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On the convergence for PNQD sequences with general

moment conditions

XIAO Juan!  QIU De-hua*

Abstract. Let {X, X,,n > 1} be a sequence of identically distributed pairwise negative quad-
rant dependent (PNQD) random variables and {a.,n > 1} be a sequence of positive constants
with an, = f(n) and f(6%)/F(0*~') > B for all large positive integers k, where 1 < 6 < 8 and
f(z) > 0(xz > 1) is a non-decreasing function on [b, +00) for some b > 1. In this paper, we ob-
tain the strong law of large numbers and complete convergence for the sequence {X, X,,n > 1},
which are equivalent to the general moment condition Y>> | P(|X| > an) < co. Our results
extend and improve the related known works in Baum and Katz [1], Chen at al. [3], and Sung
[14].

81 Introduction

Two random variables X and Y are said to be negative quadrant dependent (NQD) if
P(X <2,Y <y) < P(X <z)P(Y <y), Va,y € (—00,00).
A sequence of random variables {X,,,n > 1} is said to be pairwise negative quadrant de-
pendent (PNQD) if every two random variables in the sequence is NQD. This definition was
introduced by Lehmann [8]. Obviously, PNQD sequence includes many dependent random vari-
ables sequences, such as extended negatively dependent (END) random sequence and pairwise
independent random sequence are the most special case.

It is more important for PNQD random variables since they have wide applications in
mathematics and mechanic models, percolation theory, and reliability theory. For these reasons
many authors have more and more interest in the study of PNQD and have established a series
of useful results. Please refer to [2], [9-10], [12], [15-20], and so on.

Complete convergence is one of the most important problems in probability theory. The

concept was introduced by Hsu and Robbins [6]. From then on, many authors have devoted
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their study to complete convergence, One can refer to [1], [3-5], [7], [13-14], [16-18], [20], and so
forth.

It is also interesting to find the more generalized moment conditions such that the complete
convergence holds. In fact, Gut and Stadtmiiller [5] and Lanzinger [7] extended the Baum-Katz
theorem under higher order moment conditions, Sung [14] obtained the complete convergence
for pairwise independent random variables under some generalized moment conditions, Chen
et al. [4] obtained an extension of the Baum-Katz theorem to i.i.d. random variables with
general moment conditions, and so on. It is worth pointing out that Chen et al. [3] obtained
the following result:

Theorem A. Let {X, X,,,n > 1} be a sequence of identically distributed PNQD random
variables with partial sums S, = > ;_; Xj, n > 1, and {a,,n > 1} a sequence of real numbers

with 0 < a,,/n 1. Then the following statements are equivalent:

ZP(|X| > an) < 09, (1.1)
n=1
o0
Zn—lP(lgla}é |Sm —mEXI(|X| < a,)| > ean,) <oo, ¥Ve>0, (1.2)
el <m<n
a,’' Z(Xk — EXpI(| X <ag)) =0 as. (1.3)
k=1

The goal of this paper is to extend and improve Theorem A to identically distributed PNQD
random variables under the generalized condition (1.4).

In the following, let N = {1,2,3,---} and f(x) > 0 (z > 1) be a non-decreasing function on
[b, +c0), where b > 1,a, = f(n),n € N.

Now we state the main results. Some lemmas and the proofs of the main results will be
detailed in the next section.

Theorem 1.1. Let 1 < 0§ < 8 and {X, X,,,n € N} be a sequence of identically distributed
PNQD random variables with partial sums S,, = >_;_, Xj,n € N. If there exists some positive
integer number Mj such that

F(6%)/F(0571) = B, Vk = [Mo,00) NN, (14)
Then (1.1) ~ (1.3) are equivalent.

