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New conditions for pattern solutions of a Brusselator
model

TONG Chang-qing’ LIN Jia-yun? MA Man-jun* TAO Ji-cheng?

Abstract. This paper is devoted to establishing a critical value of the concentration of one
intermediary reactant which determines whether pattern solutions of a class of Brusselator
models exist or not. We introduce a new method to compute the degree index of the related
linear operator so that the obtained sufficient conditions are easier to verify than those in the
known references. The proofs mainly rely on Leray-Schauder degree theory, implicit function
theorem and analytical techniques.

81 Introduction

The standard Brusselator model describing autocatalytic oscillating chemical reactions is in
the form of 5
8—? —diAu=a— b+ Du+u’v, >0, t >0,
v 9
a—dgszbu—u v, x>0, t>0,
which was introduced by Prigogine and Lefever [13] in 1968, where (z,t) € Q x [0, +00) and
is a bounded domain in RV (N > 1) with smooth boundary 99Q; u(z,t) and v(x,t) represent the
concentration of two intermediary reactants having the diffusion rates dy,ds > 0; a,b > 0 are
fixed concentrations. In recent decades (1.1) has been extensively studied both numerically and
analytically. Twizell et al [14] obtained the numerical solution of the initial-value problems by
developing a second-order method. Pena and Garcia [11] investigated the stability of stripes
and hexagons towards spatial perturbations by establishing a generalized amplitude equation.
Kang [6] discussed the dynamics of the local map of a discrete version of the Brusselator model,
focusing on asymptotic behaviors of bounded trajectories inside the Julia set. Ma and Hu [9]
had a global bifurcation and stability analysis for the steady states. More research results on
model (1.1) can be found in [12][2][4]. For the study on positive steady states of nonlinear
reaction-diffusion systems, there is a great deal of research results, see for example [1][3][5][10]
and the references therein.
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Based on the results in [4], the conditions for the existence of pattern solutions of (1.1) can
be derived, which is the same as that in [12], however, in practice it is difficult to verify them.
In this paper, we study the existence and the non-existence of pattern solutions of model (1.1)
subject to the homogeneous Neumann boundary conditions

ou  Ov
5—%—00n89f0rt>0 (1.2)
and the initial data
u(z,0) = uo(z), v(z,0) =vo(z), = €, (1.3)

where v denotes the outward unit normal vector on 99, ug(x), vg(x) are non-negative continuous
functions in €. The obtained conditions are very easy to be verified and different from that
established in the known references [12][2][4].

The organization of this paper is as follows. In Section 2, we give preliminaries. In Section
3, we obtain the conditions for the occurrence of pattern formation by employing the homotopy
invariance of degree index.

82 preliminaries

The corresponding steady state problem of (1.1)-(1.3) is
—d1Au=a— (b+ 1)u+u?v, z € Q,

—dyAv = bu — uv, z € Q, (2.1)
Gu _0v _ 4, v eon
v o 0 F '

It is obvious that (2.1) has a unique constant solution (a,b/a). The boundedness of solutions
to (2.1) can be directly derived from Theorem 3.3 in [4]. But, for the convenience of readers,
here we give its detailed proof by using Lemma 2.1 which is extracted from [7][8].

Lemma 2.1. Let H € C1(Q x R). The following statements are true.
(a) If £ € C?(Q) N CH(Q) satisfies
A&+ H(x,&) >0 inQ, % <0 on 09,
and &(xo) = maxg§, then H(xo,&(x0)) > 0.
(b) If £ € C*(Q) N CH(Q) satisfies
A&+ H(x,&) <0 in Q, % >0 on 09,
and &(xo) = ming &, then H(zo,&(x0)) < 0.

