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Bias Free Threshold Estimation for
Jump Intensity Function

LIN Yi-weit LI Zhen-wei? SONG Yu-ping?*

Abstract. In this paper, combining the threshold technique, we reconstruct Nadaraya-Watson
estimation using Gamma asymmetric kernels for the unknown jump intensity function of a
diffusion process with finite activity jumps. Under mild conditions, we obtain the asymptotic
normality for the proposed estimator. Moreover, we have verified the better finite-sampling
properties such as bias correction and efficiency gains of the underlying estimator compared

with other nonparametric estimators through a Monte Carlo experiment.

81 Introduction

The diffusion process with jumps can characterize the statistical and economical dynamics

of the underlying state variables such as asset prices or interest rates, which is defined as follows:
dXy = w(Xi_)dt + o(Xyo)dWy + dJy, t€[0,T], (1)

where J; is a finite activity (FA) pure jump semimartingale. J; is usually assumed to be a

compound Poisson process and can be written as
Ny

t
J://:c~mds,dz = i,
=, - &

i=1
where m is the jump random measure of J;, N; := fot fﬂ 1-m(ds,dz) is a a.s. finite Poisson
process with a jump intensity stochastic process A(-), and each ~; is the size of the jump,
more details in Cont and Tankov (2004). Many statisticians and economists focused on the

theoretical properties and empirical applications for models (1). Hanif (2012) considered local
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linear estimator for the volatility function o2 (x)+A(x)o?, where A and 0% are the jump intensity
and the variance of J; respectively. Moreover, Lin and Wang (2010) or Hanif et al. (2012)
improved the nonparametric estimation for the volatility. The description of jumping behaviors
can help explain the sharp fluctuations for the underlying assets, whereas less research is done
independently for the characteristic of jumps, especially the parameter A(z) which characterizes
the frequency of jumps. In view of an economical point, how to effectively estimate this intensity

parameter for a jump-diffusion process has also been a fundamental problem.

Assuming the parametric design for the diffusion model with jumps (1) such as one-factor
CKLS model including jumps, Das (2002) and Andersen et al. (2004) considered the char-
acteristic of jump through the parametric estimators. However, due to complex structure of
data in the analysis process, people often can not make simple assumptions about the overall
distribution pattern. At this time, the method of parameter estimation is no longer applicable.
Nonparametric approach does not rely on the assumptions of overall distribution or some of
the overall parameter characteristics such as variance, which, to some extent, can reduce the
errors caused by errors from misspecified model. Based on the fourth and sixth infinitesimal
conditional moments of jump-diffusion process, Johannes (2004) and Bandi and Nguyen (2003)
constructed nonparametric estimator for the identify parameter A\(x). However, they didn’t ob-
tain the central limit theorem for the underlying estimator. Mancini and Reno (2011) improved
the nonparametric estimator for intensity function A(z) combining Nadaraya-Watson method

with the threshold function and proved the central limit theorem for it.

As is known to all, there exists a “boundary effect” problem for Nadaraya-Watson estimator
at the boundary point. Chen (2000) proposed the Gamma asymmetric kernels for nonparamet-
ric estimation of positive supported densities and also mentioned that the kernel estimator
constructed with gamma probability densities were free of boundary bias. In addition, the
variance of nonparametric estimator constructed with gamma asymmetric kernels is inversely
proportional to the location of the design point  away from the origin, which could bring about
variance reduction. Gospodinov and Hirukawa (2012) proposed nonparametric estimation con-
structed with gamma asymmetric kernels for scalar diffusion models with application to bond
and option pricing using U.S. interest rates. They also proved the asymptotic theorem for this
approach and illustrated its advantages such as bias correction and efficiency gains through
Monte Carlo experiments. In this paper, we introduce and analyze the bias free nonparametric
threshold estimator as Nadaraya-Watson estimator constructed with Gamma asymmetric ker-
nels for the unknown intensity coefficients in the jump-diffusion model. The main contributions
of this paper are twofold. Theoretically, different from Song and Wang (2018), the asymptotic
normality for the proposed estimator which is a stochastic integral driven by a pure jump Lévy
martingale not a Wiener process, is obtained by Jacod’s stable convergence theorem. Practical-
ly, compared with the estimator constructed with Gaussian kernels considered in Mancini and
Reno (2011), the better finite-sample performance of our estimators, especially bias correction
at the boundary points, is verified through a Monte Carlo experiment.

