar method, we prove

Theorem 3.2 For f € C[0,1] and z € [0, 1], we have
K~ @) < Coa (1, XP20l2)), (19

where C' is a positive constant.

Let ¢(x) = \/z(1 — z) and f € C|0, 1]. The first order Ditzian-Totik modulus of smoothness

and corresponding K-functional are given by, respectively,

wp(fit) = sup [flo4 POy pq 1Dy B gy
0<h<t
Kold.)= _nt. {15 = gl +log I3 > 0)

where W,[0,1] = {g : g € AC[0,1],||¢g’|] < co}. By [27], there exists a constant C' > 0 such
that

Theorem 3.3 For f € C[0,1], z € (0,1) and ¢(z) = \/z(1 — x), we have

TE(f.2) — F(@)] < Cug (ﬂ &()) (21)

where C' is a positive constant.

Proof. Applying the operators T,(LB o)l(7 x) to the representation

g(t) = g(x) + / o' (u)du,
we have

t
) (g, ) = glx) + (%) ( / g’(u)du,x) .

For any z,t € (0,1), we can get

/ "(u)du| < —du
On the other hand,
/7du - Wi —u)
< [ (=)
< 2(WVi-val+IVI=t-vVI-al)
- “”(ﬁiﬁ+mim)
- 2t_x<1+ 1 >§2ﬂ|t—x|.

Vi Ve 9(x)
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Applying the Cauchy—SchwarZ inequality, we obtain
T (g, 2) —g(x)] < 2v2|¢g'l|¢™ (&) TNt — 2|, 2)

e

< 2Valog'lo™ (@) (T~ 2)%m))
< 2v2/Bllog |6 (x) (Tna«tfx)?,x))“
= 2V2/Bllég 671 (2) nal2).

Thus
ITA(foe) = f@)] < TS = g 0) + [ f = gl + [T g, ) — g(2))|
< 20f = gl +2v2V/Blog 167 (@) Ynal(2)-
For all g € Wy]0, 1], taking the infimum on the right hand side, we can get
T 2) — ()] < 2K, (f, e m@c)) .
By (20) and the above inequality, we get (21) immediately.

Using a similar method, we prove
Theorem 3.4 For f € C[0,1], x € (0,1) and ¢(z) = \/z(1 — x), we have
2B
(8) _ <
|Kn,a(f7 LL') f(il?)| — CW¢ <f7 I(l _ I) nna(m)> ) (22)
where C'is a positive constant.

Finally, we study the approximation properties of T7(f o),( f,x) and Ky(f o{( f,x) for some
absolutely continuous functions f € DBV[0,1], which is defined by

DBV = {7170) = 10 + [ niejar}
0
where z € [0,1],h € BV[0,1], i.e., h is a function of bounded variation on [0, 1].

Theorem 3.5 Let f € DBV[0,1]. If h(z+) and h(x—) exist at a fized point x € (0,1),

then we have

T (f,2) - f(z)| < ﬁ(\h(m+)l+\h(m—)l)vm(w)
[ﬂw+ oz
25'7 Z 1
na T ((13)7
17'% k=1 ac\—/f (p \/ﬁ \/‘T 7

where
h(t) — h(z+), z<t<1;
o (t) = 0, t=ux;
h(t) — h(z—), 0<t<umz.
Proof. Let f satisfy the conditions of Theorem 3.5, by using Bojanic-Cheng’s method [4], we

have

16~ 1(2) = [ bl (23)
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and h(u) can be expressed as

hu) = —h(er) ; hz=) + oz (u) + —h(x+) ; =) sign(u — )
+0u0) ) - LI
where
1, u=u;
Oau) = { 0, u##x.
1, x>0;
sign(z) = 0, z=0;
-1, x<0.