Lemma 2.2. Assume that (u(x),v(x)) is a non-negative solution of the system (2.1), then we

have dab(b+1) b b(b+ 1)
a 20(b + +
TSSO T rmmm <UL

1a

Proof. We first suppose that g € Q satisfies u(xo) = mingeq u(x). Then, Lemma 2.1 (b) leads
to

a— (b+ Du(zo) + u?(20)v(z0) <0,
and thus
S @
u(z) 2 b+1’

Next, by setting z1 €  such that v(z1) = maxzecqv(x), and notice of Lemma 2.1(a), we have

which implies u(zo) > 345,

x € . (2.2)
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bu(x1) — u?(x1)v(z1) > 0. From (2.2) it follows that
b(b+1)

v(z) < — > TE€ Q. (2.3)

By adding the first two equations in (2.1) and letting w = dyu 4 dav, we have the following
system

Aw+a—u=0, =€,
(2.4)

%—f =0, x€onN.

Set 29 € Q satisfying w(zs) = max,ecq w(z). Then Lemma 2.1(a) yields u(z3) < a. Further-

more, by (2.3), we have

dab(b+1)
dla

Again, by applying Lemma 2.1(b), at the minimum points of v, we have bu — u?v < 0. This

inequality together with (2.5) implies

1 1
u(z) < d—w(w) < d—w(xg) <a+ , for all = € €. (2.5)
1 1

b
v(r) > ——————, forall ze€Q. (2.6)
a+ 75122(11’:1)
By (2.2)-(2.6), the results of the lemma hold true. O

According to the above lemma, we can easily verify the following result.

Proposition 2.3. Let positive constants a, By, dyi, and dy be fized. Then for all
0<b<p,
there exist two positive constants By and Bs depending on a, (1, di, and do such that all
solutions (u,v) of (2.1) satisfy
By <u,v < By, in €.

Furthermore, by the standard elliptic regularity, from Proposition 2.3 it follows that

Proposition 2.4. Let positive constants a, (1 dy, and ds be fized. Then there exists a constant
B = B(a, f1,d1,d2) > 0 such that any solution (u,v) of (2.1) satisfies

| w ||ck(§) + [l v Hck(ﬁ)ﬁ B forall be(0,p1],
where k is any positive integer.

The following lemma is extracted from [12][4] where they did not present a detailed proof.

Lemma 2.5. Let the positive constants a, di, and do be fixzed. Then there exists a constant
B = B(a,d1,ds) such that system (2.1) has no nonnegative pattern solutions for all b € (0, B).

Proof. On the premise that the positive constants a,d;, and dy are fixed, we let {a,} C (0, 00)
satisfya,, — 0 as n — oo. We claim that if (u,,v,) is a nonnegative solution of (2.1) corre-
sponding to b = a,, then it follows that
(tn,vn) = (a,0) in C*(Q) x C%*(Q) as n — oo. (2.7)

Indeed, by Proposition 2.4, the sequence (uy,v,) is bounded in C3(Q) x C3(Q). Thus, passing
to a subsequence if necessary, (u,,v,) tends to some point (@, ) as n — oo in C?(Q) x C?(9Q).
For (2.1), letting n — oo, then (u,v) satisfies

—di1 AT =a- u+utv, r €,

do AT =uv, x € )

on v = (2:8)

— = = Q.
Evir 0, z€0
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Integrating the first two equations in (2.8) on 2, we have

/ﬂdx:a|Q\+/ﬁ26dx and /ﬂ2ﬁdx:07 (2.9)
Q Q Q

respectively, where || represents the measure of the integral range Q. Then we have fQ udr =
a|Q|, and ¥ = 0. Thus, the first equation in (2.8) reduces to

—d1Au=a—u, r €.
Multiplying the above equation by ¢ — u and integrating on €2 give

dl/ V(a —m)[2de = — / (a — 7)2da.
Q Q
It is easy to see that w = a. Therefore, the claim follows.
We now define a map P: R x H2(Q) x H2(Q) — L*(Q) as
( Au+(a— (b+ Du+v?v)/d;

P(b,u,v) = < Av + (bu — UQ’U)/dQ )
where H2(Q) = {w € W>2(Q) : 22 = 0}. Obviously, P(b,u,v) = 0 just corresponds to system
(2.1). Therefore, by using the same argument as in the proof of the above claim, we know
P(0,u,v) = 0 has the unique solution (a,0). The Fréchet derivative of P(0,u,v) = 0 at (a,0)

is
_ A*]./dl a2/d1
D(u,v)P(07a7O) - ( 0 A — a2/d2 )

which is invertible. Thus, according to the Implicit Function Theorem, there exist positive
constants ayg,y such that (b, a,b/a) is the unique solution of P(b,u,v) =0 in [0, o] x By(a,0),
where B, (a,0) represents the open ball in H2(Q) x H2(Q) with the radius v and centered at
(a,0).

