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Growth, Zeros and Fixed points of Differences of

Meromorphic Solutions of Difference Equations

LAN Shuang-ting' CHEN Zong-xuan?

Abstract. In this paper, we study the difference equation
a1(2) f(z +1) + ao(2)f(2) = 0,

where a1(z) and ao(z) are entire functions of finite order. Under some conditions, we obtain
some properties, such as fixed points, zeros etc., of the differences and forward differences of

meromorphic solutions of the above equation.

81 Introduction

In this paper, we use the basic notions of Nevanlinna’s theory (see [10,15]). In addition, we
use the notations o (f), u(f) to denote the order and the lower order of growth of a meromorphic
function f(z) respectively, and A(f) to denote the exponent of convergence of zeros of f(z).
The quantity d(a, f) is called the deficiency of the value a to f(z). We also use the notation
7(f) to denote the exponent of convergence of fixed points of f(z) that is defined as

_ log™ N (r, ﬁ)
7(f(2)) = lim .

r—00 log r

Furthermore, we denote by S(r, f) any quantity satisfying S(r, f) = o (T(r, f)) for all r
outside of a set with finite logarithmic measure. For n € NT, the forward differences A" f(z)

are defined in the standard way [14] by
Af(z) = f(z+1) = f(2), A" f(2) = A"f(2 +1) = A" f(2).

For convenience, we denote A"f(z) = f(z). Furthermore, a meromorphic solution f(z) of a
difference (or differential) equation is called admissible if all coefficients of the equation are

small functions with respect to f(z).
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Recently, many results of complex differences and difference equations are obtained, such
as [1, 2, 4-7, 9, 11-13]. Chiang and Feng [7] studied the growth of meromorphic solutions of
homogeneous linear difference equation, and obtained the following result.

Theorem A Let Ag(2),...,A,(z) be entire functions such that there exists an integer
1,0 <1 < n, such that
o(41) > max {7(4))}. (L1)
A

If f(2)(# 0) is a meromorphic solution to
Ap(2)y(z+n)+ -+ A1(2)y(z + 1) + Ao (2)y(z) = 0, (1.2)
then we have o(f) > o(A4;) + 1.

In Theorem A, the coefficients of (1.2) should satisfy the condition (1.1). If the condition
(1.1) was replaced by o(4;) = Orgjagn{a(Aj)}, what will be the results? Regarding this, Laine
and Yang [13] obtained the following theorem.

Theorem B Let Ay(z), ..., A,(2) be entire functions of finite order such that among those
coefficients having the maximal order ¢ = max{c(Ay),0 < k < n}, exactly one has its type
strictly greater than the others. If f(z) # 0 is a meromorphic solution of equation (1.2), then
o(f)>o+1.

Laine and Yang [13] raised a question that

Question: Whether all meromorphic solutions f(z)(# 0) of equation (1.2) satisty o(f) >
1+ Orgjagn{a(Aj)}, even if there is no dominating coefficient.

For the difference equation

a1(2)f(z + 1) + ao(2)f(z) =0, (1.3)
where a1(z) and ap(z) are entire functions, we answer the question above, and obtain the
following result.

Theorem 1.1 Let ai(z) and ag(z) be entire functions of finite lower order such that
wu(ar) # plag) or 6(0,a1) # 8(0,ap). If f(2)(# 0) is a meromorphic solution of equation (1.3),
then o(f) > max{u(a1), p(ag)} + 1.

The fixed points of meromorphic functions and their derivatives is a very important prob-
lem in theory of meromorphic functions. Bergweiler and Pang [3] considered fixed points of
derivative and proved the following theorem.

Theorem C Let f(z) be a transcendental meromorphic function and let R(z) be a rational
function, R # 0. Suppose that all zeros and poles of f(z) are multiple, except possibly finitely
many. Then f’(z) — R(z) has infinitely many zeros.

When R(z) = z, Theorem C shows that f’(z) has infinitely many fixed points under condi-
tion of Theorem C.

