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Lipschitz estimates for commutator of fractional integral

operators on non-homogeneous metric measure spaces

WANG Ding-huai* ZHOU Jiang MA Bo-lin

Abstract. In this paper, the authors establish the (L? (), L?(u))-type estimate for fractional
commutator generated by fractional integral operators Ty, with Lipschitz functions (b € Lipg(u)),
where 1 < p < 1/(a+ ) and 1/q = 1/p— (a+ ), and obtain their weak (L* (), LY== (1))-
type. Moreover, the authors also consider the boundedness in the case that 1/(a+8) < p < 1/a,
1/a < p < 0o and the endpoint cases, namely, p = 1/(a + 8).

81 Introduction and Notation

It is well known that the doubling condition is a key assumption in the analysis on spaces
of homogeneous type. However, some theories have been proved still valid with non-doubling
measure (see[6-8]). In 2010, Hytonen [4] introdeced a new class of metric measure spaces
satisfying both the so-called geometrically doubling and the upper doubling conditions (see the
definition below), which are called non-homogeneous spaces. Recently, many classical results
have been proved still valid if the underlying spaces are replaced by the non-homogeneous
spaces, for example, the theory of Carlderén-Zygmund operators(see [1,3,6]).

In 2014, J. Zhou and D. Wang [10] established the definition of fractional operator and the
definition of Lipschitz space on non-homogeneous metric measure spaces and they also establish
some equivalent characterizations for the Lipschitz spaces. Motivated by [10], we consider the
endpoint estimates for commutator generated by fractional integral operators with Lipschitz
functions.

In this paper, we will prove the (LP(u), L9(x)) boundedness of commutator generated by
fractional integral operator T, (see the definition below) with Lipschitz functions b € Lipg(u),
where 1 < p < 1/(a+ 8) and 1/qg = 1/p — (a + ), and their weak (L!(u), LY/0=2=8)(4)). We
also consider the boundedness in the case that 1/(a+ 8) < p < 1/a, 1/a < p < oo and the
endpoint case of p = 1/(a + ).
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To state the main results of this paper, we first recall some necessary notions and remarks.
Firstly, we make some conventions on notation. Throughout the whole paper, C stands for a
positive constant, which is independent of the main parameters, but it may vary from line to

line.

Definition 1.1. [ A metric space (X, d, 1) is said to be geometrically doubling if there exists
some Ny € N such that, for any ball B(z,r) C X, there exist a finite ball covering{ B(x;,r/2)};
of B(x,r) such that the cardinality of this covering is at most Ny.

Definition 1.2. ¥ A metric measure space (X,d, ) is said to be upper doubling if p is a
Borel measure on X' and there exist a dominating function A : X x (0,00) — (0,00) and a
positive constant ¢y such that, for each x € X, r — A(x, ) is non-decreasing and

w(B(z,r)) < Mz, r) < exA(z,r/2) for all z € X, r > 0. (1.1)
A metric measure space (X,d,u) is called a non-homogeneous metric measure space if
(X,d, n) is geometrically doubling and (X, d, 1) is upper doubling.
Remark 1.1. Let (X,d, ) be upper doubling with A being the dominating function on X x (0, c0)
as in Definition 1.3. It was proved in [2] that there exists another dominating function X such
that X < X and, for all z,y € X with d(z,y) <r,
Az, ) < C5My, 7). (1.2)
Thus, in this paper, we always suppose that \ satisfies (1.2).

Definition 1.3. ¥ Let a,8, € (1,00). A ball B C X is called (a, )-doubling if u(aB) <
Bap(B).

As stated in Lemma of [4], there exist a plenty of doubling balls with small radii and with
large radii. In the rest of the paper, unless o and S, are specified otherwise, by an («a, 84 )-
doubling ball we mean a (6, 8s)-doubling with a fixed number Ss > max{C§l0926,6"}, where
n = loga Ny be viewed as a geometric dimension of the spaces.

