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A constructive method for approximating trigonometric

functions and their integrals

CHEN Xiao-diao WANG Long-quan WANG Yi-gang*

Abstract. This paper presents an interpolation-based method (IBM) for approximating some
trigonometric functions or their integrals as well. It provides two-sided bounds for each function,
which also achieves much better approximation effects than those of prevailing methods. In
principle, the IBM can be applied for bounding more bounded smooth functions and their
integrals as well, and its applications include approximating the integral of sin(x)/x function

and improving the famous square root inequalities.

81 Introduction

In many applications such as operations research, computer science, mathematics, physical
sciences and engineering [1,9,22], computing the integrals of some bounded functions in an
interval, is needed such as the trigonometric functions

sin(z)

filz) = — and fo(z) = 3& + cos(z), z € [0,7/2],

whose integrals can not be explicitly expressed and must be numerically solved.

Many authors consider estimating the bounds of the integrals, by estimating the bounds of
the given bounded functions, which leads to many researches on the corresponding inequalities
[2-6, 8, 10-20, 23-25], including some unbounded functions

fola) = (D2 tanla)
fule) = 2. S0@) | tan(@) g g ),
fola) = smzsxju_’_ tau;(ac%7

Several famous inequalities with = € (0,7/2) are summarized as follows [3]

sin(x)
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1 5 2 3
+%b(“”)<L1(a:)<f1<gc)<U1(gc)< %b(x) (1)
fa(x) > La(x), (2)
fd(.’li) > Lg(l‘) > 2, (3)
fa(z) > Ly(x) > 3, (4)
fs(x) > Ls(x) > 2, (5)
60 — 722 112* — 36022 + 2520 x4+ 8z2 + 96
where Ly(z) = o5 U1(@) G0z 1 o520 2@ 222 + 24
La(x) = —3032% + 55502% — 3240022 + 108000 La() = 81x4 — 94522 + 2700
SV T TR 426 202524 — 1620022 + 54000 Y T 18244 — 31522 + 900
39z* — 48022 + 1800
Ls(z) =

—18x% — 31522 + 900
In principle, there are two key issues for an inequality. One is to find the bounds, and the

other is to prove it [28]. Malesevic and his coauthors provided several methods for proving some
inequalities of some special functions [15,27].

This paper presents an interpolation-based method (IBM) for constructing the bounds of
some famous trigonometric functions, including f;(z),i = 1,2,--- ,5. We take the inequalities
(1 ~ 5) for example, and provide two-sided bounding functions which can achieve much better
approximation effects. In principle, the IBM can be applied in approximating any smooth
bounded function within some bounded interval, and it provides an improved bounds of the
famous square root inequalities. It also proves the bounds of the inequalities in a new way.

82 The interpolation-based method

For the sake of convenience, let h = b — a, and we introduce Theorem 3.5.1 in Page 67,
Chapter 3.5 of [7] as follows.

Theorem 1. Let wy, wy, - -+, w, be r + 1 distinct points in [a,b], and ng, -+, n,. be r +1
integers > 0. Let N = ng + --- 4+ n, + . Suppose that g(¢) is a polynomial of degree N such
that

g(i)(wj) - f(i)(wj), i=0,,nj, j=0,--,r
Then there exists &y(t) € [a, b] such that

(N+1) r
1) = 900] = oy 2T - w1 = H\t— T
Ti=0

2.1 Constructing bounding functions for a bounded function

One can consider bounding functions in the form g(z) = g1(x) + g2(x) cos(x) + gs(z) sin(x)

(a rational form is also OK) to bound the given bounded smooth function f(x) within [a, b],
ni—l )
where g;(z) = ) ¢; ;27 is a polynomial with unknown coefficients ¢; ; to be determined,
7=0
= 1,2,3. There are altogether n = ny + ns + n3 unknowns, and it needs n equations. Let

h(z) = f(z) — g(x) and p(x) = (x — a)"*(z — b)*, where k is a positive integer number within
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[1,n — 1]. We introduce the interpolation conditions such that
D (a)=0,hD(b) =0, j=0,1,--- ,n—k—1,1=0,1,--- ,k—1, (6)
for determining the unknown ¢; ;. Combining Eq. (6) with Theorem 1, there exists ¢)(z) € [a, b]

such that

() ((
= D) iy, 7

. . (n)
> 0, ?f k ?s even, (a,b), if = h (1(x))
<0, ifkisodd, n!
0 for an even k or h(xz) < 0 for a odd k, Vz € [a,b]. Based on the above observation, one can

h(z)

Note that p(z) = > 0, we have that h(z) >

choose suitable values of k to construct the bounding functions of f(z).

2.2 Constructing bound functions for a unbounded function

Suppose that f(z) is unbounded in [a,b]. In this case, we consider a rational form r(x) =
(r1(x) +r2(z) cos(x) + r3(z) sin(x))/(ra(x) + r5(z) cos(x) + r¢(z) sin(z)) instead, where r;(z) =

nifl

dm-xj is a polynomial with unknown coefficients d; ; to be determined and dy4,,—1 = 1,
i=0

j_
i=1,2,--- 6.