Some author considered fixed points of a meromorphic function f(z), its shift f(z + ¢) and
difference Af(z). In general, 7(f(z)) # 7(f(z + n)),n € Nt and 7(f(z)) # 7(Af(z)). For
example f(z) = ™ 4 2 —1 has infinitely many fixed points and satisfy 7(f(2)) = o(f(2)) = 1,
but its shift f(z + 1) = e®?™ + 2 has no fixed points, and Af(z) = 1 has only one fixed point.
Chen and Shon [6] gave the following construction theorem to show that even for a meromorphic
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function of small growth, Af(z) may have only finitely many fixed points.
Theorem D Let ¢(r) be a positive non-decreasing function on [1,00) which satisfies

lim ¢(r) = oo. Then there exists a function f transcendental and meromorphic in the plane
r—00

with T T
lim sup M < oo, and liminf M < 00
00 r r—oo ¢(r)logr
such that g(z) = Af(z) has only one fixed point. Moreover, the function g satisfies
T
lim sup (r,9)

r—oo (1) logr
Chen [5] discovered that Gamma function I'(z) satisfies
T(AT'(2)) = 7(I'(z +n)) = o(I'(2)) = 1,n € N.
In fact, he proved the following theorem.

Theorem E Let a1(z) and ag(z) be nonzero polynomials such that
deg(a1(z) + ag(z)) = max{degai(z),degap(2)} > 1. (1.4)
Suppose f(z)(# 0) is a finite order meromorphic solution of equation (1.3), then the following

statements hold.
(i) For j =0,1,....7(Af(2)) = 7(f(z +j)) = o(f(2)) = 1.

(ii) For every n € Nt A" f(z) and f(z) has same zeros, except possibly finitely many, and
A(A™f(2)) = A(f(2)).
In particular, for an entire solution f(z), we have that if o(f) > 1, then
MA"f(2)) = A(f(2)) 2 o(f(2)) — 1;
if o(f(2)) = 1, then either for all n € NT, A(A"f(z)) = 1, or for all n € N* A" f(2) has

only finitely many zeros.

We find an interesting example. For the meromorphic function f(z) = ze®™* its shifts
f(z+n) = (2 +n)e??™ n € Nt and difference Af(z) = €™ satisfy 7(Af(2)) = 7(f(z +n)) =
a(f(z)), but its forward differences A" f(z) = 0(n > 2) have only one fixed point. That is
to say, even if a meromorphic function f(z) satisfies 7(Af(2)) = 7(f(z +n)) = o(f(2)), its
forward differences A™f(z) (n > 2 is some integer) may have finitely many fixed points. Thus,
it is natural to ask that whether the forward differences A™ f(z)(n € NT) satisfy 7(A" f(z)) =
7(f(2)), under conditions of Theorem E, If the coefficient a;(z)(j € {0,1}) is transcendental,
what will be the fixed points of the differences and forward differences of meromorphic solutions
of equation (1.3)? We consider these questions, and obtain the following results.

Theorem 1.2 Let a1(z) and ag(z) be finite order entire functions such that p(ai) # p(ao).

Suppose f(z) is an admissible meromorphic solution of equation (1.3), then for every n € N,
(i) f(z+ n) has no nonzero finite Nevanlinna exceptional value;

(ii) A™f(z) has no nonzero finite Nevanlinna exceptional value;

(iii) 7(A"f(2)) = 7(f(z +n)) = o(f(2))-
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Theorem 1.8 Let a1(z) and ag(z) be finite order entire functions such that o(a1) # o(ag).
Suppose that f(z)(Z 0) is a meromorphic solution of equation (1.3), then for every n € N, we

have

T(A"f(2)) = 7(f(z +n)) = o(f(2)) = max{o(a1),0(a0)} + 1.
Corollary 1.1  Let a1(z) and ag(z) be nonzero polynomials satisfying (1.4). Suppose
that f(z)(£ 0) is a finite order meromorphic solution of equation (1.3), then for every n € N,

(i) 7(A"f(2)) =7(f(z+n)) = 0(f(2) = 15

(ii) if f(z) is a finite order entire solution, then

AA"f(2)) = Mf(2)) = o(f(2)),

or A™f(z) has only finitely many zeros.