We now take a sequence of positive real numbers {«,} satisfying a;,, — 0 as n — oo. Let
(tun,v,) be a solution of (2.1) with b = «,, and a,d;,ds being fixed. Then, it follows that
P(y, Uy, vy,) = 0. The above claim implies that (u,,v,) — (a,0) in C?(Q) x C?(Q2) as n — oc.
This means that the solution (a,, un,v,) will lie in (0, ) x By(a,0) when n is large enough.
Therefore, when b = «, is small enough, system (2.1) has only the constant solution (a,0). The
proof is complete. O

(2.10)

Lemma 2.5 shows the non-existence of pattern solutions for (2.1) when the parameter b is
sufficiently small.

83 Existence of pattern solutions

This section is devoted to establishing the conditions for the existence of pattern solutions
of (1.1)-(1.3). To proceed, we first present some properties of negative Laplace operator —A.
Denote by
D= < A< << A <e ey (31)
the eigenvalues (counting multiplicity ) of —A with zero Neumann boundary condition. Fur-
thermore, let {®}} be the corresponding L>°— normalized eigenfunctions. Then it follows that
0Py,

7A(I)k = )\k(bk in Q, W =0 on 69, H(pkHLoc(Q) =1. (32)

We now let the Banach space X be
X = (uv)ECl(ﬁ)xCl(ﬁ)'@—@—O on 9N
I Cov o ov
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and
Xt ={(u,v) eX: u,v>0in C(Q)}.
System (2.1) can be rewritten as
W=(I-A)"'W+G0bLW)], WeX", (3.3)
where W = (u, v),
2
cam = (F o)
da
and (I —A)~! represents the inverse of I — A with homogenous Neumann boundary conditions;
moreover, we have
Fb,W)=0, WeX" (3.4)
with
Fo,W)=W — (I - A)'W +Gb,W)],W e XT.
Thus, looking for solutions of (2.1) is equivalent to finding zero points of the operator F'. We
will apply the topological degree theory to prove the existence of non-constant zero points of
F. Tt is easy to have that the linearized operator of F(b,.) around the constant fixed point
W* = (a,b/a) is

VEbW*) =1—(I—-A)"YI4+VGW*)), (3.5)
where
o dll b-1) iaQ
vom = (2000 )

Thus, the linearized eigenvalue problem

VF(b, W*)( ;i ) = < ZZ > (3.6)

(- mAp = |u+ 0= 1)+ o in
1

can be expanded as

1 1
—(1 = WA = —bp+ (- +a?) ¥, in ©, (3.7)
dsy dsy
g—f = d—qf =0, on 0.
By (3.1) and (3.2), nontrivial solutions of (3.7) are in the form of
o= hP, =) P (3.8)
k=0 k=0

Substituting (3.8) into (3.7), we have

(lel—_d’?_um ———E - )(?:)(8) (3.9)

for each k =0,1,2,---. It is well known that (3.9) admits nontrivial solutions if and only if

b—1 a® ba?
<N = (1= + d1> (H — (1= pAx — dz) + didy 0. (3.10)

We give a notation I' as

F=p—(1-—p. (3.11)
From (3.10) it follows that

1]/a2 b-1 a2 b—1\? 4a2
TEp) == | (= - = ) +4/(=-"—"2) — . 12
(5) 2 <d2 d; > \/(dg dy > dyds (3.12)

Through a simple computation, we have
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Proposition 3.1. Let positive constants a,dy, and da be fized,
2
(i) if b > (1 + %a) , then D (b) < 0 and I~ (b) < 0;

(i3) if b < (1 - \/%a)Q, then T+ (b) > 0 and I~ (b) > 0.