Firstly, one needs to find a function w(x) > 0,Vx € (a,b) such that F(x) = f(z) - w(x) is
bounded in [a,b]. So both f(z) — r(x) and F(z) — r(x) - w(z) have the same sign, Yz € (a,b).
To simplify the computation of derivatives, we consider H(x) = (f(x) — r(x)) - w(x) - (ra(z) +
r5(x) cos(z) +7(2) sin(z)) instead, where both f(z) —r(x) and H(z) have the same sign under
the assumption that (r4(z) + 75(z) cos(x) + r¢(z) sin(x)) > 0, Vo € (a,b). The interpolation
conditions become

H9(a)=0,HY(b) =0, j=0,1,-- ,n—k—1,1=0,1,---  k—1. (8)

2.3 Discussions

In principle, one can utilize more interpolation points x; € (a,b) to add the interpolation
conditions such that h(z;) = 0 and h'(z;) = 0 to Eq. (7), or H(z;) = 0 and H'(z;) = 0 to Eq.
(8), which can also construct two bounding functions with even better approximation effect.

Note that both Eq. (7) and Eq. (8) are linear in the unknowns. Once k is determined, one
can compute the interpolation function g(z) or r(z) by solving a system of linear equations.
It is trivial to plot the bounded function h(z) or H(z) with software Maple or Mathematics,
which can be used to verify whether or not the corresponding interpolation functions bound

f(@).
83 Numerical examples and illustrations

Example 1. Let lo(z) = (eo + (e1 + eax + e32?) cos(x) + (eq + esx + egx?) sin(x)), ro(z) =
(do+ (d1 +dox +d3x?) cos(z) + (ds + dsz + dx?) sin(z)), h11(x) = fi1(z) —g1.1(z) and hy 2(z) =
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fi(z) — g12(x), x € [0,7/2]. By introducing the constraints
R (0) = 0,hY)(7/2) =0, i =0,1,2,3, j =0,1,2.
h{5(0) = 0,8 (7/2) =0, k=0,1,2, 1 =0,1,2,3.

we obtain the values of d; and e; as

A= 1 K= 1
3(n2 — 21 — 4)27%’ 3(m3(mt — 473 — 4w2 4 167 + 16)°

do = 2X\(7® — 407° + 62471 — 345672 + 2304),

dy = \(r® — 1277 + 6876 + 487® — 12007 + 691272 — 4608),

dy = —\(7® + 4n7 — 6470 + 24075 — 967* — 288073 4 633672 + 23047 — 4608),

dy = 2\(1152 + 807 — 5275 + 276 + 77 — 115202 + 4327%),

dy = \N7® + 4n7 — 6470 + 2407 — 9674 — 288073 + 633672 + 23047 — 4608),

ds = —2X\(377 — 1675 — 607> + 3847* 4 43273 — 288072 + 2304),

de = —8\(7m5 — 307 — 6073 + 31272 — 487 — 288),

eo = —16k(—15m* + 70 + 144 + 3672),

e1 = k(—1927r% — 127° + 4873 + 317 4 47 + 2304 + 57672),

ea = —2(m0 + 475 — 327wt — 2473 + 19272 — 1927 + 384)),

e3 = —dk(—4n* + m° 4 873 — 1447 + 288),

eq = 2(m8 + 4r® — 327 — 2473 4 19272 — 1927 + 384)),

es = k(2304 + 7 + 475 — 1207* + 28872 + 4873 — 5767),

e = —2k(m® + 47° — 3271 — 2473 + 19272 — 1927 + 384).
such that (2 4 cos(x))/3 > ro(x) > fi(x) > lo(x) > (1 + cos(x))/2,Vz € (0,7/2).

Example 2. Let Hy1(z) = (1+dy 322 +dq 42*) f1(z) — (d1 o +d1 122 +d1 22*) and Hy o(x)
(1+e1 322 +e1 47) fi(x)—(e10+e112%+e1 22), © € [0,7/2]. Tt can be verified that H”(O) =
i=1,2and j =1,3,5,7. By introducing the constraints
H(0)=0,Hy1(/2) =0 and Hj,(n/2) =0, i =0,2,4,
HY)(0)=0 and Hy 5(r/2) =0, j =0,2,4,6,

4

0,

(dio + dya® + dy p2*)
: : : dli =

1+ d1’3$2 + d1’4.7j4 an 1(I)

ri(x) > fi(x) > l1(x) > Li(x),Vz € (0,7/2), where
7° + 7207 — 1248072 + 460807 — 46080
dio=14d11 = 573 5 ;

—6072(7w3 — 2472 + 967 — 96)
7% 4 127 — 9607° + 768072 — 23040 + 23040

2
€1,0 T €1,12° + €1 2%

we obtain r1(x) = TR Sr——

such that U (z) >

d
2 —1574 (73 — 2472 + 967 — 96) ’

o ™ = 80" +80m° + 38407 — 153607 + 15360
Le 202 (73 — 2472 4 967 — 96) ’

p 76 4+ 975 — 4807* + 96073 + 57607 — 230407 + 23040
1,4 =

—15m4 (73 — 2472 4 967 — 96) '
o1 e = 31w + 367" + 336072 — 403207 + 80640
O T T 40n2(T8 + 672 — 2407 + 480)
1174 + 124073 + 144072 — 470407 + 94080
42072 (773 + 672 — 2407 + 480) ’
 37% 4t — 28073 4 67207 — 13440 1175 — 144073 — 48072 + 403207 — 80640