Remark 1.1 Under conditions of Corollary 1.1, f(z) and A" f(z) have same zeros, except
finitely many, and A™ f(z) has finitely many zeros possibly occurs when o(f) = 1.
Remark 1.2 It sees that Gamma function I'(z) satisfies the difference equation
f(z+1)—zf(z) =0.
We deduce from Corollary 1.1 that Gamma function I'(z) satisfies
T(A"T(2)) =7(T(2 +n)) =0('(2)) =1,n € N.
The following Example 1.1 shows that in Corollary 1.1, condition (1.4) cannot be weakened.
Example 1.1 The difference equation
—zf(z+1)+(z+1)f(2) =0
has an entire solution f(z) = ze**™*. Thus, A" f(z) =0 (n > 2) have only one fixed point.
The following Example 1.2 satisfies the conditions and results of Corollary 1.1.
Example 1.2 The difference equation
zf(z4+ 1)+ (z4+1)f(2) =0
has entire solutions fi(z) = ze™* and fa(z) = zsin(nz). For every j € N, we have
AW fi(z) = 4 (2 + j)e'™, AWHLf (2) = =47 (22 4 2) + 1),
A% fo(2) = 4 (2 + j)sin(nz), AT fy(2) = —47(22 4 25 + 1) sin(72).
Thus, for every n € N, f(2) and A™f;(z) has only one zero, but fo(z) and A™f5(2) have the
same zeros except finitely many, and satisfy A(A" f2(2)) = A(f2(2)) = o(f2(2)) = 1.

82 Lemmas for the Proof of Theorems and Corollary

Lemma 2.1 [7] Let f(z) be a meromorphic function of finite order o and let 1 be a

nonzero complex number. Then for each € > 0, we have

Lemma 2.2 [9] Let ¢ € C and f(z) be a nonconstant meromorphic function of finite
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order. Then

(- 259) i)

Lemma 2.3 [7] Let f(z) be a nonconstant finite order meromorphic function and let

¢ # 0 be a complex number. Then
T(r, f(z+c) =T(r, f(2)) + S(r, f).
Lemma 2.2 and Lemma 2.3 show that

Lemma 2.4 Let f(z) be a nonconstant finite order meromorphic function and let ¢ # 0

be a complex number. Then

N (7«, M) =N (r, f(lz)> +5(r, f)-

Lemma 2.5 [8,16] Let T1(r) and T»(r) be real valued, nonnegative and nondecreasing
functions on [rg, 00), (ro > 0 is a real constant), and satisfying
Ti(r) = O(Tx(r)), (r—oo,r &€ E)
where E is a set with finite linear measure. Then
log" T log" T
lim inf LM < liminf M
r—00 logr r—00 log r
log" T log" T
lim sup M < lim sup LQ(T).
r—00 logr r—00 log r
Remark 2.1 If E is a set with finite logarithmic measure, then Lemma 2.5 still holds.

)

Lemma 2.6 [4] Let f(z) be a transcendental merormophic function with o(f) < 1, and

let g1(z) and g2(z) # 0 be polynomials, ¢1, ca(# ¢1) be constants. Then
h(z) = g2(2) f(z + c2) + 91(2) f(z + 1)
is transcendental.
Lemma 2.7 [9,13] Let w(z) be a nonconstant finite order meromorphic solution of
P(z,w) =0,
where P(z,w) is a difference polynomial in w(z). If P(z,a) # 0 for a meromorphic function

a(z) satisfying T'(r,a) = S(r,w), then

() =t

outside of a possible exceptional set of finite logarithmic measure.

From the proof of Lemma 2.7, we easily obtain
Remark 2.2 Let w(z) be a nonconstant finite order meromorphic solution of
P(z,w) =0,
where P(z,w) is a difference polynomial in w(z), so that the coefficients of P(z,w) are mero-
morphic functions a;(z)(j = 1,...,s) satisfying o(a;) < o(w). If P(z,a) # 0 for a meromorphic

function a(z) satistying T'(r,a) = S(r,w), then

m (r, ! ) < im(n a;) + S(r,w)

w—a ¢
j=1

outside of a possible exceptional set of finite logarithmic measure.
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Lemma 2.8 Let a;(z) and ag(z) be entire functions such that p(a1) # p(ag) or §(0,a1) #
4(0,a0). Then equation (1.3) has no nonzero rational solution.

Proof. It is easy to see that at least one of a1(2z) and ag(z) is transcendental. Without loss
of generality, assume ag(z) is transcendental. Suppose that R(z) is a nonzero rational solution
of equation (1.3). So

a1(z)R(z 4+ 1) 4+ ap(2)R(z) = 0.