Definition 1.4. B Let € € (0,00). A dominating function A satisfies the e-weak reverse
doubling condition if, for all r € (0, 2diam(X)) and a € (1,2diam(X)/r), there exists a number
C(a) € [1,00) depending only on a and X, such that, for all z € X,

Az, ar) > C(a)\(z,r) (1.3)
and, moreover,
— 1
; lea < 0. (1.4)

Remark 1.2. (i) It is easy to see that, if ¢; < e and A satisfies the e;-weak reverse doubling
condition, then A also satisfies the e;-weak reverse doubling condition.
(ii) Assume that diam(X) = oo. For any fixed z € X, we know that

lim A(z,r) =0, lim A(z,r) = oco. (1.5)
r—0 r—00
(iii) It is easy to see that the e-weak reverse doubling condition is much weaker than the

assumption introduced by Bui and Duong in [2, Subsection 7.3]: there exists m € (0, 00) such
that, for all z € X and a,r € (0,00), A(z,ar) = a™\(x,r).
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Definition 1.5. [ For any two balls B C S, define
1

K S = 1 +/ du(w )
b 25\8 ¢, d(T,cp)) )
where cg is the center of the ball B.

Definition 1.6. [ Let p € (1,00). A function f € L}, (1) is said to be in the space RBMO (1)
if there exist a positive constant C, and for any ball B C X, a number fp such that

1 /
f(z) = fBldu(z) < C, 1.6
OB [ @)~ fsldn() (1.6)
for any two balls B and B; such that B C By,
\fB — fB.| < CKpp, . (1.7)

The infimum of the positive constants C satisfying above two inequalities is defined to be
the RBMO(j) norm of f and denoted by ||f||rBaro(u)-
From Lemma 4.6 of [4], it follows that the space RBMO(y) is independent of p € (1, 00).

In what follows, the definition of fractional integral operators and Lipschitz space are a little
different from those in [10], but it can easily be seen that the related results still valid.
Definition 1.7. 19 Let 0 < a < 1and 0 < § < 1. A function K,, € L}, (X xX\{(z,y) : © = y})
is said to be a fractional kernel of order a and regularity ¢ if it satisfies the following two
conditions:

(i) for all z,y € X with x # y,

1

Rolel = OR e )
(ii) for all z, %,y € X with A(x,d(z,y)) > 2X(z, d(z, T)),
Kal,) — Kl )] 4 | Kaly, ) — Kaly, )] < O 2@ @I (1.9)

Az, d(z,y))] ot
A linear operator T, is called fractional integral operator with K, satisfying (1.8) and (1.9),
for all f € Lg°(p) and x ¢ suppf,

T, f(z) = /X Koz, ) f (4)du(y). (1.10)

Definition 1.8. % Given 3 € (0, 1], we say that the function f : X — C satisfies a Lipschitz
condition of order 3 provided

[f(x) = f()| < CIN(z,d(z,y)))” for every z,y € X (1.11)
and the smallest constant in inequality (1.11) will be denoted by || f||Lip, (). If we identify two
functions whose difference is a constant, it follows that the linear space with the norm |- || £ip, ()
is a Banach space.

Remark 1.3. The Lipschitz condition can also be defined by

[f(z) = f(y)] < CIN(y, d(z,9)))" for every z,y € X, (1.12)
by (1.2), it is easy to see that (1.11) and (1.12) are equivalent.
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Noting that b € Lipg(u), we discuss the behavior of commutators T, ;, generated by fraction-
al integral operator T, with Lipschitz function b in Lebesgue spaces. For p-a.e. x € supp(u),

Tap(£)(@)] < ClIBl| Lip(s) Lats (| F]) (), (1.13)
where Ig is defined by

B fy)
To(H) = /X N d(a, )P Y

From now on, we shall assume that u(X’) = co.

P
condition with e € (0, min{z, (% — B)p'}), then

(o € X 1s@1 > ) <
that is, Ig is a bounded operator from L?(u) into the space L9 (u).

Theorem 1.4. Let 1 < p < % and % = 1 _ 3 If X satisfies the e-weak reverse doubling

C||f||Lp(#)>q

v

The proof of Theorem 1.4 is similar to the Theorem 1.13 of [6], we omit the details.

Theorem 1.5. For a measure p, finite over balls and not having any atoms, condition
w(B(ep,rp)) < CX(cp,rp) is necessary for the Hardy-Littlewood-Sobolev theorem to hold.