3T T (T8 4 6n2 — 240m +480) YT T 840m2(7a% + 672 — 2407 + 480)

€12 =
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A

/2
So one obtain the bounds of the integral of Si(mw/2) = f/ fi(x)dz, ie., 1.370762103 < Si(7/2)
1.370762206 by using the integrals of I;(z) and rq (ac)o, which is much better than 1.36--- <
Si(m/2) < 1.37--- in the method in [21].
Example 3. Let Ho1(z) = (1 + do32%)f2(x) — (dao + doi2? + d2oz*) and Hao(w)
(1 + e2372) fa(x) — (€20 + 2122 + ez 22%), © € [0,7/2]. It can be verified that Hz(jz)(O) =
i=1,2 and j =1, 3,5. By introducing the constraints

0,

Hy)(0) = 0, Hop(/2) =0 and Hj(n/2) =0, i = 0,2,
HJ)(0) =0 and Hyo(m/2) =0, j =0,2,4,
we have that
it 640 - 2407 4 74 22 Lo B 8(2577 —16) 2 4(972 - 48 + 64))x4
ra() = 5m2(3m — 8) . 10 Uo(z) = w2 (m —4) md(mr—4)
1+64072407T+7T 2 _ 2(5m —16) ,
2072 (3w — 8) m2(m — 4)

such that rq(x) > fa(x) > la(x) > La(x),Vz € (0,7/2).

Example 4. Let H3 1(z) = ((1 + d3 42% + d3 52 + d3 62°) f3(2) —
d3,32°)) - cos(z) and Hyo(x) = ((1+ es42® + ez 52 + e3,62°) fs(2) —
e3.32%)) - cos(z), x € [0,7/2]. It can be verified that H?()J)(O) =0,i=
By introducing the constraints

H{}(0) = 0,Hy1(7/2) =0 and Hy,(r/2) =0, i =0,2,--- 8,
H{(0) =0 and Hso(m/2) =0, j=0,2,--- 10,
praS + poat + psa® 4 g ps® 4+ pox? + piox? 4 py

and l3(x) =
(72 — 42?)(psz* + pex® + i) (@) (72 — 42?)(p122* + 1322 + p1a)
such that r3(x) > f3(x) > I3(x) > L3(x), where pq = 824710+29767%+1612807°% — 18144007 —

2003040072 + 203212800, o = —(2(1037° + 25207 + 100807 + 11088072 — 5443200)),
pz = (1260(7® + 1476 + 787* — 30240)) 74, py = —(630(77° + 36072 — 10080))7°, s = 93710 —
1965607 + 362880072 — 25401600, 116 = 630(r® + 7874 — 72072 — 10080)72, pi7 = —315(770 +
36072 — 10080)7%, pg = 98087 + 4873687 + 802368072 — 137047680, pg = —12184275 —
4656960m* — 2561328072 + 838252800, w1 = 66276075 + 227026807* — 2933884800, 11 =
—62370(317% + 84072 — 11760)72, p12 = 250117% 4 132552072 — 15467760, 113 = 3313807 +
748440072 — 104781600, 114 = —9667357% — 2619540072 + 366735600.

Example 5. Let Hy1(z) = (1 + da 322 + dyax?) fa(x) — (dao + da12? + dg02?)) - cos()
and Hyo(z) = (1 + eq 32 + eg47) fa(x) — (es,0 + €412 + g 22?) - cos(x), z € [0,7/2]. It can
be verified that Hgi)(O) =0,7=1,2and j =1,3,---,11. By introducing the constraints

H{(0) = 0,Hy(/2) =0 and Hj,(n/2) =0, i =0,2,4,
HY)(0)=0 and Hyo(m/2) =0, j =0,2,4,6,
3(Trtat — 22402* + 200722 — 507t2? + 1407%)
. ™ 10(5641‘2 - 5;T22xz + 147T22)(72r2 — 4352)4
_ 3(-12n% ? 5,22;6&21 1??f§2§+2 jgﬁf)(ﬁsziiz ):c +040TT) ieh that ra(x) > falx) >
14(17) > L4(:Z?)

(ds,0 + d3 2% + d3 22 +
(es,0 + 63,1$2 + 63,2994 +
1,2 and j = 1,3,---,13.

it has r3(z) =

we have that r4(z) =

, and ly(x)
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Figure 1: Error plots of (a)
(c) Li(z) = li(z); (d) fo(w)
fa(x) =ls(z); (g) (Ls(x) — I3

fi(@) —ro(x) and fi(x) —lo(x); (b) fr(x )—Tl ) and fi(z) =l (2);
(x
cos(z); () (fs(x)

(x ;
ra(x) and fo(z) —la(2); (€) La(x) — la(2); (f) fs(x) — r3(z) and
)) cos(x); (h) fa(x) —ra(2) and fu(z) - la(2); ()( a(7) = la(2))-
r5(x)) - cos(x) and (fs5(x) — I5(x)) - cos(x); and (k) (Ls(z) — I5(z)) - cos(x).
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Example 6. Let Hs1(z) = ((1 + ds 322 + ds 42*) f5(x) — (d5,0 + d512° + d5 22)) - cos(z)
and Hs o(z) = ((1 + e5322 + e547) fs(x) — (e5,0 + €512 + e5 22) - cos(x), € [0,7/2]. It can
be verified that Hé?i)(()) =0,i=1,2and j =1,3,---,11. By introducing the constraints