Thus,
() =~ (o)
Since R(z) is a rational function and ag(z) is transcendental, then
T(r,a1) =T(r,a0) + O(logr) = T(r,a0) + o{T(r,ap)}, (2.1)
and
N (T, all) =N <T, alo) +O(logr) =N <T, alo) + o{T(r,ap)}. (2.2)

If p(ay) # p(ag), but by (2.1), we have p(a1) = p(ag). A contradiction.
If 6(0,a1) # 0(0,agp), but by (2.1) and (2.2), we obtain

N (n ) N (&) +o{T(ra0)}
=1—m ———2 =11
6(0, 01) oo T(r,ar) Jm T(r,a0) + o{T(r, a0)}

= (5(0, ao).
A contradiction.

Lemma 2.9 Let a;(z) and ag(z) be finite order entire functions such that p(a1) # p(ao)
or o(ay) # o(ap). Then

Po(z) = (Z) :i'[:ao(zﬂ) +:Zi (Z) jl_[(jao(z+j)7sij[lia1(z+s) + (g) :i_[:al(erj) £ 0.

Proof. Without loss of generality, we assume p(ag) > p(aq)(or o(ag) > o(a1)). Suppose
that P,(z) =0. So

n—1 n—1 k—1 n—1 n—1
() Mat+n=X () HacnTac+o+ (§) Tat+n @3
j=0 k=1 7=0 s=k =0
Denote 1 )
n\ T ao(z +7) 11 ai1(z +s)
br(z) = , k=1,...,n—1. 2.4
“)<Jgaw>gaw> 24
It follows from Lemma 2.2 and (2.4) that
m(r,br) < S(ryap) + S(ryar), k=1,...,n—1. (2.5)
By (2.4), we see that (2.3) can be rewritten as the form
n n—1 n—1 n k—la (Z+j) n—la (Z+S) n n—1
N — 0 1 k n—k .
() T+ =3 () T 52 T E 5 @a e+ (3) Lo+
7=0 k=1 7=0 s=k 7=0
n—1

= b(2)af(2)al " (2) + (g‘) 1:[ a1 (z+ ). (2.6)
k=1 j=0
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By Lemma 2.2, we have
o , 1 ao(z + j
T, H ap(z+37) | <m(r,al(z H
=0 j=0

= nm(r,ag) + 5(r, ao).
Again by Lemma 2.2, we have

nm(r,a0) = m(r,af(z)) <m | r, H ag(z+34) | +m|r H w7

T, H ao(z +34) | +S(r,a0).

Combining the last two inequalities, we obtain

m (r, 1:[ ap(z —|—j)) =nm(r,ag) + S(r, a). (2.7)
3=0

By (2.5), we have
n—1
m (r, Z bkalga?k> =m (r aop (Z bkak ! ay” k))
k=1
n—1
<m(r,ao) + ( Zbkak Yal R 4 bray” )
<m(r, ap) ( Z bragta?™ k) (n—1)m(r,a1) + m(r,b1) + O(1)
=m(r,ap) + m (r ag (Z brat—2a}™ k)) + (n— 1)m(r,a1) + m(r,by) + O(1)

<2m(r,ao) +m ( Z braf 2al ™" + boal” ) + (n—1)m(r,a1) + m(r,b1) + O(1)

<2m(r, a0)+m<r ao (Zbkak 3gn- k)) 4 2 jm(r,a1)+2m(r,bj)+0(1)

k=3

n—1 n—1
<(n—=1)m(r,a0) + ij(r,al) + Z m(r,b;) + O(1)
n(n —1)

=(n—1)m(r,a0) +
Thus,

5 m(r,a1) + S(r,a0) + S(r,a1).

m (r, i bkalga?k> <(n—1m(r,ao) + @m(r,al) + S(r,ya0) + S(r,a1). (2.8)
k=1
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By Lemma 2.2 and (2.6)—(2.8), we have

n—1
nm(r, aO) =miyr, H aO(Z +.7) + S(Ta aO)
§=0

n—1 n—1
<m ( 5 b) o (n [ ane 0
k=1 =0

n(n—1)
2
n(n+1)
2

< (n—1)m(r,ao) + m(r,ar) +nm(r,a1) + S(r,ao) + S(r, a1)

= (n—1)m(r,a0) + m(r,a1) + S(r,a0) + S(r,a1).

Hence,

n(n+1)

m(r,ag) < m(r,a1) + S(r,a0) + S(r,a1).