Corollary 1.2. Let {X, X,,,n € N} be a sequence of identically distributed PNQD random

variables with partial sums S,, = ZZ:l Xi,n €N, and {a,,n € N} a sequence of real numbers

with 0 < @y, /n 1 co. Then (1.1) and the following statements are equivalent:

a; 'S, — 0 a.s.

n
a;’t Z |Xi| =0 a.s.
i=1

o0

Zn’lP max |Sy,| > ea, | <oo, Ve>0.
1 1<m<n

-
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Remark 1.1. When 0 < a,,/n 1, let f(z) = ap,z € [n,n+1),n > 1, and § = § = 2, then (1.4)
holds. Therefore, Theorem A is obtained by Theorem 1.1.
Remark 1.2. Let f(z) =271,z € [2"71,2"),n € N. Thus, f(z) is a non-decreasing function
on [1,00). Obviously, the condition a,/n 1 does not hold, hence, the results of Theorem A
can’t be obtained. But, Let § = 2,8 = 0, then, (1.4) holds and the results of Theorem A are
obtained by Theorem 1.1.
Remark 1.3. When Corollary 1.2 is compared with Theorem 2.5 of Sung [14], the condition
asp /an = O(1) in Theorem 2.5 is removed.

Throughout this paper, the symbol C' denotes a positive constant which is not necessarily
the same one in each appearance, I(A) denotes the indicator function of the event A, [z] denotes
the integer part of z.

§2 Lemmas and Proofs

In this section, we prove the main results. To do this, the following lemmas are needed.

Lemma 2.1. Let 6 > 1 and X be a random variable. Then (1.1) is equivalent to

oo

> 07P(1X| > ajg) < oo (2.1)

j=1
Proof. Without loss of generality, we assume that f(x) is a non-decreasing function on [1, 00).
First we prove that (1.1)=(2.1). Since § > 1, there exists a positive integer M7 such that
g7l —9n > 4 for all n > M, so that we have

S PIXsa)> Y S PIX] > an)
n=1 J=Mi+1ne[6i—1,67) AN
22_1(9—1)9_1 Z HjP(|X|>a[9j]). (2.2)
j=Mi+1

Hence (2.1) holds.
The proof that (2.1)=-(1.1) is essentially the same as that given in (2.2),

Y P(X[>an) < > OP(X[>ap-) =0 Y 0/P(X]> ag).
n€(0M1,00) N Jj=Mi+1 J=Mi
Therefore, (1.1) holds by (2.1).
Lemma 2.2. Let 1 <0 < 3,0 < < 1, X be a random variable, and (1.1) and (1.4) hold, then

sup £E|X|I(\X| < ap) < o0, (2.3)
n>1 An
and
n
.on < _
nl;rr;o anE|X|I(a[n5] <|X| <ap)=0. (2.4)

Proof. For any j > k > My, by (1.4) and f(x) is a non-decreasing function on [1,00), we have
() s R,

an — FO7) = FOT) 25)
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For j > My + 2, we have by 1 < 6§ < 8 and (2.5) that

0 0 ]
~E|X|I(|X| <api) = — | D EIX|I(apge—1 < |X] < ajgr)) + EIX[T(1X] < agrmoy
g3 3] k=Moy+1

69 g
< . ( Z a[gk}EI(a[gk—l] < |X| < a[gk]) + a[9M0]>
(071 \k=n1o+1

J 0 j—k 0 Jj—Mo
<82 (ﬁ) 6" El(agn-1) < |X| < ajgr)) + 5O (5)
k=M,

< B0 OFP(IX| > ape) + BOM. (2.6)
k=1

For any n € [#MoF2 o0) NN, there exists a corresponding positive integer number j such that
07 <n < @71, Hence, we have
n n
L BIXI1(X] < an) = - {BIX|T(X] < ajg) + BIX (a0 < |X] < an)}
Qi+t
<

—EIXII(IX] < ajs) + 07 P(1X] > ag)).
[69]
Thus, (2.3) holds by (2.6) and Lemma 2.1. For any j large enough such that [j0] > My + 2, by
1 < @ < B and similar to the proof of (2.6), we have that
61 !
TE|X|I(G[0[]‘6]] < |X| < a[gj]) < ﬁ Z QkP(|X| > G;[gk—l]).
o7} k=[jo]+1
Hence, for any positive integer number n such that ¢/ < n < /*! for some j € N and
[16] = My + 2, we have that

n n
;E‘Xl[(a[né] < |X| < an) = ; {E\X|I(a[n5] < X < a[w]) + E|X|I(a[9j] < ‘X| < Cl,n)}

git+1

IN

a] E|X|I(a[9[_7‘5]] < |X| < a[gj]) + 9j+1P(‘X| > CL[@;‘]).
0i

Therefore, (2.4) holds by Lemma 2.1.