H{(0)=0,Hs1(n/2) =0 and Hi,(n/2) =0, i =0,2,4,
HY)(0) =0 and Ho(7/2) =0, j = 0,2,4,6,

we have that

(—1236480 + 10152072 + 335974) 24 + (1612800 — 3360072 — 2538074)22

—60(271m222 — 285622 — 71472 + 3360) (72 — 4a2)
—40320072 + 856807

+ —60(2717m222 — 285622 — 71472 + 3360) (72 — 422)’
1a(z) = 4((=927° + 40874 — 384072 + 92160)z* + (—4608072 + 4807* + 1207° + 2375)22)
7 3(—1536022 + 177022 — 2076 + 384072) (72 — 4a?)
n 4(57607* — 307®)
3(—1536022 + 177622 — 2070 + 384072) (72 — 42)’
such that r5(x) > f5(x) > l5(z) > Ls(x).
The results are summarized as follows, which are simply illustrated by using Fig.1. In

rs(x) =

principle, the method in [15] has provided a way for proving the following inequalities of mixed
trigonometric polynomial functions, this paper also shows proofs in another way, see also proofs
in Appendix.

Theorem 2. (Main results) We have that

ro(x) > fi(x) > lo(x), Ya € (0,7/2), (9)

Ui(z) > r(z) > fi(z) > li(z) > Li(z), Vo € (0,7/2), (10)
ro(x) > fa(x) > lo(x) > Lao(x), Ya € (0,7/2), (11)

rs(x) > f3(x) > l3(x) > Ls(x), Vo € (0,7/2), (12)

ra(x) > fa(x) > lg(x) > Ly(x), Vo € (0,7/2), (13)

rs(x) > fs(x) > l5(x) > Ls(x), Ya € (0,7/2). (14)

84 More applications

Firstly, we consider to approximate the integral of some trigonometric functions, such as

4
f1(z),z € [0,7/2], by using the bounding functions in form D;(z) = d; o+ (> di j+127) cos(z) +
=0

4 .
(>-dijyex?)sin(z), ¢ = 1,2, where d; ; can be determined by the constraints that
7=0

D0, P x/2) =¥ (x/2), j=01,--- 5 k=01,--- 4,
G0y =a90), P2 =cP(x/2), j=0,1,---,4, k=0,1,--- 5.
w/2
Then, Si(7/2) = [ fi(z)dz is bounded by [1.370762168133,1.370762168179] with length 4.6 -
0
107!, The integral of any subinterval of [0, 7/2] can be well-approximated whose approximation
error is less than 4.6 - 107! of the whole interval [0, 7/2]. In principle, the more unknowns and

the more interpolation conditions, the better the approximation effect.
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Secondly, we consider the famous square root inequalities
2vn+1-2yn<1/v/n<2vn—2vVn—1,neN.
In this case, from the new method, we can search the bounding function in the form agv/n — 1+
a1y/n + azy/n + 1 and obtain that
(V2/2 = 1D)Vn—1—-V2yn+ (1 +V2/2vVn+1<1/y/n<Vn+1l-+vn—1,

which has a much tighter bound.

Appendix: Proofs of Eq. (10 ~ 14)

This section will prove Eq. (10 ~ 14), where all of the figures are plotted by using the Maple
software. The method of proof is similar to that of the method developed in [15,29]. Note that
it is trivial to compare two rational polynomials of degrees less than 6 within [0, 7/2] by using
Maple software,we omit the proofs of I;(x) — L;(z) > 0,Vz € (0,7/2),i=1,2,--- ,5.

1 Lemmas

Let Eq(x) = sin(z) — s1(z), Ea(z) = sin(z) — s2(x), Es(z) = sin(x) - cos(z) — ¢1(z),
Ey(x) = sin(z) - cos(z) — ca(x), Es(x) = cos(z) — s3(x) and Eg(x) = cos(x) — s4(x), where

N —382588157952000 + 178541140377600m — 637646929920073 + 6642155520075
0 =

155675520071
N —31629312077 + 82368079 — 12487t 4 713
1556755200714 ’ )
- —714164561510400 + 3315764035584007 — 1169019371520073 + 1195587993607°
e 1556755200715
N —55351296077 + 13728007° — 1872711 + 713
—15567552007 15 ’
o 1144494489600 — 5313724416007 + 1873428480073 — 1916006407° + 88704077
2= 9979200713
—22007° + 371t
9979200713
531372441600 — 245248819200 4 85155840007 — 851558407° + 38016077
a4 = 2494800714
_ —88072 + 71t
14
2649480(')71- 2t 14 15 > 3 2t 13 14
s1@) = 2 () gy Foor aar () = 2 (F1) Ty o aer
- 712 — 1056710 + 57024078 — 1703116807° + 2554675200074
1 119750400713
—147149291520072 — 4904976384007 + 13733933875200
—119750400713 ’
o — 72 — 158470 + 9504007% — 29804544075 4 459841536007
> 119750400714
N —269773701120072 — 9809952768007 + 25505877196800
119750400714 ’
N 710 — 60078 + 1881607° — 290304007 + 170311680072 + 6193152007 — 16102195200
6 =

