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Existence and Stability of Solutions to Highly Nonlinear
Stochastic Differential Delay Equations Driven by

(G-Brownian Motion

FEI Chen' FEI Wei-yin?* YAN Li-tan!

Abstract. Under linear expectation (or classical probability), the stability for stochastic dif-
ferential delay equations (SDDEs), where their coefficients are either linear or nonlinear but
bounded by linear functions, has been investigated intensively. Recently, the stability of highly
nonlinear hybrid stochastic differential equations is studied by some researchers. In this paper,
by using Peng’s G-expectation theory, we first prove the existence and uniqueness of solutions
to SDDEs driven by G-Brownian motion (G-SDDEs) under local Lipschitz and linear growth
conditions. Then the second kind of stability and the dependence of the solutions to G-SDDEs

are studied. Finally, we explore the stability and boundedness of highly nonlinear G-SDDEs.

81 Introduction

By using Peng’s theory of sublinear expectations, the research of the probability model with
ambiguity makes a significant progress. In fact, a sublinear expectation can be represented
as the upper expectation of a subset of linear expectations. Moreover, some researchers are
focusing on the stochastic calculus of G-Brownian motion (e.g., see, Deng et.al. [4], Fei and
Fei [6], Fei and Fei [9], Li and Peng [17], Peng [25], and Zhang [32]).

Next, the importance of the study of stochastic differential equations from both the theo-
retical points of view and their applications is well known. The classical stochastic differential

equations with Brownian motion don’t take the model uncertainty into consideration. Thus, in
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some complex environments, these equations are too restrictive to describe some phenomena.
Recently, with uncertainty, a kind of stochastic differential equations driven by G-Brownian
motion is investigated by Bai and Lin [3], Gao [14], Li et al. [16], Lin [19], Lin [20], Luo and
Wang [21], etc.

We know that the stability of the classical stochastic differential equations is an important
topic in the study of stochastic systems (e.g., see, Mao [23], Mao and Yuan [24], reference
therein). Recently, Hu et.al. [15] initiate the investigation on the stability of hybrid highly
nonlinear stochastic delay differential equations driven by Brownian motion. Based on highly

nonlinear hybrid SDDEs, the stability of systems is further studied in [7,8,11-13,29-31].

On the one hand, based on the system disturbed by G-Brownian motion providing charac-
terization of the real world with both randomness and ambiguity, it is necessary to investigate
the stability of the stochastic differential equations which is similar to a classical stochastic dif-
ferential equation. One kind of exponential stability for stochastic differential equations driven
by G-Brownian motion is discussed by Zhang and Chen [33] where quasi-sure analysis is used.
Fei and Fei [10] investigated quasi-sure exponential stability by G-Lyapunov functional method
in order to obtain the stability results. The stability of solutions to stochastic differential equa-
tions driven by G-Brownian motion is also investigated by Ren et al. [26,27]. The stability of

delayed Hopfield neural networks under a sublinear expectation is explored in Li and Yan [18].

On the other hand, in many real systems, such as science, industry, economics and finance
etc., we will run into time lag. So it is necessary to explore G-SDDEs. In this paper, we first
solve a basic problem in terms of the existence and uniqueness of the solutions to G-SDDEs
under the local Lipschitz and the linear growth conditions by Picard iteration method. Next,
the second kind of stability of the solution to G-SDDEs is discussed, and the dependence of
solution to G-SDDE on initial data has been analysed as well. Finally, we investigate the
existence and uniqueness, the asymptotic stability and the boundedness of the solutions to the
highly nonlinear G-SDDEs with the local Lipschitz condition.

The arrangement of the paper is presented as follows. In Section 2, we give preliminaries on
sublinear expectations and G-Bwownian motions. Furthermore, we characterize the properties
of G-Brownian motions and G-martingales. In Section 3, the existence and uniqueness theo-
rem of the solutions to G-SDDEs is proved. Moreover, in Section 4, under the linear growth
conditions, we discuss the stability of the solutions to G-SDDEs, and the dependence of the
solutions with respect to initial data. Section 5 investigates the existence and the stability of

the solution to highly nonlinear G-SDDEs. Finally, the conclusion appears in Section 6.
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82 Preliminaries on Sublinear Expectation

In this section, we first give the notion of sublinear expectation space (2, H, E), where (2 is
a given state set and H a linear space of real valued functions defined on 2. The space H can

be considered as the space of random variables. The following concepts stem from Peng [25].

