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On growth of meromorphic solutions of some kind of

non-homogeneous linear difference equations

ZHENG Xiu-Min* ZHOU Yan-Ping

Abstract. In this paper, we investigate the growth of meromorphic solutions of some kind of
non-homogeneous linear difference equations with special meromorphic coefficients. When there
are more than one coefficient having the same maximal order and the same maximal type, the
estimates on the lower bound of the order of meromorphic solutions of the involved equations
are obtained. Meanwhile, the above estimates are sharpened by combining the relative results

of the corresponding homogeneous linear difference equations.

81 Introduction and main results

In this paper, we use the basic notations of Nevanlinna’s value distribution theory (see e.g.
[8, 10, 14]). In addition, we use the notation o(f) to denote the order of a meromorphic function
f(2) in the whole complex plane.

Recently, the research on the properties of meromorphic solutions of complex difference
equations has become a subject of great interest from the viewpoint of Nevanlinna theory and
its difference analogues. In particular, many scholars investigated the properties of meromorphic

solutions of the homogeneous linear difference equation
Ap(2)f(z+mk) + -+ + A(2) f(z +m) + Ao(2) f(z) = 0 (1.1)
and its special case
Ap(2)f(z+ k) +---+ A(2) f(z + 1) + Ao(2) £ (2) = 0, (1.2)
where k € Ny, n;(j =1,2,--- , k) are distinct non-zero complex constants, and obtained some
results on the growth and value distribution of meromorphic solutions of (1.1) or (1.2).
Firstly, when the coefficients of (1.2) are polynomials or transcendental entire functions

respectively, Chiang and Feng [6] obtained the following Theorems 1.A and 1.B.
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Theorem 1.A ([6]) Let A;(2)(j =0,1,---,k) be polynomials such that there exists an
integer 1(0 <1 < k) so that
deg(Ar) > max {deg(4;)}

A
holds. Suppose f(z) is a meromorphic solution to (1.2), then we have o(f) > 1.

Theorem 1.B ([6]) Let A;(2)(j =0,1,---,k) be entire functions such that there exists
an integer [(0 <[ < k) such that

o(A) > max {o(4;)}.
3
If f(z) is a meromorphic solution to (1.2), then we have o(f) > o(4;) + 1.
Obviously, the conditions in Theorems 1.A and 1.B show that there exists only one coefficient
of (1.2) having the highest degree or the maximal order. Further, when there are more than
one coeflicient of (1.1) or (1.2) having the highest degree or the maximal order, Chen [5] and

Laine-Yang [11] obtained the following Theorems 1.C and 1.D respectively.

Theorem 1.C ([5]) Let A;(2)(j =0,1,---,k) be polynomials such that Ag(z)Ax(z) # 0
and satisfy
deg(Ao + Ay + -+ Ap) = max {deg(4;)} > 1,
then every finite order meromorphic solution f(z)( 0) of (1.2) satisfies o(f) > 1.

Theorem 1.D ([11]) Let A;(2)(j = 0,1,---,k) be entire functions of finite order such

that among those having the maximal order o = oglaé{k{a(Aj)}’ exactly one has its type strictly
<5<

greater than the others. Then for any meromorphic solution of (1.1), we have o(f) > o + 1.
Later, Liu-Mao [12] considered the case where there is more than one coefficient of (1.2)

having the maximal order and the maximal type, and obtained the following Theorem 1.E.

Theorem 1.E ([12]) Let A;(z) = B;j(2)e"i*)(j = 0,1,--- , k), where P;(z) = a;j,2" +
-+ 4+ o are polynomials with degree n(> 1), B;(z)(# 0) are entire functions of o(B;) < n. If
a;n(j=0,1,--- k) are distinct complex numbers, then every meromorphic solution f(z)(# 0)
of (1.2) satisfies o(f) > max {o(A4;)} + 1.
0<j<k
In addition, Liu-Mao [12] also discussed the growth of meromorphic solutions of the special

case of the non-homogeneous linear difference equation

A2 f(z4+m) + -+ Ar(2) (= +m) + Ao(2)F(2) = A (2), (1.3)
where k € Ny, n;(j =1,2,--- , k) are distinct non-zero complex constants.

