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On a certain classes of meromorphic functions with

positive coefficients

R. Asadi A. Ebadian S. Shams Janusz Sokdét

Abstract. In this paper certain classes of meromorphic functions in punctured unit disk are
defined. Some properties including coefficient inequalities, convolution and other results are

investigated.

81 Introduction and preliminaries

Let ¥ denote the class of functions of the form
 [— N
flz)= ~ +n¥1anz ,

which are analytic in D = {z: 0 < |z| < 1}, having a simple pole at the origin. Motivated by
M. L. Mogra [1] we define the following class of meromorphic functions and investigate some
properties of this class.
A function f € ¥ is said to be in the class X(A, B, A) if it satisfies the condition
2f1(2) + A2 (2) _ 14 Aw(z) (11)
I =XNf(z)+Azf'(2) 14 Bw(z)’ '
where w(z) is analytic and |w(z)| < |z| in the unit disc U; A and B are real constants satisfying
0 < —A < B<1and \is a real constant satisfying 0 < A < 1, A # 1/2. From (1.1), we have
that f(z) € (A, B, ) if and only if
2F'(2) 14+ Aw(z)

F(z) 1+ Buw(z)’ (12)

where

F(z) = 1_12A{(1_A)f(z)+xzf’(z)}=%+-.-. (1.3)

Let C(A, B, \) be the class of functions f € ¥ such that —zf'(z) € £(A, B, \). Also let £, be
the class of functions of the form
1 (oo}
f(2) ==+ anz", an >0, (1.4)
n=1

z
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which are analytic and in D. We define £,(A,B,\) = ¥, N X(A,B,\) and Cp(A4,B,\) =
2,NCp(A, B, \). The convolution or Hadamard product of two meromorphic functions f(z) =
143> lanz™ and g(z) = L+ 37 | b,2" with a,, by, > 0 is defined by

FE) gz = 2+ Y anbue" (15)

The main aim of the present paper is to establish certain result concerning the convolution of
meromorphic functions analogous to Padmanabhan and Ganesan [3]. Also M.L Mogra ctal [2]
have studied some convolution properties of a special class of meromorphic univalent functions
which is close to our class and we extend their results in some directions. On the other hand we
extend some corresponding results in A Schild and H. Silverman [4] for meromorphic functions
with positive coefficients in our class.

In the sequel for real constants A, B and A satisfying0 < —A< B <1,0<A<1, A#1/2,

we define
I+An=1)n(B+1)+A+1)

Una(4,B) = [1—2X(B— A)

. (1.6)

82 Main results

Theorem 2.1. If an univalent function f(z) is in £,(A, B,\) with0 < —A<1/3, —A<B<
(1+ A)/2, then G(z) = 2°F(z) is starlike univalent in |z| < 1, where F(z) is given in (1.3).
Moreover,
G’ 1+(2B-4A
2G1z) 1A )2z, (2.1)
G(z) 1+ Bz
where < denotes the subordination.

Proof. If G(z) = 22F(z), then
2G'(z)  2F'(2)
Gl - Pl

Applying (1.2), we obtain
2G'(z) 14+ (2B — A)w(z)
G(z) 1+ Bw(z)
where w(z) is analytic and |w(z)| < |z| in the unit disc U. This gives (2.1) because under the

assumptions, we have 2B — A < 1. Moreover, in this case we have
Fe 1+ (2B — A)w(z)

1+ Bw(z)
then G(z) = 22F(z) is starlike univalent in |z| < 1. O

}>O |z| <1,

Theorem 2.2. A function f(2) =1 +3>°  a,2",a, >0 is in X,(A, B, \) if and only if

Tz

i Un (A, Ba, <1 (2.2)

n=1

also f is in Cp(A, B, A) if and only if

> nUn (A B)a, < 1. (2.3)

n=1
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Proof. Let f(z) =1+ 3> anz",a, > 0 and (2.2) holds. We show that f € (A4, B,\). It is

sufficient to show that the function
Zoo_l(n +1)(1+ Xn—1))a,z"t
= n 2.4
w(Z) (1_2)\)(B—A)—Zzozl(A—i—nB)(l—F)\(n—1))anzn+1 (ZEU) ( )

is analytic, w(0) = 0 and |w(z)| < 1.