302400712 ’
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710 — 72078 + 2419207¢ — 387072007* + 232243200072 + 9289728007 — 22295347200

Q7 =

) —226800713 ) ’
6 ) IZZ 5 ) :1727,
s0(0) = (1) G 0 st sa(a) = 32 (<1) o + et ara,
i=0 ! i= :
3 40475635200 — 622702080072 + 2594592007* — 49420807 + 5148078 — 312710 + 712
0= — ’
6081075714
74724249600 — 1141620480072 + 4670265607* — 86486407° + 858007 — 468710 + 712
ﬂl = 15 5
608197577
By — 16(—219542400 + 3326400072 — 13305607% + 2376076 — 22078 + 7'('10)
> 155925711
16(—399168000 + 5987520072 — 23284807 4 396007° — 33078 + 7r10)
B3 =~ 12 g
o 1559257 oL
6 i221$21+1 14 15 o 1 i221$21+1 12 13
ci(z) = i;O(_l) m + Box™* + B1x'®, ca(x) = 1;0(_ ) m + Baz? + Baxe.

We have the following lemmas.
Lemma 1. We have that F4(z) > 0 and Ey(z) < 0, Ez(x) > 0 and E4(z) <0,
Es(z) > 0 and Eg(z) < 0, Vo € (0,7/2).
Proof. It can be verified that Va € (0,7/2), we have that
(Ey(2))19 =sin(z) >0, EV(0)=0=EY(x/2), i=0,1,---,13, j=0,1,

(By(2))® = —cos(z) <0, ES(0)=0=EY (x/2), i=0,1,---,12, j=0,1,
(B3(z))19) = (cos(z) - sin(x))(*6) = 32768 sin(2z) > 0,

EY0)=0=EY (x/2), i=0,1,---,13, j =0,1, (15)
(E4(x))M = (cos(x) - sin(z))™ = —8192sin(2z) < 0,

EP0)=0=EY(x/2), i=0,1,---,11, j=0,1,

(Bs(2))™® =sin(z) >0, EP0)=0=FEP(x/2), i=0,1,---,12, j=0,1,

)
(Bs(2))® = —cos(z) <0, E(0)=0=EY(x/2), i=0,1,---,11, j=0,1,
Combining Eq. (15) with Theorem 1, there exists &; € (0,7/2), i = 1,2,--- ,6, such that

Ey(x) = W(:ﬂ )Mz 1/2)2 = w(l’ )Mz — 1/2)2 > 0,

Es(z) = W(x —0)3(z — 1/2)2 = %;2(”))@ —0)3(z — 1/2)2 <0,
Bs(z) = W(:ﬂ )z — j2)2 = 32768 511“6(!253(9”» (z — 0)"(z — 7/2)% > 0,
Bule) = TG (_ gyra( e - TSI (o, g <,
Ba(o) = B OO gy yzpe - S (g s

Fo(z) = W@ —0)12(z —7/2)2 = W(b@ —0)2(z — 7/2)? <0,

and we have completed the proof. 00 From Lemma 1, we have that Lemma 2. s;(z) < sin(z) <
sa(x), s3(x) < cos(z) < s4(z) and ¢1(z) < sin(z) - cos(z) < ca(x), Va € (0,7/2).
2 Proof of Eq. (10)

Firstly, we prove that v (z) > fi(z),Vx € (0,7/2). It is equivalent to prove that Gi(z) =
(fl(l‘)—Tl(.’L’))'$'(1+d1731‘2+d1,4$4) = Sin(iﬁ)'(1—|—d1,3$2+d174$4)—$'(d170+d1,1$2+d172$4) <
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0,Vz € (0,7/2). It can be verified that Va € (0,7/2),
1+ d173£L‘2 + d174$L‘4 > 0,
Gi(x) < so(x) - (1+ dy3a® + dyaa?) —x - (dio + dia2® + dy g7t (16)

=2 (x — 7T/2)2<ié79,i39,i(x))?

where By ;(z) = Ci(z — 0)°7(r/2 — x)*/(n/2)° > 0,Vz € (0,7/2), v90 ~ —1.5e — 8 < 0,
Yo1 A~ —1.9¢ — 8 < 0, yo2 ~ —23¢ —8 < 0, 703 ~ —2.3¢ — 8 < 0, o4 ~ —3.3¢ — 8 < 0,
Yo,5 =~ —4.0e —8 < 0, y96 = —4.6e —8 < 0, y97r =~ —5.4e —8 < 0, 798 = —3.6e —8 < 0 and
v9,9 ~ —7.3e — 8 < 0, which leads to G1(x) < 0, and the proof is completed.