Similar to Theorem 1.E, Huang-Chen-Li [9] considered (1.3), and obtained the following
Theorem 1.F.

Theorem 1.F ([9]) Suppose that A;(z)(j =0,1,---,k + 1) are meromorphic functions

satisfying 0 = max {o(4;)} > 0. Denote I* = {j € {0,1,--- ,k+ 1} : 0(4;) = o} and
0<j<k+1

suppose that A;(z) = Bj(2)e%*" (j € I*), where a; € C\ {0}(j € I*) and B;(2)(j € I*) are



438 Appl. Math. J. Chinese Univ. Vol. 4, No. 4

meromorphic functions with finite order o(B;) < o(j € I*). If the constants a;(j € I*) are
distinct, then each non-trivial meromorphic solution f(z) of (1.3) satisfies o(f) > o.

Noting the non-zero complex constants a;(j € I*) are required to be distinct in Theorem
1.F,(which is similar in [12]) we consider to improve the conditions, that is, admit some of
a;(j € I*) are the same. Under this condition, Belaidi-Habib [1] considered the case of complex
linear differential equations. Inspired by the above results, we proceed to consider (1.3), and
obtain the following Theorem 1.1 and Corollaries 1.1, 1.2 under more general conditions.

For your convenience, we denote

I1={0,1,- -k} =L UL UI3Uly,
where ¢;(j € I) are real constants, and
L={jel:c;>1}, L={jel:0<¢ <1},
Is={jel:c;<0}, Li={jel:c;=1}

Theorem 1.1 Suppose that A;(z) = Bj(2)eb*(j € I), Ax+1(2) = Byy1(2)e®*, where

B;(2)(j € I U{k + 1}) are meromorphic functions satisfying max {o(B;)} < 1,a and
jeru{k+1}

b;(j € I) are non-zero complex constants satisfying b; = cja(j € I). If there exists an integer
s(e Iy # ©) such that ¢, > ¢;j(j € I \ {s}), or exists an integer I(€ I3 # ©) such that
o <cj(j € Is\{l}), and Bj(z) # 0(j = s,l,k + 1), then every meromorphic solution f(z) of
(1.3) satisfies o(f) > 1.

Corollary 1.1 Suppose that the conditions in Theorem 1.1 hold, and B;(2)(j € TU{k+1})
are entire functions. Then every meromorphic solution f(z) of (1.3) satisfies o(f) > 2, except

at most one meromorphic solution fy(z) satisfying 1 < o(fy) < 2.

Corollary 1.2 Suppose that A;(2) = B;(2)eli®)(j € I), Apy1(2) = Bry1(2)el®), where
Pj(z) = bjn2"+---+bj1z+bjo(j € I), P(2) = anz™+---+a12+ap are polynomials with degree
n(> 1) and bj, = cjan(j € I), Bj(2)(j € I U{k + 1}) are meromorphic functions satisfying

Im{akx 1}{0(Bj)} < n. If there exists an integer p(€ Iy # ©) such that ¢, > ¢;(j € I1 \ {p}),
JeEITU{k+

or exists an integer g(€ I3 # @) such that ¢, < ¢;(j € I3\ {¢}), and B;j(2) #0(j = p,q,k+ 1),
then every meromorphic solution f(z) of (1.3) satisfies o(f) > n.