An outline of the paper is as follows: Section 2 introduces the bias free threshold estimator
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constructed with Gamma asymmetric kernels for jump intensity function. Moreover, the regular
conditions and main results are shown here. Section 3 presents the finite-sample performance of
the underlying estimator through Monte-Carlo simulation study. Section 4 collects the technical

lemmas and the detailed proof for the main results.

§2 Bias free threshold estimator and Main results

Chen (2000) introduced nonparametric kernel estimation for positive supported densities
constructed with Gamma asymmetric kernels which are defined as
u®/"n exp(—u/hy)
h "D (2 /by + 1)
where I'(m) = fooo y"™ texp(—y)dy, m > 0 is the Gamma function and h,, is the smoothing

KG(a/hnt1,h,)(0) = 0<u<oo, (2)

parameter. The local nonparametric estimator using Gamma kernel functions does not bring
about boundary bias for nonnegative variables or nonnegative part of underlying variables due
to the fact that the support of the Gamma density function is [0, 00). Since K¢ (s /n, h,)(©) is
unbounded near at x = 0, we use modified Gamma kernel functions K¢z /n,+1,h,)(u) instead
of K¢(z/h,hy)(u). The Gamma function has shapes varying with the smoothing parameter
and the design point x, which behaves as the variable bandwidth method. Furthermore, the
asymptotic variance of the nonparametric Gamma kernel estimation is inversely proportional
to the design point x, which yields the variance reduction of nonnegative kernels.

Here we firstly consider Nadaraya-Watson estimation for the unknown coefficient of the dif-
fusion model with jumps (1) constructed with the Gamma asymmetric kernels. The Nadaraya-

Watson estimator A4g(z) for A(z) constructed with the Gamma asymmetric kernels is

:\AS(33) = (3)

ic1 Kaa/nn+1,n) (Xi-1)a,)Cinl{Xia, ~X(_1ya, [250(A0)}
where {X;a ;i = 1,2, -} are discrete sampling observations for the process (1), ¢; ,, is a double

An o K/ +1,m0) (X—1)A,) ’

array of constants with ¢ = 1,...,n and #(A,,) is the threshold function.
We impose the following assumptions throughout the paper. Assume that 2 = (I,u) with
—00 <[ < u < oo is the range of the process X;.

Assumption 1.  For model (1), the jump intensity Ay := A\(X¢—) is bounded and nonnegative,
and the coefficients py and oy are twice continuously differentiable and progressively measurable
processes with cadlag paths satisfying the following conditions:

(i) For each n € N, there exists a positive constant L,, such that for any |z| <n, ly| <n,

(@) = p()| + lo(z) —o(y)| < Lnlz —yl;
(i) There exists a positive constant C, such that for all x € R,
(@) + lo(@)] < C(1+ [a]);
(ii1) o(x) is strictly positive.

Assumption 2.  The solution of model (1) is Harris recurrent.

Assumption 3.  The local time Lx (T, x) for model (1) satisfies

sup |Lx (T, x + uan) — Lx| = 0p(Lx (T, x)),
ul<1
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as a, — 0.

Remark 2.1. The assumptions (¢) and (¢¢) in Assumption 1 guarantee that the SDE (1)
has a unique strong solution which is adapted and right continuous with left limits on [0, 77,
see Jacod and Shiryaev (2003) for more details. The Assumption 2 guarantees the existence
of a unique invariant measure s(z), that is, s(A) = [, P(Xt(x) € A)s(dx), VA € B(Z). The
Assumption 2 with positive Harris recurrent condition implies that the process X; has a time-

invariant probability measure given by p(dz) = ;((;)) at any initial level x € 2. Assumption

3 actually arises from Theorem 1 in Eisenbaum and Kaspi (2007), which was mentioned as
assumption 5 in Wang and Zhou (2017).

In the following theorem, we will obtain the corresponding asymptotic normality of Nadaraya-
Watson threshold estimator constructed with Gamma asymmetric kernels (3) by letting n,
T —ooand A, =T/n — 0.