By Proposition 2.3, there exist positive numbers B; and Bz depending on a,b,d; and d
such that for any b < b, any solution (u,v) of (2.1) with b replacing b satisfies
B; <u,v < By in Q.

Set
_ M={(y,v)eX:By <u,v<By inQ} (3.13)
and ¥(b,.) : M — C(£2 x C(£2) by
Vb, W)= (I—-A)" W+ G W), (3.14)

where G is defined in (3.3). Obviously, ¥(b,.) is a compact operator for any fixed b.

_ 2
Theorem 3.2. Let b < b with b € (0,8) as in Lemma 2.5 and assume ( = (1 — 1/%a> )

2
Then we have B
deg(I —¥(b,.), M,0) = 1.
Proof. Obviously, zero points of the operator I — U(b,.) = F(b,.) are just the solutions of (2.1)
by replacement of b with b. According to the definition of M and Proposition 2.3, we know

that T — ¥(b,.) has no zero points on OM. Therefore, the Leray-Schauder topological degree

deg(I—¥(b,.), M,0) is well defined. By Lemma 2.5, it is obvious that I —¥(b, .) has the unique
zero point W* in M. Hence,
deg(I — ¥(b,.), M,0) = index(I — ¥(b,.), W*). (3.15)
By the index formula, we have
index(I — W¥(b,.),W*) = (-1), (3.16)
where ¢ is the number of negative eigenvalues (counting multiplicity) of I —VW(b,.) = VF(b,.).
Noting (3.11) and Proposition 3.1 (i), we have

- Ak + Fi(g)
b)=———>0, k=0,1,2,--
11 () W
which implies that the result is true. The proof is complete. O

Based on the Proposition 3.1, the result below can be directly verified.

2
Proposition 3.3. Let b, = (1 + ,/%a) . Assume b > b., then the following statements hold

true.
(i) TF(b) is a monotone increasing function in b and satisfies

dy
. + _ -1 . + —
blggcf () = —2a d’ blg(r)lof (b)y =0.
(it) T~ (b) is a monotone decreasing function in b and satisfies

L [d1 . _
blig:lcr (b) = —2a & bliglor (b) = —o0.

o1(b) = the number of{k € NU {0} : T'T(b) < —\z} (3.17)

Set

and
o1(b) = the number of{k € NU {0} : T~ (b) < —Ax}. (3.18)
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Thus, the number of negative eigenvalues (counting multiplicity) of (3.6) is
o(b) = a1(b) + o2(b);
moreover, it is obvious that I't(b) < 0 = —X\g and I'"(b) < 0 = —\o, thus o(b) > 2 for any
b > b.. By Proposition 3.3, if we let
VW =sup{b>b.: TT(b) < —A\x} and b; =inf{b>b.: T~ (b) < —\;},
then the two positive sequences {b* {C‘):l and {b;}72; satisfy, respectively,
' bF > b (ko)
and
be <bjoy1 <-obj <o =00 (j— 00),
where jo = max{j : I'T(b.) =T~ (b.) = —2a,/ % < —\;}. The above analysis yields
j0+1; be (bwbjo)a
j+1, be(bj,bjt),
o1(b)=¢ k+1, be (L%, and o09(b) = (3.19)

jO +1, be (bC’ bj0+1)7
1, be (b o00).

where b # b**1 and b; # bj11. Now we state the main results.

Theorem 3.4. Let the positive constants a,dy, and dg be fized. System (2.1) has at least one
pattern solution provided that

be (B0 N (by,bj41)  with BF AV by £ by and k4§ is odd. (3.20)
Proof. Define ¥(t,.): [0,1] x M — C(Q) x C(Q) by

T Lia—[(1—t)b+tb 2
W@W@:U_Ay1<“+@w [(1 = )b+ tblu + u?v) |
where b is taken as in Theorem 3.2. Then @(t, .) is a compact operator, and by Proposition

2.3, any fixed point W of W(t, W) satisfies W ¢ OM for all t € [0,1]. Thus, the homotopy
invariance of degree index yields that

deg(I — ¥(1,.), M,0) = deg(I — ¥(0,.), M,0). (3.21)
Obviously, I — ¥(0,-) =1 — ¥(b,-) = F(b,-). Therefore, by Theorem 3.2, we have
deg(I — ¥(0,.), M, 0) = index(I — ¥(b,.), W*) = 1. (3.22)