We show that w is analytic, i.e the denominator in (2.4) is not zero. By the assumption
(2.2) we have

NE

o
IN

1—2M(B-A) =S (A+1+n(B+1)(1+An—1))a,

Il
_

n

M8

< 1=2(B-4) =S (A+nB)(1+ A\n—1))a,

Il
-

n

So
(1 —=2)\)(B - A) — i(A +nB)(1+ An —1))a,z" |
> |1-2)\|(B-A) —f:l(A—&—nB)(l—i—)\(n— 1))a, 2"
> \1—2)\\(B—A)—i(AJrnB)(lJr)\(n—1))an|z|”+1
> \1—2A\(B—A)—i(AJrnB)(HA(n—l))an>0 (2 €U).

This shows that the denominator in (2.4) is not zero.
By (2.2) we have
Do+ DA+ A0 —1))an <1
1—2X\(B—-A) =Y (A+nB)(1+An—1)a, ~
Conversely let f(z) = 1 4+ 3> a,2" € > (A, B,A). From (2.4) w satisfies w(0) = 0 and
lw(z)] < 1, also w is analytic in the unit disk U. Since Rew(z) < |w(z)| < 1(z € U), so for
z=r(0 <r < 1), we have

w(z)] <

w(r) = New(r) < |w(r)] < 1,
e Yool (n+ 1)1+ Xn —1))a,r" !

<1
[(1=2X)|(B—A) = >>"  (A+nB)(1L+ An — 1))ayr*+t —
Letting r — 17, we get

S (1 D1+ A = 1) -

(1=2X)|(B—A) = > [(A+nB)(1+An—1))a, ~
Therefore (2.2) now is obtained. For the proof of the second part of the theorem we apply the
first part for the function g(z) = —zf'(2). O

Theorem 2.3. If f(z) = 143 | ap2" and g(z) = £+307 | by2™ are in X,(A, B, X), then the
Hadamard product f(z)*g(z) = i—&— oo L anbpz™ is in X, (Aq, By, p) with 0 < —A; < By < 1,
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0 < < o, where

a—y/a? — 28y
o= —"—"—F

B
a=4U3 \(A,B) = 3U7 (A, B) +1, f =12U7 (A, B),
Y= 2U22,,\(A73) - 3U12,,\(A>B) -1

fAl < 5 K(A7/*’L0) K(A7/*’L0) +A1

; <B
K\ po)" 1=K\ o) =
2|11 —2X]*(B - A)

K(\ = .

(A po) [1—2X2(B—A)2+ (1 —2u)(B+A+2)?
The bounds for A1 and Bi cannot be improved.

Proof. Suppose f(z) and g(z) are in ¥,(A, B, A). In view of Theorem 2.2, we have

> Una(A,B)a, <1 (2.5)
n=1
and -

n=1
We wish to find values of A, By and p for which f(z) * g(z) € £,(A1, B1, 1t). Equivalently we

want to determine A;, By and p satisfying

Z Un,M(Ala Bl)anbn S 1. (27)

n=1

Using Cauchy Schwarz inequality together with (2.5) and (2.6) we get

iUn,A(A,B) <<ZUn,\AB )(i Una(A, B)b ) (2.8)

n=1

From (2.5), (2.6) and (2.8), we get
> Una(A,B)Vanby, < 1.

So the inequality (2.7) is satisfied if
Un,u(A1, Bi)anb, < Uy (A, B)v/anby,
for n > 1.
That is if
Un,u(A1, Bi)Vanb, < Un (4, B).
Since Up 1 (A, B) > 1 so from (2.8), we have

nbn S T A D\
¢ Un (A, B)

Thus it is enough to find U, ,(A1, B1) such that
Un,u(A1, B1) < US A (A, B). (2.9)
The inequality (2.9) is equivalent to

(L+pum—1)nBL+)+A+1) _ ((I+An-D))nB+D)+A+DN*
1= 24(B1 — A1) —( 1-2A[(B - 4) ) o




R. Asadi, et al. On a certain classes of meromorphic functions with positive coefficients 257

This yields
u?|1 —2u|By + (14 p(n — 1)) (n(By + 1) + 1)

A
' L+ pu(n — 1) +u2[1 — 2y

IN

(2.10)

Now (2.10) gives on simplification
- Ay S 1+ pn—1)(n+1)
Bi+1 T 1+pn—1)+U: (A B)1-2u|
It is easy to see that the right hand of (2.11) decreases as n increases and it is maximum for
n = 1, provided that 0 < p < pp and
— A 2|1 — 2)\]?(B — A)?