Secondly, we prove that I3 (x) < fi(z), Ve € [0,7/2]. It is equivalent to prove that Ga(z) =
(filx)—li(z)) - (1+e1 322 +e1 42?) = sin(z) - (1+e1 3% + ey 42Y) —x- (€10 +e1 122 +e1 221) >
0,Vz € (0,7/2). It can be verified that Va € (0,7/2),

1+ 61’3$2 + 61’4(E4 >0,
Ga(z) > s1(x) - (1 + e132% + e1a2) — - (€10 + €1,122 + €1 22) (17)

=2%(n/2 — fE)(i:O'_YQ,iB&i(x))’

where By ;(z) = Ci(z — 0)°7(7/2 — 2)"/(7/2)° > 0,Vx € (0,7/2), Y90 ~ 1.9¢ — 8 > 0, Y91 ~
21e =8> 0, Y92~ 24 —-8>0, Y3~ 26e—8>0,7Y4~28—8>0,Ys5~29 —8>0,
Yo.6 = 3.2 —8 >0, Yo7 = 3.2 —8 >0, Y98 ~ 3.0e —8 > 0 and 799 ~ 3.6e — 8 > 0, which
leads to Ga(z) > 0, Vo € (0,7/2). And the proof is completed.

3 Proof of Eq. (11)

Firstly, we prove that ro(z) > fa(z),Va € (0,7/2). It is equivalent to prove that Gs(z) =
(fa(x) — ro(x)) - sin(z) - (1 + ez, 322) = 3z - (1 + ez 322) + sin(x) - cos(z) - (1 + ez 322) — sin(z) -
(€2,0 + 2122 + eg p2t) < 0,V € (0,7/2). It can be verified that

(14 e2322) >0, (e20 + e212% + eg0zt) > 0,

G3(z) = 3z - (1 + ez 32%) + sin(x) - cos(x) - (1 + eg 32%) — sin(z) - (e2,0 + 2,122 + €2 22%)

<3z (1+ea37%) +ca(z) - (1+e2372) — s1(z) - (2,0 + 2,122 + e220%)

11
= (7 —2z)a" - (Zo’m,iBu,i(w)),

Z (18)
where Biyi(x) = Ciy(x — 0)"1 7 (x/2 — )" /(7 /2)' > 0,Vz € (0,7/2), 7110 & —3.6e — 4 < 0,
Y111~ =39 —4 <0, 7112~ —42e -4 <0, 113~ —4.5e -4 <0, 1114~ —4.8¢ -4 <0,
Yi1,5 = —95.0e—4 < 0,716 = —5.2e—4 <0, v11,7 = —5.4e—4 < 0, y11,8 ® —5.5e—4 < 0, 111,90 =
—5.6e —4 < 0, y11,10 & —5.7e —4 < 0 and 711,11 & —5.7e — 4 < 0, which leads to G3(z) < 0,
Vo € (0,7/2), and the proof is completed. Secondly, we prove that l2(x) < fa(x),Ve € [0,7/2].
It is equivalent to prove that Gy(z) = (fa(x) — l2(z)) - sin(z) - (1 + d2 322) > 0,Vz € (0,7/2). It
can be verified that

(1 + d2731‘2) > 0, (d270 + d2711‘2 + d2721‘4) > 0,



CHEN Xiao-diao,et al. A constructive method for approximating trigonometric... 303

Gy(z) 3z-(1+ d2)3x2) + sin(z) - cos(z) - (1 + d2)3x2) —sin(x) - (da,0 + d2,1$2 + d2)2x4)

> 3x- (1 + d273$2) + 01(1‘) . (1 + d2,35€2) — 82(1’) . (dQ,() + d2711’2 + d2,2$4) (19)

= (7 —2x)%"- (2’711,1‘311,1‘(37))

where By i(z) = C(z — 0)11 7 (n/2 — 2)'/(m/2)1t > 0,Vx € (0,7/2), 110 =~ 2.9e — 4 > 0,
Y11 ~ 3.5e —4 > 0, Y112 = 4.0e —4 > 0, Y113 ~ 46e -4 > 0, y114 = 53e —4 > 0,
Y15 ~ 5.9e —4 > 0, y116 = 6.5¢e —4 > 0, Y117 = 72e —4 > 0, y118 = 7.8¢ —4 > 0,
11,0 ~ 83e—4 >0, 11,10 ~ 8.8¢—4 > 0 and 11,11 ~ 9.3¢ — 4 > 0, which leads to G4(x) > 0,
Va € (0,7/2). The proof is completed.

4  Proof of Eq. (12)

Firstly, we prove that r3(x) > fs(z),Vx € [0,7/2]. Tt is equivalent to prove that Gs(x) =
(fs(x) — r3(x)) - cos(z) - 22 - (1 + d 42% + d3 52 + d362°) = (sin(z)? cos(x) + zsin(z)) - (1 +
d3 42 + d3 52" + d3,625) — cos(z) - 2% - (d3,0 + d3122 + d3 02t + d3 32°) < 0,Vx € (0,7/2). It
can be verified that

(14 d3 422 + d3 52 + d3,62°) > 0, (dso + d312% + d302* + d3 32°) > 0,

Gs(x) = (sm( )2 cos(z) + asin(z)) - (1 + dz 422 + d3 sz* + d3 62°)

—cos(x) - 2% - (d3 0 + d312° + d3 22" + d3 32°)

< (ca(z) - s2(x) + 2 - s9(x)) - (1 + d3 42% + d3 52* + d3 625) (20)
—s3(x) - 2% - (d3 + d3,12% + d3 22" + d3 32°)