Definition 2.1. A sublinear expectation E is a functional E: H—R satisfying
(i) Monotonicity: B[X] > E[Y] if X > Y;

(ii) Constant preserving: Elc] = ¢;

(iii) Sub-additivity: For each X,Y € H, B[X 4+ Y] < E[X] + E[Y];

(iv) Positivity homogeneity: B]AX] = AE[X] for A > 0.

Definition 2.2. Let (Q, 7, 1K) be a sublinear expectation space. (X (t))¢so is called a d-dimensional
stochastic process if for each t > 0, X(t) is a d-dimensional random vector in H.

A d-dimensional process (B(t))i>o on a sublinear expectation space (Q,H,K) is called a
G-Brownian motion if the following properties are satisfies:
(i) Bo(w) = 0;
(i) for each t,s > 0, the increment B(t+s)— B(t) is N({0} x sX)-distributed and is independent
from (B(t1), B(t2), -, B(tn)), for eachn € N and 0 < 1 < --- <t, <t, where X is a bounded,
convex and closed subset in the family of d x d nonnegative definite symmetric matrices. Let

< B > (+) be the quadratic variation process of B(-).

We now give the definition of the Ito integral. For the technical simplicity, in the rest of
the paper, we introduce It6 integral with respect to one-dimensional G-Brownian motion with
G(a) = %]E[aB(lF] = 1(6%a™ — o%a™), where E[B(1)Y =52 EB(1)Y =02 0<0 <5 < o0,
where lower expectation £[X] := —E[-X] for each X € H.

Let p > 1 be fixed. We consider the following type of simple processes: for a given partition

7w = (to, -+ ,tn) of [0,T], where T can take oo, we get

Z gk I[tk thi1) (t)

where &, € LE,(,),k=0,1,--- , N — 1 are given. The collection of these processes is denoted

by MZO(O, T). We denote by MZ%,(0,T) the completion of MgO(O, T) with the norm
1/p

T
7l me, 0,7y == {E/O |n(t)|pdt} < 0.

More details on the notions of G-expectation E and G-Brownian motion, and the definition of
stochastic integral fo (t)dB(t) on the sublinear expectation space (Q,H,E) can be found in
Peng [25].
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For convenience, we give the following Burkholder-Davis-Gundy inequality (see, e.g., Gao

[14, Theorems 2.1-2.2]).

Lemma 2.3. (Burkholder-Davis-Gundy inequality) Let p > 2 and ¢ = {{(s),s € [0,T]} €
MPEZ(0,T). Then, for all t € [0,T] such that

N u p R t

Bsw | [ cwd<B> @] <@ Cmok [ Ko,

s<u<t

E sup
s<u<t

[ ool <cmar( [ 1cwpa)”,

where the constants C;(p,5),i = 1,2 depend on parameters p and &.
We provide the following property which stems from Denis et al. [5] or Zhang and Chen [33].

Proposition 2.4. Let B be G-expectation. Then there exists a weakly compact family of prob-
ability measures P on (0, B(Q)) such that for all X € H,E[X] = maxpep Ep|X], where Ep|]

18 the linear expectation with respect to P.

From the above proposition, we know that the weakly compact family of probability mea-
sures P characterizes the degree of Knightian uncertainty. Especially, if P is singleton, i.e. {P},
then the model has no ambiguity. Moreover, the related calculus reduces to a classical one. We

now define G-upper capacity V(-) and G-lower capacity V(-) by
V(A) =sup P(A), VA € B(Q),
PeP

V(A) zgrelgj P(A), VA € B(Q).
Thus a property is called to hold quasi surely (q.s.) if there exists a polar set D with V(D) =0
such that it holds for each w € D°. We say that a property holds P-q.s. means that it holds
P-a.s. for each P € P. If an event A fulfills V(A) = 1, then we call the event A occurs V-a.s.

§3 Existence and uniqueness of solutions to G-SDDEs

For convenience of expounding problem, throughout this paper, all stochastic processes take
values in R. If A is a subset of {2, denote by I its indicator function. Let (Q, H, {4 }>0, E, V)
be a generalized filtered sublinear expectation space, and (B(t));>o one-dimensional G-Brownian

motion defined on the generalized filtered sublinear expectation space.