Theorem 1. [recurrent case] In model (1), under Assumptions 1, 2 and 3, and we also
assume that
(1) Jy is such that Ve > 0, P{|v;| < e} < ce and the jump sizes {;}; are independent of Ny;
(i) D(A,) = A1,n € (0,1), with nAL™"? = 0 and Aﬁl(“T(jT) — 0;
(iii) the bandwidth parameter is of the form h, = A% with ¢ € (0,1/2);
(iv) asm, T — oo and hy, A, — 0, we have for all visited x

(Anln(i))% (ATL IDL)% F a.s, 7 a.s,
—p 20— @) 250 k(@) =5 oo,

5 s T n
but hi L (z) = Op(1), where L (x) = A S0 Kote/n, 1100 (Xi-1)a,,)-

n

Then if ¢; n, is a double array of constants withi = 1, ...,n such that Vz, \/h}L/QlALga(:E) sup, |[1—
cin| = 0 as n — oo, then, for the interior x visited by X, we have

21 (@) (XAS(:c) —Az) - [X () {1 + x‘i ((f; } + gx' (x)] : hn> 4,

1

for the boundary x visited by X, we have
~ o _ d ) F(2:‘<& + 1)
Pl (@) (Aas(@) = A(@)) 4 & (O,A(x) ST
where “interior 7 if “x/h, — 00" or “boundary x” if “x/h, — K forxz € 9.

Theorem 2. [positive recurrent case] Under Assumptions 1, 2 with positive Harris re-

current condition, 8 and nA,h2 = Op(1), then, for the interior x visited by X, we can obtain
VALY (&AS(:@ —\az) — lx (z) {1 PN.AC) } + Iy (@] : hn> 4
s(x) 2
1
N (0, ANz) ——————

2ﬁx1/2p<x>> ;
for the boundary x visited by X, we have

NCYNS (XAs(x) - A(x)) 4 (o, A(z) L2r+1) ) .

21252 + 1)p(2)
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Remark 2.2. For the positive recurrent case of Assumption 2, the local time Lx (7, x) increases
consistently with 7" as

LX(T’QU) 2% p(x), Vo € 9. (4)

So we can deduce Theorem 2 by means of Theorem 1 easily with the property (4) above.

Remark 2.3. Under some regular conditions and k2 Lx (T, x) = Oq. (1), Mancini and Rend
(2011) obtained asymptotic normality of Nadaraya-Watson estimator constructed with Gaus-

sian symmetric kernels for the unknown quantity A(z),

’ ’

A . 1.~ A(x)s (z) d 1
hnLx (T, z) (ANW(x) — Az) — hZ - B [)\ () + 5@)]) =N (0,)\(:8) : M) , (5)

where
n

R 1 X -
Lx(T,z) = - ZK(%)AM
n i—1 n

and

n Xi—1ap =T\
. Zi:l K( hn )sz7ll{‘XiAn7X(i—1)An 2>9(An)}

n X@-1a, =
i K (F52—) A,
There are two main differences between the asymptotic result in Theorem 1 and that in

5\NW(1')

Mancini and Reno (2011) above: on one hand, the convergence rate of Nadaraya-Watson esti-
mator using Gamma asymmetric kernel is various for the location of the design point x such as
“interior 7 and “boundary z”; on the other hand, the variance of of Nadaraya-Watson esti-
mator using Gamma asymmetric kernel for “interior z” is inversely proportional to the design
2, which implies that the estimator (3) is resistant to sparse design point x. More theoretical
comparison between the results, one can refer to Song et al. (2019) for more details.

It is very important to consider the choice of the bandwidth h, for the nonparametric
estimation. Based on the mean square error (MSE), the optimal bandwidth of Nadaraya-
Watson threshold estimator with Gaussian kernels (5) for both interior and boundary points is
given

NW _ Az) : _ )%
Fim,opt = <ﬁX(T,x)2\/7?A2(x)> =0Or (LX(T’ ) )

where A(z) = 4 [/\”(a:) + )‘(f()i)(z)} . The optimal bandwidth of nonparametric threshold esti-

mator constructed with Gamma asymmetric kernels (3) based on Theorem 1 for “interior z” is

given

_ A(z) ’ _ -2
hﬁ,ﬁpt - <LﬁT($)2\/77T.’171/232(1‘) =O0p (LX(Ta CE) ) )

where B(z) = | X () {1 + xS'“’)} by (x)} .