(2.11)

S Y 2.12
Bit1 ~[1-2\2(B— AP+ (1-2u0)(B+A+2)? KOro) 212
where \/7
a—/aZ2—2
o — % o = (AU2,(A, B) — U2, (A, B) +1)
and where

ﬁ = 12U12,)\(A7B)7 Y= 2U22,)\(A7B) - 3U12,)\(AvB) -1
It is clear that K(X, o) < 1. Fixing A; in (2.12), we get By > %
that 0 < —A; < By < 1. If we take

. It is easy to verify

1 B-A
1) =) = Lo A
th
o U (A B ) — (]' _ 2”0)[(()‘7#0)
n, 1o 1, D1 2 _K()\,NO) .
So we get f(z) xg(z) €%, (7 25&’{‘72)0), 251(()&){“;)0» with K (), o) as in (2.12). O

Corollary 2.1. Let f(z) and g(z) be as in Theorem 2.3. Then

1 o0
h(z)= -+ > un (A, B)Vanbyz" € $,(A, B, N).

n=1
Proof. The result follows immediately from (2.8) using the Cauchy-Schwarz inequality. For the

same functions as in Theorem 2.3, the result is best possible. O

Theorem 2.4. If f(z) € £,(4,B,\) and g(z) € £,(A", B, 0) then f(z)*g(z) € £,(A1, B1, 1)
with 0 < —A; < By <1, 0 < p < pg, where
_a—y/a? 20y
Ho —ﬁ
a = 4U27)\(A, .B)U2719(AI7 B/) - 3U1’)\(A B)U1 g(A B )
B =12U; \(A,B)U; ¢(A’, B)
’}/ZZUQ,)\(A,B)UQ,Q(A/,B/)—3U1 )\( ,B)UL@( ,)—1
K()‘aea,uo) K( 0) Al
—-A; < <B
1_27K()\797M0)’ 17K(A793 0) '
KO0, 1) = 2|1 —2X|[|1—20|(B— A)(B'— A)
Ho 1—2X[1—20|(B—A)(B —A)+ (1 —2u)(B+A+2)(B'+ A +2)
The bounds for A1 and Bi cannot be improved.

Proof. Proceeding exactly as in Theorem 2.3, we require to show that

Un,u (Ala Bl) S Un,9 (A/7 B/)Un,)\(Aa B)
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for all n > 1. This on simplification yields

By — A4 S (I+pm—1)(n+1)

Bi+1 ~ 14+ pun—1)4Uyr(A4,B)une(A, B")|1—2u]
The right hand of (2.13) decreases as n increases and it is maximum for n = 1 provided that

(2.13)

0<p<poand
Bi— Ay 2]1 — 2)\||1 — 20|(B — A)(B' — A')
Bi+1 ~ [1—2\[1-20[(B—A)(B — A) + (1 —2u0)(B+ A+2)(B' + A’ +2)’

where
a—y/a? =28y
’uo =

o= 4U27)\(A, B)Ugﬁ(A/, Bl) — 36U17,\(A, B)Ul,g(A/,B/) +1
B = 12u1,>\(A, B)ULQ(A/, B/)
v = ZUQV)\(A, B)UQVQ(A/, B/) - 3U17)\(A, B)Ul,g(A/, B/) — 1.
Clearly K (A, 6, u0) < 1. Fixing A; in (2.14) we get
K()‘vevﬂO) + Al < B,.
L= K (X6, 10)
It is easily seen that the result is best possible for the functions

1 B—-A
fe) =+ =2 s

( )_1_,_‘1 29|37_A
=7 B+A+2"

(2.14)

O

Corollary 2.2. If f(z),9(2),h(z) € >_ (A, B, ) then f(2) x g(2) x h(2) € >_ (A1, B, ) with
0 < pu < pg where pg is as in Theorem 2.4, 0 < 0 < 0y and

a—y/a? — 2By
90:#

a=4Uj3 (A, B) = 3U7 \(A, B) + 1, § = 12U7 (A, B),
Y= 2U22,)\(Aa B) - 3U12,)\(A7B) -1
(A,e,/.l/o) K(A’97MO) +A1 < B
) >~ D1
K()ngﬂﬂ) 1 7K(>‘703;U'0)
KA 6, o) = 2|1 — 2X[|1 — 20|(B — A)(B' — A")
OO = TN — 260](B - AY(B' — A) + (1 — 2m0) (B + A+ 2)(B' + A’ +2)
KO\ 6))  K(\6) + A
7A/ < 9’ I < B/
S TK(N00) T-K(N60) —
201 — 2A[2(B — A)?
T 2M\2(B A2+ (1_200)(B+ A+ 22