Let f,g,h: R x R x [0,T] — R be Borel measurable functions. Consider one-dimensional
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highly nonlinear G-SDDE
dX(t) =f(X(),X(t—71),t)dt + g(X(t),X({t—7),t)d < B > (t)
+ h(X(t), X (t—71),t)dB(t) (1)
on t > 0 with nonrandom initial data
{X(t) =€) : —1 <t <0} =& € O([-7, 0 R). (2)
The existence and uniqueness of solutions to stochastic differential equations driven by
G-Brownian motion (G-SDE) has been presently proved under Lipschitz coefficients with the
linear growth condition, see, e.g., Peng [25]. To our best knowledge, however, the existence and
uniqueness of G-SDDE with local Lipschtz coefficients and the linear growth condition has not

been proved yet. We now discuss the existence and uniqueness of solutions to G-SDDE (1).

Let us provide these conditions for our aim.

Assumption 3.1. Assume that for any m > 0, there exists a positive constant K,, such that
|f(z,y,t) = f(Z, 9,0V |g(x,y, 1) — g(Z,9,8)| V |h(z,y,t) — h(Z, 7, )|
< Kol — 7] + |y - 1) (3)
forallz,z,y,5 € R with |x|V|Z|V |y| V|y| < m and allt € [0,T]. Assume moreover that there
ezists constant K > 0 such that

|f(@,y, )|V g(z,y, )|V |[h(z,y,8)] < K(1+[z] + |y]) (4)
forallz € R,t €[0,T].

Next, in order to get the existence and uniqueness theorem of solutions to G-SDDEs under
Assumption 3.1, we first prove a lemma which gives a bound of the solution.
Lemma 3.2. Let the linear growth condition (4) hold. If X(-) is a solution to G-SDDE (1)
with the initial data (2), then we have
1@(02% X)) < A(T,7,7)e @07, (5)
where
Ay(T,5,7) =12K*T(T + TC,(2,5) + C2(2,5))
+4)|€]2(1 + 3K2Tr + 3K?T7041(2,5) + 3K*1C5(2,5)),
Ao(T,&,7) =24K*(T + TC1(2,5) + C2(2,5)),
and C1(2,5) and C(2,5) are defined in Lemma 2.3. Specially, X (-) belongs to MZ(0,T).

Proof. For each integer m > 1, define the stopping time

Vm =T ANinf{t € [0,T]; | X (¢)] > m}.
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Clearly, vy, 1T q.s. Set X, (t) = X(t Avp,) for t € [0,T]. Then X,,(t) satisfies the equation

Xont) = Xo + / F(Xm(8), X = 7), )., (5)ds

¢ t

+/ 9( X (8), Xon(s —7),8)10,0,,1(5)d < B > (s) +/ h(Xm(s), Xm (s —7),8)1[0,,,)(8)dB(s).
0 0

By the Holder inequality, the linear growth condition (4) and the Birkholder-Davis-Gundy

inequality for G-Brownian motion (see Lemma 2.3), we deduce

. . T
E( sup [Xn(0)) <4l +4K>TE / (L4 X ($)] + X (s — 7)) s
T 0

0<t<

R T
FARTCy (2,508 / (1+ | X (5)] + [ Xon(s — 7)) 2ds

T
+402(2,5)K2]E/ (14 [ X (8)] + | X (s — 7)])2ds
0
< 12K*T(T + TCL(2,5) + C2(2,5)) + 4[€)1°(1 + 3K*TT + 3K*T1C1(2,5) + 3K*7C%(2,5))

T
+ 24K*(T + TC1(2,5) + Ca(2, a))E/ | X (s)2ds
0
T A
< (107 + Aa(To7) [ B( sup X)),
0 0<s<t
where we use fET | X (s)2ds < ||€||*7. Hence, from the Gronwall inequality, the required in-

equality follows by letting m — oo. Thus the proof is complete. [J

Theorem 3.3. Under Assumption 3.1, the G-SDDE (1) with the initial data (2) has a unique
solution X (-) € M%(0,T).
Proof. The whole proof is divided into two steps for assertion.

Step 1. Existence. Define X°(t) = £(t),t € [-7,0] and X°(t) = £(0) for 0 < ¢ < T. For
eachn=1,2,---, set X"(t) = &(t),t € [-7,0] and define, by the Picard iterations,

X" () = £(0) —I—/O F(X"(s), X" (s = 7),8)ds + g(X"(s5), X" (s —7),s8)d < B > (s)

+/ h(X"(s), X" (s —1),s)dB(s) (6)
0
for t € [0,T]. Obviously, X°(-) € MZ(0,T).