We can observe that for “interior z”, the optimal smoothing parameter
AS -2 NW
h‘n,opt = OP (LX (T7 J?) 5) = OP(hmopt)Q?

which shows that the asymptotic variance of the nonparametric threshold estimator construct-

ed with Gamma asymmetric kernels is Op (L x (T, x)*%>, the same as that constructed with
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symmetric kernels. For the further study of the theoretical optimal value of the bandwidth, one
can refer to Ait-Sahalia and Park (2016) and Wang and Zhou (2017) for more details.

83 Simulation study

In this section, the finite-sample performance of various nonparametric threshold estimators
is constructed through a simple Monte Carlo simulation experiment. For simplicity, nonpara-
metric threshold estimator using Gamma asymmetric kernels studied here is denoted as AS and
Nadaraya-Watson estimator mentioned in Mancini and Rend (2011) is denoted as NW.

A jump-diffusion model defined as

dX; = 0.103Xdt + 0.178 X dW, + dJJy, (6)
is considered here, where J; = ZZV:‘I Z; with the arrival intensity A = 1 and jump size Z,, ~
(0,0.036%). One sample path of X; with 7= 10, n = 480, Xo = 0.1, A, = L = L for
model (6) is shown in FIG 1. The difference of X; and its time-varying threshold function ¥(A,,)
depicted in FIG 2, which is implemented as that in Mancini and Reno (2011) and effectively
disentangle the jumps.

One sample paths of the process x

0.25

The value of X

Time Interval T

Figure 1: One sample path of X; for model (6)

The Differenced Series and Threshold Values

0.10

“|-=— Differenced Series
_|-®- Three Times Conditional Standard Deviation

Value
0.00

-0.10

Figure 2: The Difference Sequence and its Threshold Value

172 .
Throughout this section, we take Gaussian density K(z) = \/%6_7 and the practical
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bandwidth KW = 2.8.5.T5 for Nadaraya-Watson threshold estimator and hAS = 2.8.5.7-%
for nonparametric threshold estimator constructed with Gamma asymmetric kernels, where
S denotes the standard deviation of the data. The sequence ¢; , is implemented as that in
Mancini and Reno (2011). The plot of estimators and their corresponding biases at various
quantile points of sample X; in model (6) are demonstrated in FIG 3 and Table 1. From FIG
3 and Table 1, it is observed that AS threshold estimator performs better than NW threshold

estimator in terms of bias, especially at the right sparse design point.

The NW Threshold and AS Threshold estimator for lamda

o
o 7 —=— real drift
% | --®-  NW Estimator
g |- 0T 7= -~ - AS Estimator
2 o ~
£ 8 —
@ ~
=}
=1 -
>
£
&
S T T T T T T T
0.10 0.12 0.14 0.16 0.18 0.20 0.22
Ordered Xt

Figure 3: Various Nonparametric Threshold Estimators for A(z) =1

Table 1: The biases of NW and AS at various quantile points of sample X; in model (6)

Quantile points of sample X,
10% 20% 30% 40% 50% 60% 70% 80% 90%

NW 0.0446 0.0470 0.0484 0.0477 0.0441 0.0370 0.0261 0.0111 -0.0079
AS  0.0308 0.0280 0.0253 0.0225 0.0192 0.0153 0.0105 0.0049 -0.0018

Bias

Furthermore, the overall finite-sample performance between Nadaraya-Watson threshold es-
timator considered in Mancini and Reno (2011) and bias free nonparametric threshold estimator
constructed with Gamma asymmetric kernels for the intensity function X is calculated via the
following four measures used in Fan et al. (2007).

Measure 1: Absolute Mean Error (AME): AME = 4 ‘chvzl[j\(a:k) — Map)|;

Measure 2: Root Mean Square Error (RMSE): RMSE = \/% S A R) — A2

Measure 3: Ideal Mean Absolute Deviation Error (IMADE):
IMADE = L $°V | ‘x(xk) — Az

Measure 4: Relative Ideal Mean Absolute Deviation Error (RIMADE):

N |Aax) - /\(xk)‘

— M)

where A(z) is the various nonparametric threshold estimator for A(z) and {z;}Y are chosen

1
RIMADE = —
N k

uniformly to cover the range of sample path of X;. From Table 2, we can find that the AS
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estimator performs better than the NW estimator for various jump intensities and various

measures.