On the other hand, we consider the difference operators A/ f(j € N, ) instead of the shift
operators f(z 4+ n;)(j € N4) in (1.3), and consider the growth of meromorphic solutions of
the corresponding non-homogeneous linear difference equation. Here, for a non-zero complex
constant ¢, the difference operators A7 f(j € N,) are defined as follows (see e.g. [2]),

Af(z) = Alf(2) = f(z +¢) = f(2),
AT f(2) = A(A f(2)) = A fz+ ) = A f(2),5 € Ny

By combining the reasoning method in Theorem 1.1 and the application of Lemma 2.2 and
Remark 2.1, we obtain the following Theorem 1.2 and Corollary 1.3.

Theorem 1.2 Suppose that A;(z)(j € IU{k+1}) are defined as in Theorem 1.1. If 0 € I
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and ¢p > ¢;(j € I1 \ {0}), or 0 € I3 and ¢y < ¢;(j € I3\ {0}), and By(2)Biy1(z) #Z 0, then
every meromorphic solution f(z) of the difference equation

AR(2)AFf(2) + -+ AL(2)Af(2) + Ao(2) f(2) = Aks1(2) (1.4)
satisfies o(f) > 1.

Corollary 1.3 Suppose that A;(z)(j € I U{k + 1}) are defined as in Corollary 1.2. If
0e€l and cp > ¢j(j € 1 \ {0}), or 0 € I3 and ¢p < ¢;(j € I3\ {0}), and By(z)Bg+1(z) # 0,
then every non-trivial meromorphic solution f(z) of (1.4) satisfies o(f) > n.

Wu-Zheng [13] also discussed the corresponding homogeneous linear difference equation to
(1.4), and obtained the following Theorem 1.G.

Theorem 1.G ([13]) Let d; € C(j = 0,1,---,k) such that dy # d; and |do| > |d;|(j =
1,2,--- k), hj(2)(#0)(j =0,1,--- , k) be meromorphic functions with order less than n, then
every meromorphic solution f(z)(z 0) of the difference equation

By (2)e® = AR £(2) + - + hy(2)e™* Af(2) + ho(2)e®™*" f(z) = 0
satisfies o(f) > n + 1.
By combining Theorem 1.G, we consider the growth of meromorphic solutions of (1.4)

further, and obtain the following Corollary 1.4.

Corollary 1.4 Suppose that the conditions in Theorem 1.2 hold, and ¢; # ¢;(i # j), then
every meromorphic solution f(z) of (1.4) satisfies o(f) > 2, except at most one meromorphic
solution fy(z) satisfying 1 < o(fy) < 2.

82 Lemmas for proofs of main results

Lemma 2.1 ([3]) Suppose that P(z) = (a+i)z"+- - - is a polynomial with degree n(> 1),
w(z)( 0) is a meromorphic function with o(w) < n. Let g(2) = w(2)eP®) 2z = re? §(P,0) =
acosnf — Bsinnb, then for any given ¢ > 0, there exists a set H C [0,27) that has linear
measure zero, such that for any 6 € [0, 27)\(Hy U H), there is 7o = r¢(6,¢)(> 0), such that for
r > rg, we have

(i) if §(P,6) > 0, then exp{(1 — &)§(P,0)r"} < |g(re’?)| < exp{(1 +)6(P,0)r"};

(ii) if §(P,0) < 0, then exp{(1 + &)§(P,0)r"} < |g(re®®)| < exp{(1 — &)§(P,0)r"};
where Hy = {0 € [0,27) : (P, 0) = 0} is a finite set.

Lemma 2.2 ([6]) Let f(z) be a meromorphic function of finite order o, and let 7y, n2(n; #
72) be two arbitrary complex numbers. Let (> 0) be given, then there exists a subset E C

(1, 400) with finite logarithmic measure such that for all |z| = r ¢ [0,1] U E, we have

Ztm < exp{r“71+6}.

f( )
f(z+mn2)

eXp{7T071+€} < ’
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Remark 2.1 By Lemma 2.2, we have that

izo CH(~1)I7 (= + ic)

f(2) Z

=0

z+zc

‘N’f(Z)
7)

IN

J
ZC; exp{r? 1t} = 2 exp{r° 1t} je N,.
i=0
Lemma 2.3 ([7]) Let f(z) be a meromorphic function, ¢ be a non-zero complex constant,
then we have that for r — oo,

(L+o(I)T(r —lef, ) <T(r, f(z +¢)) < (L4 0o(1)T(r +[c], f)-
Therefore, it follows that o(f(z +¢)) = o(f), wu(f(z+ ) = p(f).