Proof. Suppose that Ig(f) is bounded from L”(u) to L(p), where 1 < p < % and % = %—ﬁ. Let
B = B(cp,rp), if u(B) =0, then u(B(cp,rp)) < CA(cp,rp) is trivially true. Let u(B) # 0.
For each = € B, since A satisfies (1.2), we have A(z,75) < Ci\A(cp,7R), then
1 1 C
Lyxs(x) = ) 2 [ i) 2 ().
25l0) = | e g [, B ) 2 G P)

Assume that Iz f is bounded from L?(u) to L9(p), then

¢ ([ IBXB@)W)W

Ne, ro)) 2"
ClixsllLr(w) = Cu(B)?,

(B)+s

IN

IN

so, we get
p(Bes,rp) a7 < Cep. )],
that is, u(B(cp, 7)) < CA(cp,rp). A similar proofs if we assume Igf is bounded from L (1)

to LT (), where 1 < p < % and % = % - B. O

From (1.13) and Theorem 1.4, it is easy to verify the following results.

Theorem 1.6. Let b € Lipg(p). Suppose that 0 < a + 5 < 1 and X satisfy the e-weak reverse
doubling condition with € € (0, min{« + 3, (% —a—P)p'}), then
(i) for all bounded functions f with compact support,
1 Teo(F)llag) < CllblLips 1l (s
where 1 <p <1/(a+p)and 1/¢g=1/p—a—p.
(ii) for all bounded functions f with compact support and all A > 0,

[Fir e A
,u({x R [Tou(f)] > u}> < C|Ibl| iy ) ((” .

v
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Using the above Theorem, we consider the case of p=1/(a+ ), 1/(a+ 8) < p < 1/a and
1/a < p < o, respectively. Now our main results can be stated as follows:

Theorem 1.7. Let b € Lipg(p), 1/(B+a) <p < 1l/awith0 < a+f < land 1/p—a—p+3d > 0.
If X satisfy the e-weak reverse doubling condition with ¢ € (0, min{(1 —a — 8+ 4d)p’ — 1,
(1 —a)p’ —1}), then for all bounded functions f with compact support,

1T (P 2ipas 1) < ClOl Lipg () 1F 1l 2o 1)

Theorem 1.8. Let b € Lipg(p), 0 < a+ f < 1. If A satisfy the e-weak reverse doubling
condition with € € (0, min{dé/(1 —a—p),8/(1 —a—p)}), then for all bounded functions f with

compact support,

1Teo(F)lrBrrOG) < ClOLips () 1 | Lrrce+e ()

Theorem 1.9. Let b € Lipg(p), 1/ < p < co. If X satisfies the e-weak reverse doubling
condition with € € (0, min{(1 —a—8+0)p' —1,8/(1 —a— B3)}), then the following statements
are equivalent.

(1) For all bounded functions f with compact support,

[T (N Lipas s 1) < ClUF e 0]l ips () (1.14)
(2) For any ball B and u € B,

/ o) = ma)d(e)| [ K1)y

S CN e wllblzips ) A(ep,rp)|ethA=1/p, (1.15)

and for any ball U such that B C U with ry < 2rp, and any v € U,
[my (b) — mp(b ‘/ VFW)du(m)| < CllFlle o llbll Lips oy [Mes, mB)] TP 712, (1.16)

§2 Preliminary lemma

To prove our theorems we need the following lemma, which is a little different from those
n [10], but it can easily seen that the lemma is still valid.

Lemma 2.1. For a function f € L} (u), the conditions (A), (B), and (C) below, are
equivalent.
(A) There exist some constant C; and a collection of numbers of fp, one for each B, such

that these two properties hold: for any B = B(cg,rp)

1
1(6B) /B 1#(@) = foldule) < Ci)es, )", (2.1)
and for any ball U such that B C U and ry < 2rp,
\f5 — ful < Ci)(es,7B)"; (2.2)

(B) There is a constant C5 such that
() = f(y)] < CoA(w,d(z,y))", (2:3)
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for u-almost every x and y in the support of y;

(C) For any given p, 1 < p < oo, there is a constant C(p), such that for every ball
B = B(cp,rp), we have

(M(IB)/B |f () —mB(f)lde(l"))p < C(p)Mep,r)’, (2.4)
where mp(f) = ﬁ J f(y)dp(y) and also for any ball U such that B C U and ry < 2rp,
mp(f) —mu(f)] < CP)A(es, )", (2.5)

In addition, the quantities: inf C1, inf Cs, and inf C(p) with a fixed p are equivalent.