Table 2: Comparisons between different nonparametric threshold estimators for intensity func-

tion with various measures

Measures Estimators A=1 A=3 A=5
ME NS Qi e 2s0
RMSE S 0o 1a amed
DADE Y6 Giass iasm 20
RIMADE 6 (s air osrod

Finally, the QQ plots of nonparametric threshold estimator using Gamma asymmetric k-

ernels for A\(x) = 1 at the left or right boundary point and in the interior point are displayed

in FIG 4, which confirms the normality of the underlying nonparametric threshold estimator

shown in Theorem 1.

AS Threshold Normal QQ Plot

AS Threshold Normal QQ Plot

AS Threshold Normal QQ Plot

e

55.1 Ordered Data
55.1 Ordered Data

55.1 Ordered Data

&

S e e L
3 2 -1 0 1 2 3

Normal Quantiles

e L
3 2 -1 0 1 2 3

Normal Quantiles

N e e L
3 2 -1 0 1 2 3

Normal Quantiles

Figure 4: QQ plot of Nonparametric Threshold Estimators constructed with Gamma Asym-

metric kernels for A\(z) =1

84 Proof for main result

We recall that A,, = %,ti = Ay, A X = Xin,

— X(i—1)a,- Note that throughout this

article, we use C to denote a generic constant, which may vary from line to line. By o.W we

denote the stochastic integral of o with respect to W. We denote by (Tj)j N the jump instants
of J; and by 7() the instant of the first jump in (tiz1,t;], if AN > 1.



LIN Yi-wet, et al. Bias Free Threshold Estimation for Jump Intensity Function 317

Lemma 4.1. [The occupation time formula] Let X; be a semimartingale with local time
(Lx(-,a))aco. Let g be a bounded Borel measurable function. Then

/ " Lx(t.a)g(a)da = / o(Xo)d[X], as, (7)

— 00

where [X]¢ is the continuous part of the quadratic variation of X and & denotes the the admis-

sible range of the process of interest.

Lemma 4.2. [Jacod’s stable convergence theorem] A sequence of R—uvalued variables
{Cni + @ > 1} defined on the filtered probability space (2, F,(F)i>0,P) is Fia, —measurable
for all n,i. Assume there exists a continuous adapted R—uvalued process of finite variation By

and a continuous adapted and increasing process Cy, for any t > 0, we have

[s/An]
n,i yl _Bs L 0; 8
Oiligt!; [Gni | Zlim1yan] | — (8)
[t/An] b
S (B[G | Zi-vya,] —E*[¢ni | Zi—na,]) —C— 0, (9)
1= l[t/An
Z E n,i | j(i—l)An] i> 0. (10)
Assume also
[t/An] 4
3" E[CGaiALH | Fiiya,] 0, (11)
i=1

where either H is one of the components of Wiener process W or is any bounded martingale
orthogonal (in the martingale sense) to W and AL, H = H;n, — Hi_1)a,,-

Then the process
[t/An]

S—L
Z Cnyi — By + My,
i=1
where My is a continuous process defined on an extension (ﬁ,ﬁ,ﬂ) of the filtered probabil-
ity space (Q,P, 35) and which, conditionally on the the o—filter %, is a centered Gaussian

R—wvalued process with E[ME | F| =C,.

Remark 4.1. For lemma 4.2, one can refer to Jacod (2012) (Lemma 4.4) for more details.
The stable convergence implies the following crucial property required in the detailed proof of
Theorem 1.

It Z, S=% 7 and if Y,, and Y are variables defined on (§2,.%, P) and with values in the same
Polish space F, then

Y, 5Y = (Y. Z,) 5, 2), (12)

which implies that Y,, x Z,, Sty xz through the continuous function g(z,y) =z x y.
Lemma 4.3 (Song et al. (2019)). Under Assumptions 1, 2 and 3, we have

n—1

T
A Kao/n+1n)(Xia,)9(Xia,) = / Ka(a/h,+1,h,)(Xs—)9(Xs-)ds +0p(1).  (13)

i=1 0
Remark 4.2. Denote gLx (T,y) := g(y)-Lx(T,y) and ¢ ~ T'(x/h,+1,h,), then E(¢) = x+h,
and Var(§) = xh, + h2. For model (1) we have d[X]¢ = 0%(X,_)ds, and by the occupation
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time formula in Lemma 4.1,

T
/KG(m/hn-&-l,hn)(Xsf)g(Xsf)ds
0

T 2
0% (Xs_)ds
/0KG(x/h,L+1,h,,L)(Xs—)g(Xs—)gS)