From (4), (6), the Holder inequality, and Lemma 2.3, by a similar way as the proof of Lemma

3.2 we easily derive

ELX (1) < 4l + 48] /0 (9, X7 (s - ), 8)ds|
+41E( /Otg(X”(s),X"(s —1),s)d< B > (s))2 + 4] /Ot (X" (s), X" (5 — 7), 8)dB(s)|

t
gK(T,&,T)/ B|X™ (s)[2ds
0



190 Appl. Math. J. Chinese Univ. Vol. 34, No. 2

for some constant K (T,5,7). Thus, by induction and Lemma 3.2, we know that X"t1(.) e
MZ(0,T). Define now a stopping time 7,, := inf{t; there exists some i € IN such that | X(¢)| >
m}. Then, we claim that for all n > 0,

C(Mt)"

] , te0,T], (7

~—

Bl sup [ X" ()= X"(s) ] <

0<s<tATm

where M,, = 12K2,(t + C1t + C3), and C; = C1(2,5),C2 = C2(2,5) > 0 are defined in Lemma
2.3, and C is defined below. Thus, we can easily show that

Bl sup | X'(s) = X°(s) [

0<s<tATm

tATm
< 3K / (14 [£(0)] + |€(s — 7)])?ds
0
tATm
pyeter / (14 £(0)] + [&(s — 7)[)?ds
0

tATm
4 30K / (14 [£(0)] + |€(s — 7)])ds

<SORP(L+[£(0) + [l€ll*)
+IRECHA (L + [E0)* + [I€]1%)
+ 9K Cat(1+ [E(0) + [|€]*) = C
So (7) holds for n = 0. Next, assume (7) holds for some n — 1 > 0. Then, we have
Bl sup [ X"(s) = X"(s) ]

0<s<tATm

tATm
< 3K72n(t + Cit+ Cr)E / (1X™(s) — X"il(s)\ +|X"(s—71)— X”fl(s - T)|)2d5
0

tATm
< 12K (t+ Oyt + CQ)E/ |X"(s) — X" 1(s)|2ds
0

t
<M [E[ s 1300 =300 as

0<r<sATm
(M) C[M,,t]"
< M,, =
/ A S T (8)

where M,, := 12K?2 (t + Cit + C3). Thus, from the Chebyshev inequality for sublinear expec-
tation & (see, e.g., Chen et al. [2, Proposition 2.1 (2)]), we get
1 CAM 1]
V{ su X (s) — X (s >—}_7m
Ogsggm\ (s) () > 5 )
Since >, ClAM,,1]™/(n)! < oo, from the Borel-Cantelli lemma on upper capacity (see, Chen

1, Lemma 2.7]), we obtain that there exists a positive integer ng = ng(w),w € D§, where D
g 0
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is a polar set with V(Dg) = 0, such that

1
sup | X" (s) — X"(s)| < o
0<5<tATm 2n

Therefore, we have

whenever n > ng(w).

n—1
XOs)+ D (X (s) — X'(s)) = X"(s) qs.
i=0
are convergent uniformly in s € [0, tAT,;,]. Denote the limit of X™(¢) by X (¢) which is continuous

and Q;-adapted.

Form (7), we also know that {X™(s)},>1,s € [0,¢ A 7] is a Cauchy sequence in MZ(0,T).
Thus, we also have X™(s) — X (s), s € [0,tATy], and X (-) € MZ(0,tAT,,). Next we show that
X () fulfills equation (1). Obviusly, X"(-), X(-) € M%(0,t A 7,,). Thus, by the Burkholder-

Davis-Gundy inequality for G-Brownian motion (see Lemma 2.3), we deduce

IE‘ /OMTm(f(Xn(S)»X"(S —7),8) — f(X(s), X (s — T))’S)dsr

2

+E

[ 606X = 1,9 - X9 X = 7)) < B> )

2

+IE3/0 T"L(h(X”(S);LU"(S—T)»S)_h($(8)71'(8—7'),3))d3(5)‘

< K2 (t+ Oyt + C’g)fE/o Tm(\X"(s) —X(8)|+ | X" (s —7)— X (s —7)|)%ds

tATm
§4K,2n(t+Clt+Cg)fE/ | X" (s) — X(s)]*ds — 0 asn — oo.
0

Thus, letting n — oo, we easily obtain X (s) satisfying equation (1) for s € [0,t A 7,,]. Then
by taking m — oo in (6), we obtain X (¢) is the solution to (6) for ¢ € [0,T]. Therefore, the

existence has also been proved.