83 Proofs of Theorem 1.7 and Theorem 1.8

Proof of Theorem 1.7. For any ball B = B(cp,rp) and U = U(ey, ry) such that B C U
satisfying ry < 2rg. Let

ap =mp[Tap(fXa\08)];
and

av = mu[Tas(fXx\ev)l-
By Lemma 2.1, we need to show that there exists a constant C' > 0 such that

@ [ 1Tusl()(a) = apldu@) < ClblinyillF s oNep o)™ (3.)
and
(a5 — au] < Clbllins o | Fll oo Mes, 75)> 2177, (3.2)
Decompose f = f1 + fa2, where f1 = fXgB and fo = f — f1. Then

@ /B T (F)(2) — apldp(z)

1 1
= Il + 12.

Taking 1 < p1 < 1/(8+ «) < p, and ¢ satisfying the condition of 1/¢1 = 1/p1 — 8 — «.
From Theorem 1.5 and Holder inequality, we have

1 q1 Ha 1-1/q1
L o< M(GB)[ [ Lt du(m)} u(B)

1 1/p1
< Clolzivseo 6 [ / i If(w)lpldﬂ(x)] p(B) -V

IN

1 VP
) _ - P ° np\1/pi—-1/p 1-1/q1
Cltlins0 7557 [/B F@lPduta)| - u(EB) ()

atp—1/p

IN

6
Clloll ips (| fll Loy AMeBs 57"3)

IN

ClIbll Lipy () |.f | 2o () Aer, 7)*TAP.
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To estimate Iy, using the Holder’s inequality, we obtain

(T s (f2)(2) — Tao(f2) ()
\ I, [ b)) Kl 2) — () — (=) Ky, 4 §(2)d
X\¢B

< / b(x) — b(2)|[Ka(z,2) — Ka(y, 2)[|f(2)]dz
X\¢B
+/ |(b(z) — b(y)[| Kaly, 2)||f(2)|d=
X\$B

1D 12,

For Iél), by z,y € B, we obtain d(z,y) < rp and d(z,cp) <rp,and 1/p—a— 3+ > 0. Then

1)

<

IN

IN

IN

<

<

<

C”bHLipg /X\5B[/\(x7 d($7 Z))]B [)\(;\7(;'(.:7(:))?3) ato |f( )‘dz

5

C”b|Lip5(u)[>\($;d(xay))]6/X\GB [)\(l‘ d($ Zl))]l_a_[g_i_(;‘f(zﬂdz

o) 1 1/19/
bl 1 A J v d
” HLZPB(M)[ (1‘,7‘3)] ”fHL 00(;/%?3\%123 [)\(x,d(x,Z))}(l_a_BM)p' M(Z))

e’} 1/1’/
5 w(B(z,2%Srp))
C”bHLipa(u)”f”LP(M)P‘(x rB)] <; [)\( ok— 16 B)](l—a—ﬁ-s-é)p’

%) /

1
C”bHLlpg(,u)Hf”LP(u) €, TB (Z 2k 1 (1—a—5+6)17)
k=1

1 1/p N o
Wl o) (3 s ) D=4

k=1
ClIbll Lipy () I1f | Lo oy A, )] > TE1/P

C”bHLipg(u)”f”LP(u) [)‘(CBvrB)]a-hﬁ_l/p'

For Ié ), by 1/p > a, we obtain

Then

1$?

< Ol [ e do ) (i e Sl

5

oo

1 1/P
ClWlsinsion o 7 (3 rmimamr ) Wm0

k=1
ClI6| Lipy () I1f | 2oy A (, 7)) > AP
ClIbl Lipy () .f | 2o oy A (e, )] 2P,

IN

IN

IN

L, =

(z) = aqldp(z)

1(6B)
ﬁB) /B ﬁ /B oo (f2) () = Lo (f2) () dp(y) dpz)

OllolzipallF Lo [Men, rp)] "7 HP.