Lemma 2.4 ([4]) Let f(z) be a meromorphic function with o(f) = o < oo, then for any
given e(> 0), there exists a subset E C [0, 400) having finite linear measure such that for all z

satisfying |z| = r ¢ [0, 1] U E and sufficiently large r , we have
exp{—r7"7} < |f(2)| < exp{r}.

83 Proofs of main results

Proof of Theorem 1.1  On the contrary, we suppose that o(f) < 1.
Denote & = max {o(Bj)}, then o < 1. Denote Hy = {6 € [0,27) : §(az,0) = 0}, then
jeITU{k+1}
Hy is a finite set. For any 6 € [0,27)\Hp, we denote

0s = 0((cs — 1)az,0), 0, =06((cg —1)az,0),
o = jer}ﬁ){( }{5( —1)az,0)}, 63= er?a\)f {6((¢j —1)az,0)},
then 05 # 0,60; # 0,01 # 0,63 # 0. In the following, we divide the proof into two cases.

Case (1) If there exists an integer [(€ I3 # ) such that ¢; < cj (j € Is\ {I}).

It follows by Lemma 2.1 that for any given £(0 < ¢ < min{2. 5H_25 1 —a,1—0(f)}), there
exists a set Hy; C [0,27) with linear measure zero such that for any 6 € [0,2m)\(Ho U Hy),
there is 7o = ro(6,¢)(> 0) such that for |z| = r > rg, the conclusions in Lemma 2.1 hold for
Bj(z)elei=baz j e I\ .

Now, we can choose a ray arg z = 61 € [0,27) \ (Ho U Hy) such that §(—az, 6;) > 0. Clearly,

3((c; —laz,01) = (1 —¢;)0(—az,61), jel
If j € I, then 6((¢; — 1)az,01) < 0; if j € Iy, then 0 < 6((¢; — 1)az,01) < 6(—az,0:); if
Jj € I3\ {l}, then 0 < 6(—az,01) < §((¢; — 1)az,61) < 83 < &;. Therefore, it follows by Lemma
2.1 that for the above ¢, there is r; = r1(61,€)(> 1) such that for all z satisfying |z| =7 > r;

and arg z = #,, we have

|Bl(z)e(6’71)az| > exp{(1 —¢€)or}; (3.1)
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|Bj(2)el 1% < exp{(1 —€)d((¢; — 1)az,01)r} <1, je Iy (3.2)
|Bj(2)e 9% < exp{(1+¢)d((c; — 1)az,b;)r}
< exp{(l +¢)d(—az,01)r}, jE€ la; (3.3)

|Bj(2)e“ 7% < exp{(1 +€)d((c; — 1)az,01)r} < exp{(1+¢e)dsr}, je L\ {l}. (34)

It follows by Lemma 2.2 that for the above ¢, there exists a subset Eq C (1, +00) with finite
logarithmic measure such that for all z satisfying |z| = r ¢ [0,1] U E7, we have

exp{—ro(f)=1+e) < ‘;Ez 1‘ Z;%

where ¢,5 € I, ¢ # j, n; = 0 when ¢ = 0, and n; = 0 when j = 0.

< exp{r771FeY, (3.5)

Since o(f) < 1, then by Lemma 2.3, we have

1 .
U(f(ZJrﬁj)):U(m):U(f) <1, jelI\{0}.