19
= (7 —2x2)%2'2. (Z’Ylg,iBw,z'(ff))a

where Big i(x) = Clg(x — 0)19 Z(7r/2 —2)/(7/2)' > 0,Vz € (0,7/2), 7190 & —2.5e — 6 < 0,
Y191 = —2.8¢ — 6 < 0, 7192 —3.0e =6 <0, 7193 = —3.3e —6 <0, 1194 =~ —3.6e — 6 <0,
V19,5 = —3.8¢ — 6 < 0, 7196 ® —4.1e — 6 < 0, v19,7 & —4.4e — 6 < 0, y198 = —4.6e — 6 < 0,
Y0 A —4.9¢ — 6 < 0, Y19.10 ~ —5.1e — 6 < 0, 719,11 ~ —5.3¢ — 6 < 0, Y1912 ~ —5.5¢ — 6 < 0,
V19,13 & —9.7e — 6 < 0, 719,14 & —5.9¢ — 6 < 0, 719,15 & —6.0e — 6 < 0, 719,16 = —6.1le — 6 < 0,
V19,17 ~ —6.2e — 6 < 0, 119,18 ® —6.3¢ — 6 < 0 and 19,19 =~ —6.3e — 6 < 0, which leads to
Gs(x) <0, Vz € (0,7/2), and the proof is completed.

Secondly, we prove that I3(z) < f3(z),Vx € (0,7/2). It is equivalent to prove that Gg(z) =
(fs(x) — I3(z)) - cos(x) - 2% - (1 + e3.42? + ez 52* + e3,62°) = (sin(z)? cos(z) + zsin(z)) - (1 +
e347% 4 e3 521 + e3,62%) — cos(x) - 2 - (e3,0 + €317% + e322% + €3 32%) > 0,Vz € (0,7/2).

It can be verified that
(14 e3.42” + e3 521 + e362°%) > 0, (e30 + e312% + ez 22" + e332°) > 0,
Go(z) = (sin(z)? cos(x) + xsin(z)) - (1 + ez a2? + ez szt + e3,625)
—cos(z) - 2% - (e30 + €312 + e3 22" + €3 329)
> (61 (IE) : 52(13) +x- 81(1')) . (1 + 63742172 + 63,5$4 + 6376176) (21)
—s4(z) -2 - (e30 + ez 12? + ez 02t + e3,325)

20
= (m —2z)x'3 - (3 720,:B20,i()),
i=0

Q
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where Bag (z) = Chy(z — 0)2°7(n/2 — 2)"/(7/2)?° > 0,Vx € (0,7/2), Y200 ~ 2.8¢ — 7 > 0,
Y201 R 5.2 =7 > 0, y202 = 7.8 =7 > 0, 7203 ~ 1.le =6 > 0, 7204 ~ l.de — 6 > 0,
Y205 ~ 1.7¢ —6 > 0, v206 =~ 2.0e —6 > 0, 7207 = 2.3e — 6 > 0, 7208 ~ 2.7¢ — 6 > 0,
Y20,9 ~ 3.1le — 6 > 0, ¥20,10 =~ 3.4 — 6 > 0, 720,11 =~ 3.8¢ — 6 > 0, 720,12 4.1e — 6 > 0,
Y20,13 ~ 4.4e —6 > 0, 20,14 ~ 4.8¢ —6 > 0, 720,15 = 5.1le — 6 > 0, 720,16 = 5.3¢ — 6 > 0,
Y20,17 = 5.6 — 6 > 0, 720,18 = 5.8¢ — 6 > 0, 20,19 = 6.0e — 6 > 0 and 720,20 ~ 6.2e — 6 > 0,
which leads to Gg(x) > 0, Vo € (0,7/2). The proof is completed.

%

5 Proof of Eq. (13)

Firstly, we prove that r4(x) > f4(x),Vz € (0,7/2). It is equivalent to prove that G7(x) =
(fa(x) —ra(x))-cos(z) -z (1+es 322 +eq42t) = (2sin(z) - cos(z) +sin(z)) - (14 eq 322 +eg 42) —
cos(x) - - (eq0 + €417 + ey 20t) < 0,Vx € (0,7/2). It can be verified that Yz € (0,7/2),
(14 eq32% + eqa2?) >0, (eq0 + es12% + eg0zt) >0,

Gr(z) = (2sin(z) - cos(x) + sin(x)) - (1 + e4 322 + e4 42%)
—cos(z) -z - (€10 + €112 + eq02*) (22)
< (2c2(z) + s2(x)) - (1 + €432 + egq2t) — s3(x) - - (ea,0 + €412% + €4 22%)