Lemma 2.3. Let 1 < 6 < 8 and X be a random variable. If (1.1) and (1.4) hold, then

> a?EIXPI(IX] < ay) < . (2.7)

n=1
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Proof. By 1 < § < 3, (2.3) and similar to the proof of Lemma 2.1, we have

Y. GPEXPI(X|<an) <C Y 07 (ap) PEIXPI(X] < apes)

n€[0Mo,00) N j=Mo+1
ey v i (a”k] >2EI( X < )+(‘”9M°1>2
= — Ajgr—1) < < appk
j=Mo+1  \k=ngo+1 N1677] o o ajgi-1]

s J
<C Z ej{ Z B2=F=2) p(|X| > aggr-1y) +ﬁ2(jM02)}

j=Mo+1 k=Moy+1

<C i BQkP(|X|>a[6“J)§:<;2> e Z ( )

k=Mo+1 j=k Jj=Mo+1
o
<C Z 9’“P(|X| > a[gk—l]) +C.
k=Mo+1

Hence, (2.7) holds by Lemma 2.1.

Lemma 2.4. Let 1 <0 < 8,0 < § < 1/2. If (1.4) holds, then

Za logn [ns])Q < 00.

Proof. By positive series convergence criterion and (2.5), we have

o0

_ 2 _ 2
Z a;,*(logn)? (a[na]) = Z Z a,*(logn)? (a[na])
ne[0Mo/d] 00) N j=[Mo/8]4+1n€[0i—1,07) NN
0o 2
o ajgs;
<O-og0)® Y oL (”))
G=IMo/8]+1 10271
<(O-1)(og0)’s* > B0 < oo,
j=[Mo/d]+1

Therefore, (2.8) holds.

Lemma 2.5. [2]. Let {X,,,n € N} be a sequence of PNQD random variables with Var(X

oo (n € N), and {b,,n € N} a sequence of real numbers with 0 < b,, 1 co. If

sup—ZE|X — EX;| <oo and Z Var(X,) < oo,

n>1 Yn j=1 n—1 n
then

1
nl;ngoaz;(xj — EX;) =0, a.s..
J:

Proof of Theorem 1.1. Firstly, we prove that (1.1)=-(1.2). Set
Xok = —a, I( Xy < —ay) + XeI(| Xk| < apn) + anl(Xg > ap),1 <k <n,neN.

(2.8)

n) <

Then EX,x = —a, P(X < —a,) + EXI(|X]| < a,) +a, P(X > ay). By (1.1) and 0 < a,, T, we

have
a,' -n|—a,P(X < —a,) +a,P(X > a,)| <nP(|X|>a,) =0
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as n — oo. Therefore, to prove (1.2), it is enough to show that

1<m<n

> n'P( max | (Xy — EXpi)| > ea,) < oo, Ve >0. (2.9)
=1 =1
Note that

1<m<n

(max | > (Xj — EXpi)| > cap)

< J 0l > an) [ max |Z e — EXop)| > 2ay).

<m<n
Hence by (1.1), to proflzl(lg), it is enough to prove that for all € > 0,
in_lP mw?x |Z nk — EXnk)| > can) < 00. (2.10)
For any fixed § € (0,1/2), set
X0 = —ap Xy < —ape) + XeI(1X5] < apsp) + aps H(X5 > apo)s
X5 = (Xp = apu)) H(as) < X < an) + (an = apua)) 1(Xy, > ay),
XO = (Xi + ape)) [(—an < Xpp < —apns) — (an — apo) I(Xp < —an).
Then X,p = X+ X2 4+ X and (XD 1<k <n}, (XD 1<k <n}, (XD 1<k <n}

are all PNQD by Lemma 1.1 of Wu [17] for every n > 2. Hence to prove (2.10), it is enough to
prove that for all e > 0 and 1 = 1,2, 3,

oo
I, = Zn_lP( max |Z XT(LZ,C)\ > eay) < 00.
=1

1<m<n

By the Markov inequality and Lemma 1.2 of Wu [17] and Lemma 2.4,

L<CY n7'-a;?E max |Z —ExW)1?

1<m<n

<C Z n~' - a,?(logn)? ZE|X§$€)|2
k=1
< C’Z(log n)?a,?(apsn)? < .
From the definition of X(Qk), Lemma 2.2 and (1.1), we have
_ _1 (2)
az’ max | ZEX ZX
= a; nE{ - a[ns]) (a[na] < X< an) + (an — a[na])I(X > an)}

<a;! -n{E|X|](a[n5] < |X| <ap)+a,P(X]| > an)} -0, n—oo.