IN

IN
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The estimates for I; and I yield the estimate (3.1).
Now we turn to estimate ( .Forx e B,ye U and B C U, we write

a5 —ay| = \/X\be—b Kl 2) F(2)dp(2)
/ b() — b(=)] Ko 2) f (2)du(2)
SU\EB

- / [b(y) = b(2)|Kaly, 2) f(2)du(z)
xX\¢U

Jo

[ @) = b Kl L)
SR\EB
= IIl + II2
Arguing similarly to that in the estimate of I, we obtain that
Iy < Cb)| ipy () | Il 1o oy [N (e, 7)) P17

Now we give the estimate for IIs. Noting that Q C U and ry < 2rg, we obtain

IN

[b(z) = b(2)]Ka(z, 2) = [b(y) = b(2)]Ka(y, 2)||f(2)|dp(2)

M, d(z, 2)))?
e <l [ ol S
1 1/?’
< C||b|Lips(u)|f||LP(M)(/GR\GQ [/\(l-7d(x7z))](l—a—5)17/ d,u(z))
<

DN Lips 0 I F | oy (e, )] 072

Combining the estimates for II; and IIy yield the estimate (3.2). This completes the proof of
Theorem1.7.

The aim of the following is to prove Theorem 1.8, it should be pointed out that the proof
of Theorem 1.7 and Theorem 1.8 have little different.

Proof of Theorem 1.8. By Lemma 2.1 and Theorem 1.7, it suffices to show

lag — av| < CKBullbllLips ()l fllL1/+8) ()5 (3.3)
where B C U,

ap =mp[Tap(fXa\68)];
and

ay = mU[Ta,b(fXX\gU)]-
Now we verify (3.3). Let N be the first integer k such that U C 6* B. We denote B = 6V +1B.
lap —au| = |mp[Tas(fxar\e8)] = muTap(fXa\80)]]
< mp[Tap(fxx )] — mulTos(fxas)ll
Fms[Tap(fXp\ e )]l + Imu[Tap(fXB\ )]l
111, + Iy + ITI3.

Arguing similarly to that in the estimate of I, we obtain that

L < ClbllLips gy 1 2o () -
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Now we deal with the term I1I,. For any = € B,

Tl < [ SR
1

1/p’
b ; P d/l
1oz 12 (“)</ p\ep A, d(z,y))| oA (y>>

< CKop pllbllLips ol fllLriars (uy-
Therefore, 111, < CKB,UHbHLim(u)”f”Ll/(“*ﬂ)(#)'

IN

Similarly, since rz ~ ry, we have
Top(Fxp\ev)(@)] < Clbl Lips )| flI L1/ 0t8)-
\3
To sum up, we have

lag —av| < CKpullbllLips (wll fll 178 ()5 (3.3)
this complete the proof of Theorem 1.8.

84 Proof of Theorem 1.9

Now we consider the endpoint case that 1/a < p < co. The basic idea is form [6].

Proof of Theorem 1.9. The proof of the above Theorem is divided into the following two
steps.

(i) Let us first prove
ﬁ /B I Ta () (@) = mp(Tap(M)ldu(x) < C|lfll oA en,rp)] 7 (4.1)
is equivalent to (1.15), for any bounded function f with compact support and any ball B.
Decompose f = f1 + f2, where fi = fxop and fo = f — f1. Then for z € B,
Tap(F)(x) =mp(Tap(f))

(
= Tos(f)(@) — mp(Tap(f)) + Tap(fa) (@) — —

(

1

/ T (f2) (2)dpi(2)

u(B)
= Ty (@) — mp(Tas(1) + (&) — mp G Ta(f2) (@) — Tallb — mp(®)]f2)(2)
5 L)~ ma TR ) + s [ Tl = ma] A )dn(:)
w(B) Jg B

Ta,b(f)(x) - mB(Ta,b(f))
= Tan(fi)(@) — mp(Tap(f2)) + blz) — ms ()] [Ta<f2><x> - Ta<f2><u>}

() — ms ()] Ta(f2) (1) — ﬁ /B [b(z) — mg (b) [Taug)(z) - Ta<f2><u>} dy(z)

1
s | [Taub s f2)(2) — Ta(lb - mB<b>]f2><x>] (=),
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Now, if we let

m(x) = Tap(f1)(2)
n2(z,u) = [b(x) —mp(b)]| Ta(f2) (@) — Ta(f2)(u)
13(z,u) = To([b — mp(b)]f2)(u) = Ta([b — mp ()] f2)(2).