Since ag and a; are entire functions, then

n(n+1

T(ryag) < %T(r,al) + S(r,ao) + S(r,a1),

which means u(ag) < w(ay) (or o(ap) < o(ay)), by Lemma 2.5 and Remark 2.1. Tt is a

contradiction.

83 Proof of Theorems and Corollary

Proof of Theorem 1.1
Without loss of generality, assume p(a1) > p(ag) and denote p = max{u(ai), u(ag)} =
u(aq). Suppose that f(z)(£ 0) is a meromorphic solution of equation (1.3) satisfying o(f) =
o < p+1. By Lemma 2.8, we know f(z) is transcendental. For any given € > 0, choose « such
that
c—l+e<a<p—e. (3.1)
By the equation (1.3), we have

ao(z)  flz+1)
By Lemma 2.1, (3.1) and (3.2), we have

T(T‘,CLl) - m(r’al) Sm(rv aO) +m <T7 m)

=T(r,ap) + O(r?~ 1)

=T (r,ap) + o(r?). (3.3)
Consider the following two cases.
Case 1. p(a1) # p(ao). Thus, p = p(a1) > p(ao).
By (3.1) and the definition of lower order, when r is sufficiently large,

1
rt <t < ST (r ). (3.4)
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By (3.3) and (3.4), we have

T(r,a1) < T(r,a0) + o(r®)

< T(ryap) + %T(nal),
which yields
1T(r,al) <T(r,ap),
that is, p(a1) < p(ag) = p. Thus, p(ar) = plag) = p. A contradiction.
Case 2. §(0,a1) # 6(0,a0). By Case 1, we may assume p(ay) = p(ag)
By (3.1) and (3.3), we have
T(r,a1) <T(r,a0) + o{T(r,a0)}
(3.1), (3.2) and Lemma 2.1, we have

:/’l"

By
fiz+1)
f(2)

=T(r,a1) + O(r°—1e)

=T(r,a1) + o(r®).

T(r,a0) = m(r,a0) <m(r,a1) +m <T,

)

By (3.1), (3.3) and (3.5), we obtain
T(r,a1) =T(r,a9) + o(r®)
=T(r,a0) + o{T(r,a0)}
= (14 0o(W)T(r; a0).
Again by (3.2) and Lemma 2.1, we have
(i
r,—
ai

(-2)

)+0m

z+1)>
=m|r, — +0(1
( ag < (2) W
( 1 o— 1+€

=m|r,— ) +O0(r

ao

1
:m(r, + o{T(r,a0)}

aop

Similarly, we get

>+dTr%ﬂ

(rg) <

Combining the last two inequalities, we obta

()=

It follows from (3.6) and (3.7) that

1
m T,a)

= lim
rooo T(r,ag) + of{T(r,ap)}

/\ /\ V\_/\_/

T, > +o{T(r,a0)}.

= lim

lim

r—00 (’I",al)

So
(5(0, (11) = (5(0, CLQ),
which is a contradiction.

m(n) colr) ()

Vol. 35, No. 1

(3.6)

r—00 T(T, aO) .
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Proof of Theorem 1.2
Suppose that f(z) is an admissible meromorphic solution of equation (1.3).

(i) we prove that f(z + n) has no nonzero finite Nevanlinna exceptional value.
Set
P(z, f) == a1(2)f(z + 1) + ao(2) f(2) = 0. (3-8)

By Lemma 2.8, we know equation (1.3) has no nonzero rational solution. Then for any
b e C\ {0}, we have P(z,b) # 0. By Lemma 2.7 and P(z,b) # 0, we see that

m (n f(z)l_b) — S(r, f).

1
N (r=g ) = T 1) + 5(0,). (39)

By Lemma 2.3, Lemma 2.4 and (3.9), we have

1 1
¥ gmmas) = () 5o
=T(r, f(2)) +S(r, f)
=T(r, f(z +n)) + S(r, f(z + n)).

Hence, (b, f(z +n)) = 0. That is, f(z + n) has no nonzero Nevanlinna exceptional value.