T
- K, X, )g(X, )2
/0 G /hn+17hn)( )g( )O_Q(XS_)

/ Kote st ()g(w) Lx (T, u)du
0

= ElgLx(T,¢)] = BlgLx (T, E(§) + £ — B(¢))]

—  ElgLx(T,2+ 0,(v/hn)] == ElgLx (T, + a,)

- E[Q(T’ T+ an)zX (Ta T+ an) - g(x)EX (Ta T+ an)]
n _

Elg(2)Lx(T,x + an) — g()Lx (T, )] + Elg(2) Lx (T, )]

= g(@)Lx(T,z) + 0p(Lx(T,x))
combining the Assumptions 1 and 3, where a,, = v/h,, and Lx (T, z) = L;((Tl_ )I ),

Remark 4.3. If g =1, then

n—1

P —
An Y Kagn1n,)(Xia,) — Lx(T, ).
i=1
For stationary case,
1

n

n—1
P
Z Ka(a/h,+1,m,)(Xin, )9(Xia, ) — g(z)p().

i=1

4.1 The proof of Theorem 1

Proof. Denote
Lh(z) = A0 K, 1n) (X-1a,)

i=1
and the regularization coefficient R(h,,) = { \/h}l7’ _ if ©/hn — co (“interior a”);
Vhn, if x/hy, — K (“boundary x7).
Write
R(hn)\/ () (M as (2) = A(@))
Y1 Ko/mn 1m0 (X-na,) (€n — DI x)2>9(a.))

=R(hn)\/ Ly () T
T X

- " K Xiova) ia,
+R(hn) Lg—‘(fx) (Zzl G( /hn+17hn)( ( 1)An) {(A'LX)2>"9(AH)} . )\(.’If)) .

L ()

(14)

(15)
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Firstly, for the second part of R(hn)\/ﬁuT(x) (Aas(z) — A(z)),
p " Ko X Iga,
Ro1 :=R(h,)\/ Lk (z) (Zl_l H /hnﬂ’h")(w( va s A(x))
L (x)
Y i1 Koo/natthn Xa-va,) Ugax)>o@any — AiN)

=R(ha)\/ L (@)

L ()
. Sy Ko /mtnn) (Xi-na,) (AN = [ Ads)
L (@)
. Yy Kaa/maring Xa-na,) fio (A = A(ﬂf))ds)
Ly (x)

::Rln,T + RQn,T + R3n,T'
As for R;, ., we can show it tends to zero in probability similarly as the detailed proof in

Mancini and Rend (2011) replacing K ()(“};7;71) with KG(z/h,+1.8,)(X—1)a,)-

As for Ry, ., in order to obtain
- St K/ +1.m,) (X—1)a, ) (AN — [77 Ads
Rl T () = BN R ) a1, 3 (0,00 R B0,
bz

we firstly show the numerator of
R(hyp [ 27—
T(\/T) Yliet KG(/hn+1,h) (Xi-1)4,) ftifl v(ds)

LY (x)
) S K /n1h) (XG-1ya,) (AN = [ Aods) 16)
L (x)

VT
converges stably in law to My, where 7(dt) = Nydt — AN(X;—)dt, My is a Gaussian martingale
defined on an extension (, P, .#) of our filtered probability space and having E[M?|.Z] = A(z)-
_ 1 —-1/2 —1/2 . «,s . AW
——h, "z , if x/h, — oo (“interior x7);
R2(ha) - B, (&) 2552 with B (0) = { Ve g )
sy 0 O x/hy, = Kk (“boundary x”).
Denote Y 7" | q; := 1;(\};%) S K+ 1.0, (Xi—1)a,) ftiil (ds), and Jacod’s stable con-
vergence theorem tells us that the following arguments,

Vi=Y Eiafa] 50,
=1

Vo= (Eialg] - BX [ai]) 5 M@) - R2(hn) - B, () - w

=1

n
Vs = ZEi—l[Qﬂ Lo,
i=1

Vi=> Ei1[g:AH] 50,
i=1
imply >0 ¢ S=% My, where either H = W or H is any bounded martingale orthogonal (in
the martingale sense) to W, E; [ - | = E[ - [X—1a,]-
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Considering K¢z /h,,+1,h,)(X(i=1)a,, ) is measurable with respect to the o-algebra generated

by {Xu,0 <wu<t;,_1}, ¢; is a martingale difference sequence, so V; = 0.