On the other hand, if system (2.1) has no other solutions except the constant one W*, then
under the given conditions, from (3.19) it follows that
deg(I — ¥(1,.), M,0) = index(I — ¥(1,.), W*)
= index(F(b,.), W*) = (—=1)71®)+o2() — (_1)k+i — _1,
which contradicts with (3.21) and (3.22), and so our assumption is incorrect. Hence there exists

at least one non-constant solution in system (2.1), that is, pattern formation occurs in system
(2.1). The proof is complete. O

By Theorems 3.2 and 3.4, the following corollary is quite straightforward.

Corollary 3.5. Let the positive constants a,d; and dy be fized. Then we have

(i) Ifb e (b',00) N (bj,bj1) with j > jo and j is odd, then there exists at least one pattern
solution in (2.1).

(i) If b € (be, b)) N (beybjo11), then further studies are needed to determine whether (2.1)
has a pattern solution.
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2
(15i) Ifb< (1 - ,/%a) , then further studies are needed to determine whether (2.1) has
a pattern solution.

References

[1] N Bellomo, A Bellouquid, Y S Tao, M Winkler. Towards a mathematical theory of Keller-Segel
models of pattern formation in biological tissues, Math Models Methods Appl Sci, 2015, 25(9):
1663-1763.

[2] M Ghergu. Non-constant steady-state solutions for Brusselator type systems, Nonlinearity, 2008,
21: 2331-2345.

[3] M Ghergu. Steady-state solutions for Gierer-Meinhardt type systems with Dirichlet boundary
condition, Trans Amer Math Soc, 2009, 361: 3953-3976.

[4] M Ghergu, V Radulescu. Turing patterns in general reaction-diffusion systems of Brusselator
type, Comm Contemp Math, 2010, 12: 661-679.

[5] M Ghergu, V Radulescu. Nonlinear PDFEs: Mathematical Models in Biology, Chemistry and
Population Genetics, Springer Monographs in Mathematics, 2012, 160: 1-385.

[6] H Kang. Dynamics of local map of a discrete Brusselator model: eventually trapping regions and
strange attractors, Discrete Contin Dyn Syst, 2008, 20: 939-959.

[71 Y Lou, W-M Ni. Diffusion, self-diffusion and cross-diffusion, J Differential Equations, 1996,
131: 79-131.

[8] Y Lou, W-M Ni. Diffusion vs cross-diffusion: An elliptic approach, J Differential Equations,
1999, 154: 157-190.

[9] M Ma, J Hu. Bifurcation and stability analysis of steady states to a Brusselator model, Appl.
Math. Com, 2014, 236: 580-592.

[10] M Ma, Z Wang. Patterns in a generalized volume-filling chemotazis model with cell proliferation,
Analysis and Applications, 2017, 15(1): 83-106.

[11] B Pena, C Perez-Garcia. Stability of Turing patterns in the Brusselator model, Phys Rev E,
2001, 64: 056213.

[12] R Peng, M Wang. Pattern formation in the Brusselator system, J Math Anal Appl, 2005, 309:
151-166.

[13] I Prigogine, R Lefever. Symmetry breaking instabilities in dissipative systems II, J Chem Phys,
1968, 48: 1665-1700.

[14] E H Twizell, A B Gumel, Q Cao. A second-order scheme for the Brusselator reaction-diffusion
system, J Math Chem, 1999, 26: 297-316.

[15] W Zuo, J Wel. Multiple bifurcations and spatiotemporal patterns for a coupled two-cell Brusse-
lator model, Dyn Partial Diff Eqns, 2011, 8(4): 363-384.

! Department of mathematics, Hangzhou Dianzi University, Hangzhou 310018, China.

2* Department of Mathematics, Zhejiang Sci-tech University, Hangzhou 310018, China.
Email:mjunm9@zstu.edu.cn

3 Department of mathematics, College of Science, China Jiliang University, Hangzhou 310018, China.