Thus

)

(ii) we prove that A™f(z) has no nonzero finite Nevanlinna exceptional value.
For any k € N, by equation (1.3), we have

ag(z +k—1)

k)= ————=

fE+k) ar1(z+k—1)

B ao(Z+k—1)a0(Z+k—2)

Ca(ztk—1)a(z+k—2)

flz+k-1)

flz+k—2)

k—1 }
o 1\k aO(ZJF]) 5
By (3.10), we obtain

Af() =3 ()0 s 4
= <Z> (1)”’“(1)’“];1:[: mf@) + <g>(1)”f(2)

oo (ST 0)

= (=1)"Qu(2)f(2), (3.11)

_
<
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where
"\ Y7 a0z +5) | (n
=3 () e+ ) 312
Observe that
n—1 n—1 k—1 n—1 n—1
§9) ‘1:[0 a(z+5)+ > (}) I:[ ao(z+4) TT a1(z+s) + (3) ]:[ ai(z+7)
Qu(z) = j= k=1 g_onil s=k §=0
H a1(z —I—j)
7=0
_ n_lfi (3.13)
1;[0 ai(z +j)

where
Pu(z) = (Z) Ti:[:ao(z—kj) +:§_:I (Z) an(z +j)§a1(z +5)+ (’3) 71:[:@1(2 +5). (3.14)

Since u(a1) # wu(ap), by Lemma 2.9, we know P, (z) £ 0. So A"f(z) £ 0 by (3.11) and
(3.13).

Since a;(z) and ag(z) are small with respect to f(z), by (3.11), (3.12) and A" f(z) £ 0, we
have

T(r,A"f) =T(r, f)+S(r, f). (3.15)

For any given b € C\ {0}, suppose that P (z, m) = 0. By (3.8), we have

b b

al(z)—(—l)"Qn(z Y + aO(z)i(—l)"Qn(z) =0.
Thus,
a1(2)Qn(2) + ag(2)Qn(z +1) = 0. (3.16)
By (3.16) and Lemma 2.2, we have
m(r,a1) =m raM m(r,a mrM =m(r,a T
(7 1) <7 0 Qn(z) )S (7 0)+ (5 Qn(z) ) (a 0)+S(7Qn)
Again by (3.16) and Lemma 2.2, we have
=m raiQ"(z) m(r,a m 7"7@"(2’) =m(r,a T
Thus,
T(r,a9) = m(r,ap) =m(r,a1) + S(r,Qn) = T(r,a1) + S(r,Qn)- (3.17)
By (3.12), (3.17) and Lemma 2.3, we know
S(r,Qn) < S(rya1) + S(r,ap) = S(r,a1) = S(r, ao). (3.18)

By (3.17) and (3.18), we obtain
T(r,ag) =T(r,a1) + S(r,a1),
together with Lemma 2.5 and Remark 2.1, we see that p(ai) = p(ag) holds. A contradiction.

So, ,
r (Z’ <1>Q<>> 70
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By this and Lemma 2.7, we have
1

b :S7
m(’" f<z>—<_wfzgn<z)> J)

N (r, - v ) =T(r, f)+ S(r, f). (3.19)

which leads to

A"f(z) =b=(=1)"@n(2)f(z) = b

1" (1)~ )

together with (3.15) and (3.19), we have

1 1
¥ (=) 2 (g ) 2

T(T,f) - T(Ta Qn(z)) + S(Ta f)
T(r, f)+5(r f)
T(r,A"f) + 5(r, A" f).

Y]

Thus

)

1 n n
N T’A”f(z)b>:T<r’A )+ S(r,A™f).

Hence, §(b, A™f) = 0. That is, A" f(z) has no nonzero Nevanlinna exceptional value.
(iii) we prove 7(f(z +n)) = o(f(2)), 7(A"f(z)) =0a(f(2)).
By Lemma 2.8, equation (1.3) has no nonzero rational solution, so P(z,z) # 0. By Lemma
2.7 and P(z,z) # 0, we see that
1

() = s

>=ﬂnﬂm+SMﬁ~

Thus, .
e
Hence, 7(f(2)) = o(f(2)).
Now we prove that for every n € N*, 7(f(z 4+ n)) = o(f(z)). By (1.3), we have
a1(z+n)g(z+1) +ao(z+n)g(z) =0, (3.20)
where g(z) = f(z + n).
By Lemma 2.3, Lemma 2.5 and Remark 2.1, we know p(a;(z + n)) = p(a;(2))(j = 0,1).
Since p(a1(2)) # p(an(2)), we get
p(ar(z +n)) # plao(z + n)). (3.21)
By (3.20), (3.21) and the above result, we obtain 7(g(z)) = 0(g(2)). That is, 7(f(z +n)) =
o(f(2))-
Next we prove that 7(A™f) = o(f(z)). Let
(3.22)
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Using a same method as in the proof of (ii), we have P(z,R,) # 0. By P(z,R,) # 0 and

Lemma, 2.7, we have
1
m (r, = Rn> = S(r, f).