and

na(z;u) = [b(x) = mp ()| Ta(f2)(u),

we have

To () (@) =mp(Tap(f)) = m(z) —mp(m) +n2(x, u) + na(z, u) —mpp(, )] +mpns(,w)].
We claim that the following estimates hold:

/ I (z) = mp(m)ldp(@) < ClIbl|Lips |1 £ 1| vy M, 7)), (4.2)
M(lB)/B 2 (z, w)ldp(z) < Clbllzips |1fll oo [Mes, m5))7, (4.3)
M(B)/B 03 (2, w)|dp(a) < Clb)|ipy | Fl oy Mer, 78))°. (4.4)

By Theorem 1.7 with 1/(04 +8) < p1 < 1/a, then f; € LP2 it follows that
/ m (@) = mpm)ldp(@) < Clbllips | fallze oo Nes, rp)) 071

< ClIbllLips 1f | oy A (e, 7)) PP,
For (4.3), using the Holder inequality, we have

1
5 /B e, ) dpu(z)

L/ |b(z) —mp(0)] [Ka(z,2) = Ka(u, 2) || f(2)]dpu(2)dp(x)

X\2B
Clf v o5 / bz

Az, d(x,u))]* 1/p
{;/B\B e i) | dute)

< Cfler bl Lips oy [Mer, rp)] > TP,
Finally we give the proof of (4.4).

To([b —mp(b)]f2)(w) = Ta([b — mp(b)] f2)(x)

IN

IN

IN

/ |Ka(u, 2) = Ka(, 2)||b(2) — mp(0)||f(2)du(2)
X\2B

T .U sp’ , 1/p’
CIIfLw){Z Lo TSz ) — ma O (2}

a+pB—1/p

IN

A

< Ol bl ips o [Mess 8)]
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From this, it follows that

1 g
[ wldies < OIS Wl e, o)+
n(B) Jp
Assume (4.1) holds and the estimates (4.2), (4.3) and (4.4), we obtain

/ImeIdu)

N m/BTab<f><z> mp(Tapf] = (m(x) —mz(m))

() + mis(a(- ) — m(na(- ))‘du()

IN

1
+W/B|772(x,u)|du(x)+w/B|ng(x,u)|du(x)

< C’”fHL"(M) Hb”Lipﬁ(p,) [A(es, rB)]aJrﬁ*l/p’

that is, for any B and u € B, (1.15) holds. Conversely, (1.15) implies that (4.1) holds.

(ii)Now let us verify that
[T f] = mpTapf)| < CUflzn(o bl ips oM en, rp)] 17
is equivalent to (1.16). We write f; = fx2u and fo = f — f1, then
mp(Tap(f)) — mu(Tap(f))

= mlTas] = o Tas (]| + [ mplTs(2)] - mo T 1)
= IV; 4+1V,.

From Theorem 1.7 with 1/(a+ 8) < p1 < 1/« it follows that
V1] < Cll frllpm e, rp))* PP < O fllo[Mep, rp)] 1P,

To estimates IVs, for any x € B and v € U, we write

Top(f)(@) = mu(Tap(f)) = ma(x,v) +ni(z,v) — muhy(,v)] + mo[ns(,
where
3(2,v) = [b(x) — mu (0)] | Ta(f2)(2) — Tal(f2)(v)
15(2,v) = To([b — mu ()] f2)(v) = Ta([b — mu ()] f2)(2).
and

13w, v) = [b(x) — mu (0)]Ta(f2)(v),

Some computations similar above, implies that

mp (@, v)] < ClflwoolbllLin, o Mes, ra)] o717,
mu (@, 0)] < ClfllurulbllLipaoMew, o)) 4P
< CHf”LP(u)||b||szB(M)[>\(cB,27"3)]0‘+5*1/P
< Clifllize bl Lips () [Me, B )]0“*‘5—1@7
mu (@, 0)] < CllFllo o bl iy A\ (em, 7)) 2.

ﬁ /B T () (&) — mp[Top fldula / i () — ms ()| dp(z)

),
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An argument similar to the proof of the equivalence between (4.1) and (1.15), we obtain (4.5)

is equivalent to (1.16). By Lemma 2.1, we complete the proof of theorem.

(1]

2]

3]
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