From (23), (24), and noting f; sign(u — z)du = |t — x|, f; d.(u)du = 0, we find that
TE)(f,2) — f(2)]

t
1 [ hwduz)

TEF() - f(),2)| =

L M) i)
2
+MT(@(H —z|,x) + Té@(/t <pz(u)du,x)|

n
2 ’ "

Tffg(t —z,)

IN

(InGa+)]+ b)) T~ ol )+ T pa(u)du, )

By the inequality TT(L’BO)[(H —z|,z) < BT, o(Jt — z|,z) and (9), we have
TE)(f.2) — f(a)|

< B[] + [h(z=)]) Yna(2) +

t
() / o (u)du, z)

Next, we estimate another item T,g@(f; oz (u)du, x).
B)

(25)

By the Lebesgue-Stieltjes integral representations of (5), the term Téa(f; oz (u)du, x) can be

expressed as

t
Tr(fo)é (/ Oz (u)du, x)
xr

[ eetmmaan oo
= /Ow(/; o (w)du)de R, (2, 1) + /:(/: oo () B, (2 1).

Let
Ann(fyz) = / ( / o (w)du)d, R, (2, 1),

Aon(foz) = / ( / o (w)du)d, R, (2, 1).
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Then we have

t
7" ( / wz(u)du,x> = A1 (f,2) + Don(f, ). (26)
Applying the integration by parts and noticing Rfl )a ﬁ(:v 0) =0, f vz (u)du = 0, we get
Aln(f? )

t
1 x
R, (1) / o () u|” /0 RO, (ot (1)t

x

T— 7= T
= - [ R e =—([ T4 [T ORY, e 0
0 r—

z

§

Thus, it follows that
r— 2= ’” T T 1 T
A (f,7)| < /0 RY) s, t)\/ (wa)dt + / R (x,t)\/ (po)dt.
t T t
From Lemma 2.5 (i) and 0 < R( ) pla,t) <1, we get

ol [ il

8

Putting t = 2 — £ for the integral of (27), we get

@ Vn]
In - 2
Viler) / \/ e)du< 23" \/ (). (28)
0 (@ —1)? T mta-z
From (27),(28), it follows that
267 )&y RV
(A, 2)]| < 2nal2) Z \/ )+—= V (¢) (29)
. v Y,
k=1z—% z=
From Lemma 2.5 (ii), using the same method, we also get
287a 7 g
7 —x
A2n f7 = na Px)- 30
] < 2D SN (o 122 (o &

Theorem 3.5 now follows from (25),(26),(29) and (30).
From Lemma 2.2, Lemma 2.4 and Lemma 2.6, using a similar method, we prove
Theorem 3.6 Let f € DBVI0,1]. If h(x+) and h(z—) exist at a fized point x € (0,1),
then we have
K (f2) = f@)] < B(Ih(z+)] + [h(@=) ) 1a(2)
ol @ 1—a +1 nq-
+257772m(37) [i:j N (0 1 JC\/f
z(1—x) \/ﬁ (pz)-

k=1 xz—%

84  Conclusion

The Bézier variant of two new families of generalized Bernstein operators has been intro-

duced. A direct approximaiton by means of the Ditzian-Totik modulus of smoothness and
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a global approximation theorem in terms of second order modulus of continuity have been
established. The approximation of functions with derivatives of bounded variation has been
studied.

References
[1] S N Bernstein. Démonstration du théoréme de Weierstrass fondeé sur le calcul des probabilités,
Common Soc Math Kharkhow, 1912, 13(2): 1-2.
[2] G G Lorentz. Bernstein Polynomials, Univ of Toronto Press, 1953.

[3] F Cheng. On the rate of convergence of Bernstein polynomials of function of bounded variation,
J Approx Theory, 1983, 39: 259-274.

[4] R Bojanic, F Cheng. Rate of convergence of Bernstein polynomials for functions with derivatives
of bounded variation, J Math Anal Appl, 1989, 141(1): 136-151.

[5] J P King. Positive linear operators which preserve 22, Acta Math Hungar, 2003, 99: 203-208.

[6] X Y Chen,J Q Tan, Z Liu, J Xie. Approzimation of functions by a new family of generalized
Bernstein operators, J Math Anal Appl, 2017, 450: 244-261.