=2%(m/2 — x)(i%,iBg,i(ﬂﬂ))v

where By ;(z) = Ci(z — 0)°7%(r/2 — x)*/(7/2)° > 0,Vz € (0,7/2), Y90 ~ —5.9e — 5 < 0,
o1 ~ —6.5¢ —5 < 0, Agn A~ —T.le —5 < 0, G953 ~ —T.6e —5 < 0, 94 ~ —8.1e — 5 < 0,
o5 = —8.4e —5 < 0, g6 = —8.6e —5 <0, Y97 = —8.7e =5 < 0, Y98 = —8.7e — 5 < 0 and
9,9 = —8.6e —5 < 0, which leads to G7(x) < 0, and the proof is completed. Secondly, we prove
that l4(z) < fa(z), Vo € (0,7/2). It is equivalent to prove that Gs(z) = (fa(x) —la(x)) - cos(z) -
T (14 dy 322 + dygaat) = (2sin(z) - cos(z) + sin(z)) - (1 + da 322 + dga2*) — cos(x) - @ - (dgo +
dya2? + dy2x?) > 0,Vx € (0,7/2). It can be verified that Vz € (0,7/2),

(14 dysz®+ d474x4) >0, (dio+dspz®+ d472z4) >0,

Gs(z) = (2sin(z) - cos(z) +sin(x)) - (1 + dy 32% + dg47?)

—cos(x) - x - (dyo + dg 172 + dyo2?)

< (2c2(z) + s2(x)) - (1 + da 3% + dggzt) — s3(x) - - (dao + da12% + dypz?)

=27 (n)2 — x)2(é%0,i310,i($))7

where Bio;(z) = Clo(z — 0)197(n/2 — 2)"/(7/2)'0 > 0,Vx € (0,7/2), 100 ~ 4.8¢ — 5 > 0,
Ar00 A 586 —5 > 0, F102 ~ 6.8¢ — 5 > 0, 4105 ~ 7.9¢ — 5 > 0, 4104 ~ 9.0e — 5 > 0,
A0 ~ 1.0e —4 > 0, 4106 ~ Lle —4 > 0, 4107 ~ 1.2 —4 > 0, 4105 ~ L3e — 4 > 0,
Y109 ~ lde —4 > 0 and 19,10 ~ 1.4e — 4 > 0, which leads to Gg(x) > 0. The proof is
completed.

(23)

6 Proof of Eq. (14)

Firstly, we prove that r5(z) > f5(z),Va € (0,7/2). It is equivalent to prove that Go(z) =
(fs(z) —r5(x))-cos(z)-z- (1 +e5322 +e542t) = (2sin(z) - cos(x) +sin(z)) - (1 +e5 302 +e5 42t) —
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cos(x) -z - (e50 + e5122 + e5 201) < 0,Vx € (0,7/2). It can be verified that Yz € (0,7/2),
(1+e532% + esa2) > 0, (e5,0+ €512 + e522%) >0,

Go(z) = (2sin(z) - cos(x) + sin(x)) - (1 + e5 322 + e5 42%)

—cos(x) -z - (e5,0 + €5.12° + e5227) (24)
< (2ca(x) + s2(x)) - (1 + e5322 + e5.42%) — s3(x) - 7 - (e5,0 + €517 + e5.27%)

=2(m/2 — w)(li%,iBg,i(m))v

where By ;(z) = Ci(z — 0)°7(r/2 — x)*/(7/2)° > 0,Vz € (0,7/2), Y90 ~ —3.2¢ — 5 < 0,

Jo1 A~ —3.5e—5 < 0, Joo ~ —38¢—5 < 0, o3 ~ —4le—5 < 0, G4 ~ —dde — 5 < 0,

o5 = —4.5e =5 < 0, Y96 = —4.Te =5 < 0, Yor = —4.7e =5 < 0, Y9z =~ —4.Te — 5 < 0 and

J9,9 &~ —4.6e — 5 < 0, which leads to Gg(x) < 0, and the proof is completed. Secondly, we

prove that I5(z) < f5(z),Vx € (0,7/2). It is equivalent to prove that Gio(z) = (f5(z) — I5(z)) -

cos(x) - x - (1 +ds 322 + ds 47*) = (2sin(z) - cos(x) + sin(z)) - (1 + ds 322 + d5 42%) — cos(z) - = -

(ds,0 + ds.122 + d5 22%) > 0,Vx € (0,7/2). It can be verified that Vz € (0,7/2),

(1 + d5}31‘2 + d5,4{L‘4) > 0, (d5’0 + d5’1l‘2 + d572(E4) > 0,

Gio(z) = (2sin(x) - cos(z) + sin(z)) - (1 + ds 322 + d5 42*)

— COS(Z‘) - T (d5,0 + d5711‘2 + d5,2$4)

< (2ca(x) + s2(x)) - (1 + d5 322 + ds az?) — s3(z) - - (d5,0 + ds 12% + d5 22%)
10

=a7(n/2 — x)z(%%o,iBm,i(ﬂ?)),

where Bio;(z) = Cio(z — 0)197(n/2 — 2)" /(7 /2)!° > 0,Vx € (0,7/2), 100 ~ 2.6e — 5 > 0,

Y101 =~ 3.1le =5 > 0, J102 = 3.7e =5 > 0, Y103 ~ 43¢ =5 > 0, Y104 = 4.9¢ -5 > 0,

5’10,5 5.59e — 5 > 0, '710,6 ~ 6.le —5 > 0, ’710,7 ~ 6.6e — 5 > 0, :}/10,8 ~ 7le—5 >0,

10,9 ~ T4e —5 > 0 and F19,10 = 7.7e — 5 > 0, which leads to Gig(xz) > 0. The proof is

completed.

(25)

Q
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