Step 2. Uniqueness. Let X (t) and X(¢) be the two solutions. Define stoping times 7, :=
inf{t; | X (t)| vV |X(t)| > m}. Noting, for each t > 0,

X(EA ) = K(EA ) = / A (), X (5= 7),8) — F(X(s), X (s — 7). )]ds

n / T g(X(8), X (5 — 1), 5) — g(X(s), X (s — 1), 8)}d < B> (s)

4 /0 T (X (5), X (5 — 1), 8) — A(X(s), X(s — 7). 8)|dB(s).

By Assumption 3.1, the Cauchy-Schwartz inequality and the Burkholder-Davis-Gundy inequal-
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ity in Lemma 2.3, we can easily show that
tAFm

E[ sup |X<s)—)‘((s)|2} guK;(Hcchz)E/ X (s) — X(s)[2ds

0<s<tATm 0

tAFm B
§12Kﬁ4t+Cht+Cbx/ E[supIAYU)—AXMIﬂd&
0

0<r<s
The Gronwall inequality then yields that, fixing m > 0 arbitrarily,

fE[ sup | X(s) — X(s) ﬂ =0,vt € [0, 7],

0<s<tATm
which shows

113:[ sup | X(s) — X(s) ﬂ =0,vt € [0,T)
0<s<t -

by letting m — oo. This implies that X (¢) = X (¢) ¢.s. for t € [0,T]. Thus, the uniqueness has

been proved. Hence, the proof is complete. [

Next, although the existence and uniqueness of solutions to stochastic differential equations
driven by G-Brownian motion (G-SDE) has been presently proved under the non-Lipschitz
condition, but the coefficients of G-SDE is often bounded by a linear function, see, e.g., Lin [19].
However, if the coefficients of G-SDDE (1) cannot be bounded by a linear function and are highly
nonlinear from the perspective of Hu et al. [15] and Fei et al. [11,12], then the global solution
does not exist generally. By a similar discussion as in [24], we can prove the equation (1) has
a unique maximal solution under the following polynomial growth condition (9) instead of the

linear growth condition (4) of Assumption 3.1

|f (g, )] < K1+ [|™ +[y|™),

l9(z, y,8)] < K(1 4[] + |y[*),

[h(z,y,t)] < K(1+ |2|* + |y|*®), (9)
for all z € R,t € [0,T], and constants K > 0, ¢; > 1,4 = 1,2,3. The following theorem shows

that the maximal solution exists without the linear growth condition (related notion is referred
to Mao and Yuan [24, Definition 7.11]).

Theorem 3.4. Under Assumption 3.1 with (4) replaced by (9), the G-SDDE (1) with the initial
data (2) has a unique mazimal solution X () € M%(0,T).

Proof. For every m > 1, define, for = € R,

m]

[ x if |z| < m,
al = {

mx

T if |z| > m.

Now define the truncation functions

fm(@,y,t) = f@™ g™ 1), g2y, t) = g™ ylm 1), by (@, y,t) = hen (2™, yIm ).

Thus fin, Gm, hm satisty (3) in Assumption 3.1. By Theorem 3.3, there exists a unique solution
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X () € M%(0,T) to equation
X (t) =fm (X (), X (t — 7),8)dt + g (X (1), Xin(t — 7),t)d < B > ()

+ o (X (8), Xy (t — 7),1)dB(t) (10)

on t > 0 with nonrandom initial data
{Xm(t) =&(t); =7 <t <0} =g € C([-7, 0 R).
Set the stopping time v, = T Ainf{t € [0,T]; | X ]| > m}, where X, = { X (t + u); —7 <
u < 0}. Hence we see that
Xm(t) = Xppy1(t), tE€[—T,vml, (11)

which shows that v, is increasing such that v, = lim,,_ oo vy, exists. Further, we define
{X(#); =7 <t <ve} by X(t)=£&(t) ont € [—7,0] and X (t) = X;n(t), ¢ € [Vm—1,Vm], m > 1,
where vy = 0 and we set X (Vo) = 00 if Voo < T. From (11), we have X (t Avy,) = X (EA V).
Thus it follows from (10) that

X(t A vm) =£(0) +/0 "X (), X (5 — 7, 8))ds +/0 " (X(5), X (s — 1), 5)d < B > (s)

tAVm
[ HX ). X (s - 7). 9dB ()
0
for any ¢t € [0,7] and m > 1. Also, it is easy to see that if v, < T, then we have

lim sup |X(¢)| =lim sup X (vp,) =lm sup |X,,(vm)| = occ.