[7] S A Mohiuddine, T Acar, A Alotaibi. Construction of a new family of Bernstein-Kantorovich
operators, Math Meth Appl Sci, 2017, 40(18): 7749-7759.

[8] T Acar, A M Acu, N Manav. Approzimation of functions by genuine Bernstein-Durrmeyer
type operators, J Math Inequal, 2018, 12(4): 975-987.

[9] A Kajla, T Acar. Blending type approximation by generalized Bernstein-Durrmeyer type opera-
tors, Miskolc Math Notes, 2018, 19(1): 319-336.

[10] X M Zeng, A Piriou. On the rate of convergence of two Bernstein-Bézier type operators for
bounded variation functions, J Approx Theory, 1998, 95(3): 369-387.

[11] V Gupta. An estimate on the convergence of Baskakov-Bézier operators, J Math Anal Appl,
2005, 312: 280-288.

[12] V Gupta, H Karsli. Rate of convergence for the Bézier variant of the MKZD operators, Georgian
Math J, 2007, 14: 651-659.

[13] V Gupta, X M Zeng. Rate of approzimation for the Bézier variant of Balazs Kantorovich
operators, Math Slovaca, 2007, 57(4): 349-358.

[14] B Y Lian. Rate of approzimation of bounded variation functions by the Bézier variant of
Chlodowsky operators, J Math Inequal, 2013, 7(4): 647-657.

[15] T Acar, A Kajla. Blending type approzimation by Bézier-Summation-Integral type operators,
Commun Fac Sci Univ Ank Ser A1 Math Stat, 2018, 67(2): 195-208.

[16] T Neer, A M Acu, P N Agrawal. Bézier variant of genuine-Durrmeyer type operators based on
Polya distribution, Carpathian J Math, 2016, 33(1): 73-86.

[17] P N Agrawal, N Ispir, A Kajla. Approzimation properties of Bézier-summation-integral type
operators based on Polya-Bernstein functions, Appl Math Comput, 2015, 259: 533-539.



LIAN Bo-yong, CAI Qing-bo. On the rate of convergence of two generalized... 331

[18]

[19]

[20]

21]

22]

23]

[24]

[25]

[26]
[27]

P N Agrawal, N Ispir, A Kajla. Approzimation properties of Lupas-Kantorovich operators
based on polya distribution, Rendiconti del Circolo Matematico di Palermo Series 2, 2016, 65(2):
185-208.

V Gupta, D Soybas. Convergence of integral operator based on different distributions, Filomat,
2016, 30(8): 2277-2287.

V Gupta, A M Acu, D F Sofonea. Approximation of Baskakov type Polya-Durrmeyer operators,
Appl Math Comput, 2017, 294: 318-331.

H M Srivastava, F Ozger, S A Mohiuddine. Construction of Stancu-type Bernstein operators
based on Bézier bases with shape parameter A, Symmetry, 2019, 11(3): Article 316.

S A Mohiuddine, T Acar, M A Alghamdi. Genuine Modified Bernstein-Durrmeyer Operators,
J Inequal Appl, 2018, 104, https://doi.org/10.1186/s13660-018-1693-z.

A Kajla, T Acar. A new modification of Durrmeyer type mized hybrid operators, Carpathian J
Math, 2018, 34(1): 47-56.

M C Montano, V Leonessa. A Sequence of Kantorovich-Type Operators on Mobile Intervals,
Constr Math Anal, 2019, 2(3): 130-143.

T Acar, A Aral, I Rasa. Positive Linear Operators Preserving 71 and 72, Constr Math Anal,
2019,2(3): 98-102.

R A Devore, G G Lorentz. Construtive Approzimation, Springer-Verlag, Berlin, 1993.
Z Ditzian, V Totik. Moduli of Smoothness, Springer, New York, 1987.

!Department of Mathematics, Yang-En University, Quanzhou 362014, China.

Email: lianboyong@163.com
23chool of Mathematics and Computer Science, Quanzhou Normal University, Quanzhou 362000,
China.

Email: gbcai@126.com