It also follows by Lemma 2.4 that for the above e, there exists a subset Ey C [0,400) with
finite linear measure such that for all z satisfying |z| = r & [0,1] U E and r — oo, we have

|Bj(2)] < exp{r®*°}, jelu{k+1}, (3.6)
and
1
_pohey < ‘ ‘ < o(f)+e 3.7
exp{—r < < exp{r , .
(70 < | s | <o) (37)
where j € I, and n; = 0 when 7 = 0.
We divide (1.3) by f(z +m) to get

_ _ Z+7b Jelei=1) f(z+m))
Bl(z)e(cl laz < B( (c] 1az B ¢j az
X It 21% \+Z|B )
IOAYY) (z+m) (= +m)
fz+m)

Then by substituting (3.1)-(3.7) into (3.8), we deduce that for all z satisfying arg z = 6; and
|z| =7 & [0,71] U (E1 U Ey), we get
exp{(1—¢)or} < |Bi(z)elVaz|

< O(1)exp{r7=11 4 O(1) exp{(1 + £)d(—az, 01)r} exp{ro))~1+e}
+O(1) exp{(1 +€)dyr} exp{r” =1} + O(1) exp{r®**} exp{r7=1+e}
+ exp{r®*t} exp{roH+e}
exp{(1 + 2¢)dsr}, (3.9)

IN

a contradiction.
Case (2) If there exists an integer s(€ I; # @) such that ¢; > ¢;(j € I1 \ {s}).
It follows by Lemma 2.1 that for any given (0 < ¢ < min{%, 1—a,1—=0(f)}), there

exists a set Hy C [0,27) with linear measure zero such that for any 6 € [0,2m)\(Ho U Ha),
there is rg = ro(6,e)(> 0) such that for |z| = r > rg, the conclusions in Lemma 2.1 hold for
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Bj(z)elei=baz j e [\ .
Now, we can choose a ray argz = 602 € [0,27) \ (Ho U Hz) such that §(—az, 82) < 0. Clearly,
0((¢; —1)az,82) = (1 —¢;j)0(—az,62),7j € 1.
If j € 1\ {s}, then 0 < 6((¢; —1)az,b) < 01 < &s; if j € [,UI3,8((¢c;—1)az,62) < 0. Therefore,
it follows by Lemma 2.1 that for the above e, there is r9 = r9(f3,¢)(> 1) such that for all z
satisfying |z| = r > ry and argz = 65, we have

| Bs(2)ele 1% > exp{(1 — )d,r}; (3.10)
1Bj(z)e 1% < exp{(1+¢)d((c; — 1)az,02)r}
< exp{(1+¢e)dir}, jeli\{s} (3.11)
|Bj(2)e 1% < exp{(1 —€)d((c; — 1)az,0)r} <1, je€ L UIs. (3.12)
We divide (1.3) by f(z + ns) to get
[By()eles e
—1yaz| [ (24 05) —1yaz| [z + 1)
< ‘B.(z)e(c] l)aZ| AT TS |B.(Z)e(c] l)aZ| AT TS
]E;\{ , f(z+m5) je;h ! f(z+m5)
f (z+mn;) Byy1(2)
B;( . 3.13
+J;| | can) | I+ (313

Then by substituting (3.5)—(3.7) and (3.10)-(3.12) into (3.13), we deduce that for all z satisfying
argz = 6 and |z| = r € [0,72] U (E1 U E3), we have

exp{(1 —¢)ds,r} < ‘Bl(z)e(csfl)az‘
< O(1)exp{(1+e)dir}exp{r”P 1<} + O(1) exp{r7/)1*<}
+0(1) exp{rote} exp{re =17} 4 exp{ro+e} exp{ro(H+e}
exp{(1 4+ 2¢)dir}, (3.14)

IN

a contradiction.
Therefore, we have o(f) > 1.
The proof of Theorem 1.1 is complete.