t—o0 m—00 m— 00

Thus {X (¢);0 < ¢ < v} is a maximal local solution. By a standard discussion, we easily prove

the uniqueness of the solution. The proof thus is complete. [

84 Second kind of stability for solutions

In this section, let T' < oo. We shall investigate the second kind of stability for strong
solutions to the G-SDDEs which is stability with respect to the equation coefficients f,g,h
We will show that if approximations f,, gn, h, of the coefficients f, g, h converge to the exact
coefficients, then approximate solutions converge to the solution of the equation with exact
coefficients as well. Therefore, let X (-), X™(-) denote strong solutions of the following highly
nonlinear G-SDDEs

AX (1) =f(X(t), X(t — 1), t)dt + g(X (1), X (t — 7),8)d < B > (s)

+R(X (), X(t—7),0)dB(t), te [0,00), (12)
AX"(t) = (X" (8), X" (t = ), )t + gu(X"(£), X" (t — 7),8)d < B > (s)
4 (X™(E), X"t — 7),0)dB(t), t e [0,00) (13)

with the same nonrandom initial data £ = {£(t),t € [-7,0]} € C([-7,0]; R).
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Theorem 4.1. Let f, g, h, fn, Gn, hn : RXR X [0,T] = R satisfy Assumption 3.1 with the local
Lipschitz condition (3) replaced by the global Lipschitz condition, where K., = K is independent
of m. Assume that for every x,y € R it holds

on(z,y,t) = @(z,9,1), (14)
where p, = fn, Gn, hn, respectively, and ¢ = f, g, h, respectively.

Then, for the solutions X, X, : [-7,T] x @ — R of the equations (12) and (13), we have

1) sup |X"()—X(7ﬁ)\2 — 0 asn — 0. (15)
tel0,T

Proof. By assumptions of theorem, the solutions X to (12) and X,, to (13) exist and are
unique due to Theorem 3.3. Define 7, := inf{¢; there exists some i € IN such that|X*(t)| > m}.
Obviously, 7,, — 00 as m — co. By the Cauchy-Schwartz inequality and Assumption 3.1, we

deduce

sup | [ (006,205 = 7)) = FOK(8) X s = ), 9|

€[0,tATm]
<B s \/ (X" (s <s—7>,s>—fn<x<s>7x<s—f>,s>>ds\2
€[0,tAT]
N 2
+2E s | / (FalX(5), X (5 = 7),8) = F(X(), X (5 — 7). 5))ds|
€[0,tA T ]

<AK2TE  sup / (X" (s) = X (s)]” + |X"(s — 7) — X(s)[?)ds

VE[0, AT ]

+20E_sup / Fa(X(s), X (5 = 7), ) — F(X(5), X (s — 7), 5)[ds

€[0,tA T ]

<SKALTE sup / X" (s) — X (s)|2ds

€[0,tATm]

+2TE sup / |fn 5*7—)78) *f(X(S)aX(sz)aS)Fds' (16)

€[0,tA T ]
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By using Assumption 3.1, the Cauchy-Schwartz inequality and the Burkholder-Davis-Gundy

inequality on the stochastic integral of G-Brownian motion (see, Lemma 2.3), we have
. v 2
B sup | [ (0 (X"(6). X5 = 7)) — g(X(6), X(s = 7). 9))d < B> (9)
vE[0,tAT]
A v 2
<2 swp | [ 0K X7 (5= 7)) = 0,(X(9). X(s =) 5)d < B> (3

vE[0,tAT ]
. 2
+2E  sup ‘/ gn(X(8), X (s — 1), s)—g(X(s),X(s—7’),s))d<B>(s)‘
vE[0,tAT ]
<ACK2TE  sup / (1X7(s) — X (s)2 + | X™(s — 7) — X (s)[2)ds
v€E[0,tATm]
+2C,TE  sup / |90 (X (5), X (5 —7),8) — g(X(s), X (s —7),5)|*ds
vE[0,tATm]
< SCLK2TE  sup / X" (s) — X(s)[2ds
VE[0,tAT,]
+ 201T1E sup / lgn (X (s —7),8) — g(X(s),X(s —71),5)|%ds (17)
€0, tATm]
and
2
sup \/ 8), X" (s — 1), 8) — h(X(s), X (s — T),s))dB(s)’
UG[O tATm]
R 2
<2E sup ‘ / (hn(X™(8), X" (s = 7),8) — hn(X (), X (s — T),S))dB(S)’
vE[0,tATm]
. v 2
+2E  sup ‘ / (hn(X(8),X(s—17),s) — h(X(s),X(s—17),s))dB(s)
vE[0,tATm ]
<4CL,K*E  sup / (| X™(s) = X(s)* + | X"(s — 7) — X(s)|?)ds
vE[0,EtAT ]
—|—2C’2A sup / |hn (X (s), X (s —7),8) — h(X(s), X (s —7),s)|%ds
€[0,tAT ]
< 8CQK2]E sup / | X" (s) — X (s)|%ds
€[0,tAT ]
+2008  sup / (X (), X (5 — 7), 8) — h(X(s), X (s — 7), 5)|2ds. (18)
€[0,tAT]
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Thus, from (16)-(18), we have, for ¢ € [0, 77,
B[ sup  [X"(0) - X(v)]