For Vs,
Vo =

(Eialgl] — B [ai])

I

«
I
-

2
Rz(hn) n t; ~
T3 ZKg:(m/hnﬂ,hn)(X(vi—l)An)Eifl /t v(ds)
i—1

i1
R%(hy)
T3 ZK?J(a:/hn+1,h")(X(ifl)An)Ei—l

i=1

R?(hn)
e > KZiinsrny Xi-na,) X
i=1

ti

ti
B AMX(i—1)a, )ds +/ (M Xso) = )\(X(i—l)An))dS]
ti—1 ti—1

R%(hn) <~ 0
T3 > Kewsnsin Xi—na)ANXi—1a,)An
=1

R%(hy,) & b
s ZKé(z/h”Jrl,hn)(X(ifl)An>Ei*1/t (AMXs-) = AMXi-1)a,))ds
i=1 i—1
Vo1 + Vao.
R%(h,) —
7T3 ZKé(w/hn+1)hn)(X(ifl)An)/\(X(ifl)An)An
i=1
R?(hn)

ti
e ZKé(w/thrl,hn)(X(i*l)An)/ (A X(i-1a,) — AM(Xs))ds
=1 1

i—

+

R2(hn) n t;
e E /t (K2 1100 (X i—1)a, )ANXs) = K& nv1n,) (X AMXo))ds
im1 Jtio

R2(hy) s [
T3n Z/ K(Q;(x/hn-u,hn)(Xs))\(Xs)ds
i=1Jti-1

Va1 4 Vaia + Vous,

_|_

where Vo1 3 0 and V12 “% 0 can be dealt with in analogy to (b3) and (b4) in Mancini and
Reno (2011) replacing K (th}:i:—w> with K¢z /n,+1,h,)(X(i—1)a, ). Using the occupation time
formula in Lemma 4.1, Assumption 3 and the result (3.2) in Chen (2000), we can obtain that

) Lx(T,JZ).

Vais <=5 M) - R*(hy) - Bn, (2) T3

For Va5, we define the random sets for each n,

and

Iy, ={ie{l,..,n}: A;N =0},

Il,n = {’L S {1, ,’I’L} AN 7é O}

Applying the mean-value theorem for A(-), neglecting the terms with ¢ € I, similarly as
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the detailed proof for Lemma 4.3 and bounding | Xy — X;_1)a, | by the property of uniform

boundedness of the increments of X; paths when ¢ € Iy, (denoted as UBI property), we can

reach

R2(hy,) & ; 1
i) ZKé'(z/hn+1,hn)(X(i—l)An)An -sup |\ (z)]- AnlnA—
i=1 x n
R%(hy,) 1
= Oa»S-( T3 Z Ké‘(z/hnﬂ,hn)(X(i—l)An)An' Anan)
7;6]0‘71 n
R*(hn) < 1
= Oa~5-( T3 ZKé(z/hn+1,hn)(X(i—l)An)An' Anlnf)
=1 n
EX (T JE) 1 a.s.
_ 2 Lx({,x) ES
fO“(R(h)Bh() 5 ) Aulng= *5 0.

For V3, by Burkholder-Davis-Gundy inequality, Lemma 4.3 and Lemma 4.1 in Rosa and Nogueira
(2016), we get

Vs =

IN

ZEifl[qgl]
=1
4
R*(hy) b
76 > K m iin Xi-1a,)Bi </t v(ds)
i=1 i1

R (hn) <~ 2
010 (1) ! T6 Z KG(x/hn,+1,hn)(X(i—l)An)(An + An)
i=1
1+A, Lx(T,x
Op (1) <R4(hn)' T X(T ) B, hn,z)>
" 1+ A, Lx(T,x) h /2, if x/h, — oo (“interior x”);
Op (1) | B (hy) - —2 A0 . .
T T h, %, if x/h, — k (“boundary x”).
0.