Proof of Corollary 1.1 We consider the homogeneous linear difference equation

B (2)e*** f(z+ni) + -+ B1(2)e“** f(z +m) + Bo(z)e°** f(2) = 0, (3.15)
where k, n;(j =1,2,--- k), Bj(2)(j =0,1,--- ,k), ¢j(j =0,1,--- ,k) and a are defined as in
Theorem 1.1.

Case (1) If there exists an integer (€ I3 # O) such that ¢; < ¢;(j € I3\ {l}), then we
rewrite (3.15) as follows:

By(z)el=m fz 4 ) + X Bj(z)el ez f(z + 1)
JENLUI

+ > Bj(z)e(cj_cm)azf(z—i—nj)—i— > Bj(z)e(l_cm)”f(z—i—nj) =0, (3.16)
JEI\{l} g

where m € I and ¢, > ¢;(j € I \ {m}). (If the above m are more than one, we can choose

any one of them arbitrarily. )
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Case (2) If there exists an integer s(€ Iy # @) such that ¢5 > ¢;(j € I \ {s}), then we
rewrite (3.15) as follows:
By(2)el = f(z+n) + 3 Bj2)el ™% f(z + ;)
jen\{s}

+ 2 Bj(2)el o F iz my) + 3 By(z)e e f(z 4 ;) =0, (3.17)
JEIUI3 J€EI4

where n € Is and ¢, < ¢;(j € I; \ {n}). (If the above n are more than one, we can choose any

one of them arbitrarily.)

It follows by the conditions in Theorem 1.1 that for both Case (1) and Case (2), there is
only one coefficient, By(z)e(®=¢m)e% in (3.16) or B,(z)e(s~¢n)%* in (3.17), having the maximal
type, that is, the conditions in Theorem 1.D hold. Therefore, it follows by Theorem 1.D that
every meromorphic solution f(z)(# 0) of (3.15) satisfies o(f) > 2.

Let f1(z) and f2(2) be two distinct meromorphic solutions of (1.3), and satisfy o(f;) <
2,1 = 1,2, then f1(z) — fa(2)(# 0) is a meromorphic solution of the corresponding homogeneous
equation (3.15) and satisfies o(f1 — f2) < 2, which is a contradiction with the fact o(f; — f2) > 2.
Thus, every meromorphic solution f(z) satisfies o(f) > 2, except at most one meromorphic
solution fy(2) satisfying o(fo) < 2. It follows by Theorem 1.1 that o(fy) > 1. Therefore, every
meromorphic solution f(z) satisfies o(f) > 2, except at most one meromorphic solution fy(z)
satisfying 1 < o(fp) < 2.

The proof of Corollary 1.1 is complete.

Proof of Corollary 1.2 We use the similar reasoning method as the one in Theorem 1.1 to

prove as follows.
On the contrary, we suppose that o(f) < n.

Denote § = max {o(B;)}, then 8 < n. For any 6 € [0,27)\H;, we denote
JEIU{k+1}

p = 6((cp =1)P(2),0), bq=10((cq —1)P(2),0),
07 = max {§((¢; —1)P(2),0)}, 3= max {6((c; —1)P(z),0)},
1 jeh\{p}{ ((c; =1)P(2),0)}, 03 jEIS\{q}{ ((cj =1)P(2),0)}
where H} = {0 € [0,27) : §(P(z),0) = 0} is a finite set.

Case (1) If there exists an integer g(€ I3 # ©) such that ¢, < ¢;(j € I3\ {q}), then we
can choose a ray argz = 03 € [0,27) \ (H§ U H3) such that §(—P(z),603) > 0, and Lemma 2.1
holds, where Hs C [0,27) has linear measure zero. For all z satisfying |z| = r and arg z = 03,
we rewrite (3.1)-(3.4) as follows:

|By(2)elcaDbnz"(AHoM)| > oxpl(1 — £)6,rm}; (3.18)

|Bj(z)eles—Dbn=" (40| < oxpl(1 —£)d((c; — 1)P(2),03)r"} <1, je@y; (3.19)
|Bj(z)el Doz (oI < exp{(1 +£)3((¢; — 1)P(2), 63)r"}