N (r, f_an) = T(r, f) + S(r, ). (3.23)
By (3.11) and (3.22), we have
A'f(z) =z = (=1)"Qn(2)f(2) — 2

— (—1)"Qn(2) (ﬂz) - (—1)nZQn(z)>

= (=1)"Qn(2)(f(2) — Ru(2)). (3.24)

Hence,

By (3.23) and (3.24), we have

1 1
v (n Af) (= RS

T(r, f) =T(r,Qn) + S(r, f)
T(r, f)+ 5 f),
which yields 7(A™f(2)) > o(f(z)). Since T(A"f(z)) < o(f(2)), so T(A"f(z)) = o(f(2)).

Proof of Theorem 1.3
Suppose f(z) # 0 is a meromorphic solution of equation (1.3). Then
o(f(2)) > max{o(a1),0(ap)} +1 (3.25)
by o(a1) # o(ap) and Theorem A.
We proceed to prove that 7(f(z 4+ n)) = o(f(z)) > max{o(ap),o(a1)} + 1. Set
Pz, f):=a1(2)f(z+ 1) + ap(2) f(2) = 0. (3.26)
Since o(a1) # o(ap), then
o((2 + Dar (=) + za0(2)) = mas{o(ai(2)), o(ao(2))}.
Thus, P(z,2) = (z+ 1)a1(z) + zap(z) # 0. By P(z,z) # 0 and Remark 2.2, we have

1
mi\r, f(Z)—Z §m(r,ao(z))—l—m(nal(z))-i-S(r,f),
which implies that
N ( L) 2 T ) - mnen(a) —min () + SC). (@20
SICEEV A |

By (1.3), we have
a1(z+n)g(z+1) +ap(z+n)g(z) =0, (3.28)
where g(2) = f(z + n).
By Lemma 2.3, Lemma 2.5 and Remark 2.1, we know o(a;(z + n)) = o(a;(2))(7 = 0,1).
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Since o(a1(z)) # o(ao(z)), we get
o(ai(z+n)) # o(ag(z +n)). (3.29)
By (3.28), (3.29) and the above result, we obtain 7(g(2)) = o(g(2)). That is, 7(f(z +n)) =
o(f(2))-
Next we prove that 7(A™f(z)) = o(f(z)). We also obtain (3.10)—(3.14).
Since o(a1) # o(ap), by Lemma 2.9, we know P,(z) £ 0. So A"f(z) £ 0 by (3.11) and
(3.13).

Let
z

R, (2) = ———.
(=1)"Qn(2)
Assert that P(z, R,) £ 0. Otherwise, by (3.26),

a1(2)Rn(z+ 1) + ap(2)Rn(z) = 0.
So o (R,) > max{o(a1),c(ap)}+1 by Theorem A. On the other hand, o(R,) < max{o(a1),o(ag)}
by (3.12) and (3.30). A contradiction. By P(z, R,) # 0 and Remark 2.2, we have
1
m <T, f_Rn> <m(r,a1) +m(r,ao) + S(r, f)
together with (3.12), (3.30) and Lemma 2.3, we obtain

N (T7 . _1Rn> > T(r, f — Ry) — m(r,a1) — m(r,a0) + S(r, f)

(3.30)

>T(r,f)—T(r,R,) — m(r,a1) — m(r,ao) + S(r, f)
=T(r,f) —T(r,Qn) — m(r,a1) — m(r,ao) + S(r, f)
=T(r, f) + O(T(r,a1)) + O(T(r,a0)). (3.31)
By (3.11) and (3.30), we have
A"f(z) — 2= (-1)"Qn(2)f(2) — 2

(=1)"Qn(2) (f(z) - (1)"Qn(z)>
= (— )" @n(2)(f(2) = Bn(2)). (3.32)
It follows from (3.12),(3.31),(3.3 and Lemma 2.3 that

() ) i

>T(r, f)+O(T(r,a1)) + O(T(r,a0)) = T(r,Qn) + S(r, f)
=T(r, f) + O(T(r;a1)) + O(T(r, a0)) + S(r, f),
together with (3.25), we obtain 7(A"f(2)) > o(f(z)). Combining the fact that (A" f(z)) <
o(f(2)), so T(A"f(2)) = o(f(2)).