K
-A; <
27

K(\6y) =

Proof. Since f(2),9(z) € >_,(A,B,A) by Theorem 2.4, we have f(z) x g(2) € >_ (A", B',0),
where —A’ < 2512)23?%)0)7 Ifgéa&);)? < B’ with
2|1 —2)\*(B - A)?
KO — L= 2AP(B - 4) |
|1 —2X\2(B—A)%2+ (1 —-2600)(B+A+2)?
Now letting f(2) x g(2) € >_, (A", B',0) and h(z) € }_ (A, B, A) the result follows by Theorem
2.4. O
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Theorem 2.5. If f(z) € C,(A, B, \) and g(z) € C,(A’, B, 0) then f(z)*g(z) € Cp(A1, B1,0),

where K(\0 K(\0 A
( ) 7:“’0) ( 9 a;U'O)"_ 1 <B1

—A; <
"SI K0, m0) 1 K(N6,m0)
with 0 < p < po and po as in Theorem 2.4. The result is best possible.

Theorem 2.6. If f(z) = + + 3 ay2",a, > 0 belongs to $,(A, B,\) and g(z) =  +
oo buz™ with |by| < 1,n > 1, then f(2) = g(z) € (A, B, A).
Proof. Since f(z) € £,(4, B, \), we have
Y01 Un (A, B)ay, <1.
Furthermore |b,| < 1,n > 1. Therefore,

Zzo:lUn,)\(A7B)|anbn| = Z Un,)\(AaB)an‘bn‘ < 17
n=1

this shows that f(z) % g(z) € (A, B, \). O

Corollary 2.3. If f(z) € }_,(A,B,\) and g(z) = L3 0,2 0<b, <1 forn>1 then
f(2)xg(2) € 3_,(A, B, A).

Theorem 2.7. If f(z) and g(2) are in 3 (A, B,\), then h(z) = L3 (a2 +b2)2" €
>, (A1, Bi, p), where

a—+/az—2
Oéuﬁﬂoi#,

a=4Uj3 \(A, B) = 3U7 \(A, B) +2, B = 12U7 (A, B),
v =2U3\(A, B) = 3U7 \(A, B) - 2,
KA o) KA po) + A <B
) >~ D1
KA po)” 1= K(A po)
41 —2\]?(B — A)?
2|11 —2M2(B — A)2 + (1 — 2u0)(B+ A+ 2)2°

_A1_27

K()‘v /’LO) =
The result is best possible.

Proof. Since f(z),9(z) € >_,(A, B, ), then

> Una(A,B,Nay <1

n=1
and -

> Una(A,B,A\)b, < 1.
Therefore, "

Z M4, BNz <1
and

Z 2 \A, BB < 1.
Hence

Z SUnA(A B ) (a2 +b2) < (2.15)
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We want to find values of Ay, By and p such that
ZUi,u(Althﬂ)(a%"'bi) < 1. (216)
n=1

Comparing (2.16) with (2.15) we see that (2.16) is true if
2Un (A1, By, ) < U (A, B, )

or

By — A S 20+ p(n—1)(n+1)
Bi+1 = 2(1+p(n—1))+ U7 (A, B)1 -2y
for all n > 1. The right hand side of (2.17) is a decreasing function of n and is maximum for

(2.17)

n = 1 provided that 0 < p < pp and

By — Ay 411 —203(B — A)?
> = K(\ . 2.1
Bi+1 ~2[1-2X(B—-A)?2+ (1 —-2u)(B+ A+ 2)? (A po) (2.18)

Keeping A; fixed in (2.18) we get KEQumo)t4s — B oand —4, < L’“)) with K (A, o) given

1=K (Apo) = 2-K(Apo
as in (2.18). The functions f(z) = g(z) = L + |1 — 2)\|%2 show that our result is best
possible. O
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