< exp{(1+¢)d(—=P(z),0s5)r"}, j€ I (3.20)

|Bj(z)e(cJ'fl)bnz"(lJro(l))‘ < exp{(1+e¢ 5((Cj —1)P(2),03)r"}
a3r"},  j e I\ {q} (3.21)

< exp{(1+e¢

(
(

~—  ~—
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Thus, similar as the proof of Theorem 1.1, we have
exp{(1 —e)d,r"} < exp{(1+ 2¢)o5r"},
a contradiction.
Case (2) If there exists an integer p(€ I; # ) such that ¢, > ¢;(j € I \ {p}), then we
can choose a ray argz = 04 € [0,27) \ (Hg U Hy) such that §(—P(z),04) < 0, and Lemma 2.1

holds, where Hy C [0,27) has linear measure zero. For all z satisfying |z| = r and argz = 04,
we rewrite (3.10)-(3.12) as follows:

[By(2)eler D= (40| > exp{(1 - £)6,r"}; (3.22)
B (2)eles= D0 (o) < exp{(1+£)3((¢; — 1)P(2), 0a)r"}
< exp{(1+)5ir"}, je i\ {p): (3.23)

|Bj(2)els=Dbn=" (o) < oxpl(1 — £)d((¢; — 1)P(2),04)r"} <1, j€ L UIs. (3.24)
Thus, similar as the method of proof of Theorem 1.1, we have
exp{(1 —e)d,r"} < exp{(1+ 2¢)o7r"},
a contradiction.
Therefore, we have o(f) > n.

The proof of Corollary 1.2 is complete.

Proof of Theorem 1.2 On the contrary, we suppose that o(f) < 1. We divide (1.4) by f(z)
to get

kf(z z 1(z
“Ao(z) = Ak(z)Af{Z() ) Al(z)@fi)) - A’;j(zg ). (3.25)
By Remark 2.1, we have 4
’A;{;;) < O(exp{r”(f)_“r‘g})7 jerI\{0}. (3.26)

Case (1) If 0 € I3 and ¢o < ¢;(j € I3\ {0}), then we can choose a ray argz = 05 €
[0,27) \ H5 such that 6(—az,05) > 0, and Lemma 2.1 holds, where Hs C [0,27) has linear
measure zero. By combining (3.1)-(3.4) (where we take 05 instead of 6;), (3.6)-(3.7), and
(3.25)-(3.26), we have for all z satisfying argz = 05, |z| =7 € [0,1] U (F1 U E3) and r — oo,

exp{(1 —e)dor} < exp{(1 + 2¢)d3r}, (3.27)
where dg = 0((cop — 1)az,0). By a similar reasoning method as the one in Theorem 1.1, we can
get a contradiction from (3.27).

Case (2) If 0 € I; and ¢o > ¢;(j € I, \ {0}), then we can choose a ray argz = 0 €
[0,27) \ Hg such that d(—az,0) < 0, and Lemma 2.1 holds, where Hg C [0,27) has linear
measure zero. By combining (3.6)-(3.7), (3.10)-(3.12), and (3.25)-(3.26), we have for all z
satisfying arg z = g, |2z| = r ¢ [0,1] U (E1 U E3) and r — oo,

exp{(1 — €)dor} < exp{(1 + 2¢)d17}, (3.28)
where dy = 0((co — 1)az,0). By a similar reasoning method as the one in Theorem 1.1, we can
get a contradiction from (3.28).

Therefore, we have o(f) > 1.
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The proof of Theorem 1.2 is complete.

Proofs of Corollaries 1.3 and 1.4 The proofs of Corollaries 1.3 and 1.4 are similar as the

ones of Corollaries 1.2 and 1.1 respectively.
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