vE[0,tATm ]
<3E _swp ‘/ (Fa(X7 (), X" (s = 7), ) = F(X(5), X(s — 7). ))ds|

€[0,tATm]

. 2
+3E sup | [ 0076076 = ).9) = 0 (X6, X5 = 7)) < B > ()
+31E sup ‘/ s), X"(s — 1), 8) — hn(X(s)7X(s—T),s))dB(s)‘z

€[0,tAT]
< 24K*(T + CiT + Co)E  sup / |X"(s) — X (s)|*ds
E[0,tATm]
+6TE sup / | fn(X(s), X (s —7),8) —f(X(s)7X(s—T),s)|2ds
vE[0,tAT,]
+6C,TE  sup / |90 (X (5), X (5 —7),5) — g(X(s), X(s — 1), 5)|?ds
1)6[0,15/\7'm

+6CoE  sup / ho(X(s), X (s —7),5) — h(X(s), X (5 — 7),5)|*ds
vE[0,tATm] JO

t
=: DT + DQ/ ]E{ sup | X™(r) — X('r')|2} ds,
0 [

r€[0,8ATm]
where
D} =6TE _sup / Fa(X(5), X (5 = 7),8) — F(X(5), X (s — 7), 5) 2ds
€[0,tAT ]

HOCTE sup / 90 (X(5), X (5 — 7),8) — g(X(s), X (5 — ), 5)|2ds

€[0,tAT ]
+6ch sup / |hn(X(s), X (s —7),s) —h(X(s), X (s — 1), 5)|%ds,

€[0,tAT ]

Dy :=24K*(T + C1T + C»).

By the Gronwall inequality we obtain

I@[ sup | X" (v) — X(v)|?| < DpePeT.
VE[0,tATm]

Hence, from condition(14), we know that D} — 0 as n — oo. Thus, we have (15) by letting

m — oo. Therefore, the proof is complete. [J

Now we discuss a stability of the solution with respect to initial data. This kind of stability
ensures that in the case of replacement of £ by its approximate data 7, the solution of equation
with initial data 1 does not differ much from the solution of equation with initial data £&. We

will show that such the property holds for strong solutions of the G-SDDEs. We denote the
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strong solutions to the following G-SDDEs by X (-),Y ()
dX(t) =f(X (@), X(t—71),t)dt + g(X(t),X(t—71),t)d < B > (s)

+h(X(t),X(t —71),t)dB(t), te€]0,00), (19)
ay (t) =f(Y(t),Y(t —7),t)dt + g(Y(t),Y(t — 7),t)d < B > (s)
+h(Y(#),Y(t—71),t)dB(t), te]0,00) (20)
with the nonrandom initial data &,n € C([—T,0]), respectively.

Theorem 4.2. Let f,g,h: R xR x[0,T] = R satisfy Assumption 3.1. Then, for the solutions
XY : [-7,T] x Q@ = R of the equations (19) and (20) we have
E  sup |X(s)—=Y(s)]? < D(&n,m)eP™ vielo,T), (21)

s€[0,tATm]

where D(€,m,m) = (4 + 87K2,(t + C1t + C2))||€ — 1|12, D(m) := 16K2,(t + Cit + Cs), 0, =
inf{t; | X (t)| V |Y(t)] > m}. Moreover, if £ =n, then X(t) =Y (t) q.s., Vt € [0,T].