Proof of Corollary 1.1

(i) By Theorem E, we know for every n € N, 7(f(z2 +n)) =o(f(z)) > 1.

Now we prove that 7(A"f(z)) = o(f(z)). Using a same method as in the proof of Theorem
1.2, we obtain (3.10)—(3.14).
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Assert that P,(z) #Z 0.

If deg a;(z) < degag(z), we see that there is only one term (7) nﬁl ap(z + j) whose degree
is the highest one. So that P,(z) # 0. =

If deg ag(z) < degay(z), we see that there is only one term (3) nl:[l a1(z + j) whose degree
is the highest one. So that P, (z) # 0. =

Now suppose that degag(z) = degai(z). Let by and by be the leading coefficient of ay(z)

and aq(z) respectively. By (1.4), we know by + b1 # 0. By (3.14), the leading coefficient of

P,(z) is
n—1 n
<n>b3 + ; <k>b’gb?_’“ + (0)1;? = kZ:O <k)bob" M= (bo +b1)" #0.
So that P,(z) £ 0. Thus, A" f(z) £ 0 by (3.11) and (3.13).

Let
z

(=1)"Qn(2)’

Pz, f) = ai1(2)f(z+1) + ao(2)f(2) = 0.
Suppose P(z, R,(z)) = 0. That is,
a1(z)Rp(z+ 1) + ag(2)Rn(z) = 0.
Since Ry, (z) is a nonzero rational function, then
ap(z) Rnp(z+1)

_al(z): R (2) =1 (z = ).

Cao(z) +ai(z) _ ao(2) O
() = Tal) —1—-0 (2 = c0),

which means deg(a1(2) + ao(z)) < degaq(2). It contradicts with (1.4). So, P(z, R,(z)) # 0.
By P(z,R,(z)) # 0 and Lemma 2.7, we have
1

" <T’f<z)—Rn(z)

Ry (2) = (3.33)

and

Hence,

) =50,
which yields

1
N <7", f(z)—Rn(z)> =T(r, f(z)) + S(r, f).
y (3.11) and (3.33), we get

A"f(z) =z = (=1)"Qn(2)f(2) -

<f o)

= (=1)"Qn(z )*Rn(Z))-

Combining with the last two equalities, we obtaln

1 1
N (’I“, Anf(z)—z) =N (7’, M) + O(lOg’/‘) = 7"(7"7 f) + S(T, f)
Hence, 7(A"f(2)) = o(f(2)).
(ii) Suppose f(z) is a finite order entire solution of equation (1.3) satisfying A(f) < o(f).



LAN Shuang-ting, et al. Growth, Zeros and Fixed points of Differences of... 31

By Hadamard’s factorization theorem, f(z) assumes the form

f(z) = P(z)e"?), (3.34)
where P(z) is an entire function satisfying
o(P) = A(P) = A(f) < a(f), (3.35)
and h(z) is a polynomial satisfying
degh = o(f). (3.36)

Substituting (3.34) into equation (1.3), we have
a1(2)P(z + 1)e"GTY 4 o (2)P(2)e"®) = 0.
So
(al(z)eh@w*h(z)) Pz +1) + ag(2)P(2) = 0. (3.37)
If deg h > 2, by calculation, we know deg(h(z + 1) — h(z)) = degh — 1 > 1. Thus,
o (al(z)eh(zﬂ)_h(z)) =degh—1>0=0(ap).
Applying Theorem A to equation (3.37), we have o(P) > (degh — 1) + 1 = degh, which
contradicts with (3.35) and (3.36).

If degh = 1, then h(z + 1) — h(z) is a constant. If P(z) is transcendental with o(P) < 1,
by Lemma 2.6, we know (ai(2)e"*+*D=h(=) P(z + 1) + ag(2)P(2) is transcendental, which
contradicts with (3.37). So, P(z) must be a polynomial. Thus, f(z) has finitely many zeros.

Hence, either A(f) = o(f) or f(z) has finitely many zeros.

Since a1 (z) and ag(z) are polynomials, by (3.11) and (3.12), we know A" f(z) and f(z) have
the same zeros, except possibly finitely many. Thus, A(A™f(2)) = A(f(2)) = o(f(2)) or A™f(z)

has finitely many zeros.
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