For V}, in addition, when H = W, according to the model assumption that J; is independent

of W;, we easily get V;, = 0. Moreover, when H is any bounded martingale orthogonal (in the

martingale sense) to W,

> EialgAH] =

i=1

n

/ti v(ds)A;H

o)

O X—a,)Eica

ZKG(a:/h 1k (X—1a,) Ei

1
KG(a:/hn+1,h") (X(il)An)A%>

o )

Z Ka(a/hy+1.0,)(X(i-1)a,)An
=1

VnR?(h,)  Lx( >QO
T 7

(3
<ol
or [
or (5
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provided the bounded of H such that A;H < C for the second equality, Holder inequality and
Burkerholder-Davis-Gundy inequality for the third equality, the equation (14) by Lemma 4.3
for the fifth equality and

nR?(hy)

T :Op(].)

as T' — oo.
As for R, .,

i Ka/mrtn) (Xa-na,) fi), s = Ma)ds

L (x)
Yoimi Kae/ho+1.n) (Xi-1a,) f:fl (As = Ai,_y)ds
) i (@) (17)
N Yoimi Kae/ho+1.n) (Xi-na,) fttf,l (Atiy — Ax))ds
Ly (x)

:=D1, y + D2, 1,
where ﬁT(x) iy (T, z) as the equation (14) by Lemma 4.3.
We now obtain the asymptotic bias for the expressions D1 .. and D,
Dy, » =0p(D2, ;).

By the Taylor expansion for A, , — A(z) in Ds .. up to order 2,

above. That is,

n,T n,T

n, T
’ ]_ 12
Atis = A@) =X (@) (X-nya, —2) + 54 (@) (@ +0(X-1a, —2)(Xi-1a, —2)%
where 6 is a random variable satisfying 6 € [0, 1].
For Dy, ;. , by Lemma 4.3 and the results in Chen (2002), we get

Sy Kamoinn (Xi-nan) fit, ey — M) ds

D2n,T =

L (x)
X Kohrn) (Xe-na)Xa-na, = 2)An X ()
Li(x)
N Y KG(m/hnH,hn)(X(i—mn)(X(i—})An — 2Dy - 3N (@ +0(X (1A, — 7))
L (x)
Ly hy, lx (z) {1 + xi((;)) } + gx' (m)} ,
using
E( —2)=h,, E(E-x)*=h,(z+2h,)

and

E(¢ ~x)' = O(h})
for3<land & ~T(z/hn+ 1, hy).
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Furthermore, we use the mean-value theorem to A\s — Ay, _, for Dy, ., then

n ti
i1 K@ /nur1.n) (Xi-na,) Ji | s = Aty )ds
Dln,T =

323

Li(x )
B S Kaa/nn+1,mm) (XA, ft N (&)(Xs — Xi-1a,) ds
L (w)
P 1
< = X
B LX(T7 1’)
1
1 2 .
(AnlnA) bupx|/\ Z KG (z/hn+1, h,L)(XiAn)An + 20N1An (fOT 1€ Il,n)
n i€lo,n

= o(hy,)

O || Al Ly
— ( n nAn>
by the UBI property of i € Iy .

We prove that Dy, . = op(D2, ), so the dominant bias arises from D,

’ S,(ZL') X
hn [)\ (x){lJr:cS(x) }+2)\ (x)] .

Finally, we can show the first part of R(hn)\/ Lk (2)(Aas(z) — A(z)),

/T @) e i KG(ac/hnH,hn)(X(z;—l)An)(cv:,n = DIgax)2>0(a,))
! L ()

n, T

which is

" L5 Ka(s I
§sup|1 — Ci,n|R(hn) LﬁT(x) hn szl G(z/hn+1, hnzi n) (A X)2>9(A0)}
Z’ Li(a )
- = K@/, (Xa—nan) (Tga, x)2so(an, Az)A,
—oup 1 o Ry T () B it Kee i) (K, (Iganx)?>o(an)y — )
' LT(x)
1 n
7 o 2im1 Kae/nn 11,0 (X -1 a,) A @) Ay
+sup |1 — ¢ | R(hn)y/ L (2) 22 >im1 Keg/n +A1ﬁh Y (Xi-1)a, ) A (@)
' Ly ()

=sup |1 - ¢inl (Op(1) + A(@)R(hn)\/ L(2))

=0, (sup |1 — ¢; n|R(hn)\/ L (2)) — 0,
with the lhelp of asymptotic normality for R, 7.

Combining the results (12), (14) and the above conclusions, we can obtain that for the

interior x visited by X,

P (Jast 30 - Yo {258 50 )

N (07 Aa) -

1
2\/mxl/?

for the boundary z visited by X

hn L () (S\As(x) — )\(:c)) 4y (07 Az) - m> _
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