Therefore, to prove I < oo, it is enough to prove that for all € > 0

= "0 P( Y (X - BEXS)] > can) < 0.
n= k=1
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By the Markov inequality, Lemma 1.2 of Wu [17], (1.1) and Lemma 2.3,

L<OY nta,’El Z(Xfﬁj ~BXQ)P

SCin_ : (ZE|X(2) )

<C’Za {EIXPI(|X| < an) + a2 P(|X| > an)} < oo.
n=1

By the same argument as Iy < oo, we have I3 < co. Thus, (1.2) holds.

Secondly, we prove that (1.2)= (1.1). Let {X’,X],n € N} be an independent copy of
{X,X,,n € N}, then {X', X],n € N} and {X—-X', X,,— X/ ,n € N} are sequences of identically
distributed PNQD random variables by Theorem 1 of Su and Wang [13], respectively. By (1.2),

Zxk mEXI(|X] < an)

>5an><oo Ve>0.

Hence

(Xr — X3)

B

Zn 1P<max >5an)<oo, Ve>D0.
1<m<n

Notethatforalll<k<n n €N,

k k—1 m
Xk — X7l = D (X - X)) = > (X, - X)) <21313’<‘n > (Xk - X})
j=1 j=1 k=1
Thus
oo
> n'p ( max |Xp — X}| > 6an) <00, Ve>0. (2.11)
— 1<k<n
Since
[67+1] 6+ 1
m~P( 12na<xm | X — Xi| > ean) > Z WP(1<I£2)[§7 | Xk — Xi| > gaggi+1)
=[07]+1 m=[07]+1
> CP( max ‘Xk — Xk| > ca 91+1])
1<k<[09]

Therefore, we have by (2.11) that

jl;r& P(1<I}€12.)[(9J | Xk — Xl > eaggs) = 0.

Hence, by Lemma 1.4 of Wu [17], we have for j large enough that
[67]
07)P(|1X — X'| > cajgsrery) = Y P(I1 Xk — X[| > ajgsn)
k=1

<CP Xp— X ; 2.12
<C (1<rggx9]| k= Xil > eajpiy). (2.12)

By (2.11) and (2.12), we have

Z@jPOX —X" > 6(1[9]‘]) < oo, Ve>0.
j=1
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Therefore, by Lemma 2.1, we have

> P(X - X'| > cay) < oo, Ve>0. (2.13)

n=1
Note that 0 < ay, 1 oo, by the weak symmetrization inequality (see Loeve [17]), we have for n
large enough that

P(|X] > an) = P(|X — med(X) + med(X)| > ay)
< P(|X —med(X)| > an/2) <2P(|X — X'| > a,/2).
Hence, (1.1) holds by (2.13).
Thirdly, we prove that (1.1)=-(1.3). Let Y,, = —a,I(X,, < —an) + X, I(|X,] < a,) +
I(X > ay,) for n € N. Then we have by Lemma 2.2 and (1.1) that

2
sup — ZE|Y —EY;| < sup — ZE|Y | < sup = {E|X|I(|X| < ap) + ap, P(|X| > an)} < .

n>1 0n

We also have by Lemma 2.3 and (1 1) that
Za Var(y, ZaiQE Z a2 EX?I(|X| < a,) +ZP|X|>an)<oo

Therefore, by Lemma 2.57 "~ "~
—ZY EY;) =0 a.s.. (2.14)
By Lemma 1.3 of Wu [17], (1.1) 1mpf1es
—Z|X|I|X|>a3)—>0 a.s.. (2.15)
1
By the Kronecker Lemma (see Lo]eve [17]) and (1.1), we have
—Zaj (1X;] > a;) =0 a.s.. (2.16)

Thus, (1.3) holds by (2.14)~(2.16).

Finally, we prove that (1.3)= (1.1). The proof of (1.3)= (1.1) is similar to that in Theorem
2.3 of Sung [14], and so we omit it.
Proof of Corollary 1.2. By Lemma 2.4 of Sung [14] and Theorem 1.1 and the same method
as in Theorem 2.3 of Sung [14], Corollary 1.2 is obtained.
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