Proof. By Theorem 3.3, the solutions X to (19) and Y to (20) exist and are unique. For
t > 0, by using Assumption 3.1, the Cauchy-Schwartz inequality and the Burkholder-Davis-
Gundy inequality on the stochastic integral of G-Brownian motion (see, Lemma 2.3), and from
(19)-(20), we have

B sup |X()-Y(0)P

v€E[0,tA0 ]

<alg—nlP+48 sup | OO0 X = )0) = V(5. V(s = 7))

v€E[0,tA0m]
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+4E  sup ‘/U(Q(X(S)7X(S—T>,S)—g(X(S)7X(S—T>,S))d<B> (s))2
vE[0,tATm] 0
+4E  sup ] ‘ /0 (h(X(s), X (5 — 7),8) — h(X(5), X (s — 1), s))dB(s)‘2

vE[0,tA0m

< 4|j€ —|® +8K2 R sup /OU(|X(5) —Y )P+ |X(s—7) =Y (s —7)*)ds

vE[0,tA0m]

+8K2tChE  sup /OU(X(S) YY)+ |X(s—71)=Y(s—1)*)ds

v€E[0,tATm]

+ SKiCQIE sup / (IX(s) = Y(s)|2 +|X(s—7)=-Y(s— T)|2)d8
v€E[0,tA0m] JO
0

< 4)1€ —n|* + 8K}, (t + tCy + C) / £(s) — n(s)|ds

-7

t
+16K3n(t+01t+02)/ E[ Sup IX(v)—Y(v)lﬂdS
0 ve

0,5A0m]

< D(&,n,m) + D(m) /Otﬁ[ve[sup | X (v) — Y(U)ﬂds.

0,8N\0m]
Again by the Gronwall inequality, we obtain (21). Especially, if £ = n, then X (¢) =Y (¢) ¢.s.,Vt €
[0,00). Thus the proof is complete. O

85 Stability and boundedness of solutions

In this section, let T'= co. We shall discuss the existence and uniqueness, the stability and
boundedness of solutions to highly nonlinear G-SDDEs.

In condition (9), we have either ¢g; > 1, g3 > 1 or g3 > 1. It is known that the Lipschitz
condition in Assumption 3.1 only guarantees that the G-SDDE (1) with the initial data (2)
has a unique maximal solution, which may explode to infinity at a finite time. To avoid such
a possible explosion, we need to impose an additional condition by Lyapunov functions. To
this end, we need more notations. We denote C*1(R x R, ;R,) as the family of non-negative
functions U(x,t) defined on (x,t) € R x Ry which are continuously twice differentiable in x

and once in t. We can now state another assumption.

Assumption 5.1. Let H(-) € C(R x R4;R4). Assume that there exists a function U €
C*' R xS xRy;Ry), ¢>2(q1 Vg2V q3), and nonnegative constants cg,cy,ca such that

2 <c1, z1<U(x,t)<H(z,t) (22)
and
LU (z,t) :=Us(z,t) + Uy(z,t) f (2,4, ) + G(29(z, y, ) Uy (z, ) + h2(2,y, ) Ups (2, 9, 1))
<co—c1H(z,t) + coH(y,t —7) (23)
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forallzx e R,t € Ry.

Theorem 5.2. Under Assumption 3.1 with (4) replaced by (9), and Assumption 5.1, the G-
SDDE (1) with the initial data (2) has the following assertions:

(i) For the G-SDDE (1) with the initial data (2), there exists a unique global solution on
[77_7 OO)

(ii) The solution X(t) obeys

limsup B[ X (£)|7 < &2, (24)
t— 00 e
~ 0 CO
sup E|X(#)|?7 < H(£(0),0) + cze”/ e H(&(s), s)ds + — <o (25)
—7<t<o0 —T
and
) 1 ¢ Co
lim sup 75{ H(X(s), s)ds} < , (26)
t—oo 1 0 €1 —C2
where € > 0 is the unique root to the equation
c1 =€+ cpe’. (27)
(iii) If, in addition, co = 0, then the solution has the moment properties that
1 ~
limsup - log(E| X (t)|?) < —¢ (28)
t—o0 t
and
0o 0
el [ Hexw.ni] < (HE0.0+ [ HEw) 9is); (29)
0 €1 —C2 —r
while it also has the sample (pathwise) property that
/ H(X(t),t)dt <oo V-a.s. (30)
0

Proof. We prove our claims by three steps.

Step 1. Global solution. From Theorem 3.4, we have verified that for the G-SDDE (1)
with the coefficients being locally Lipschitz continuous and any given initial data (2), there
is a unique maximal local solution X (t) for V¢ € [—7,04), where 0o is the explosion time.
Let mg > 0 be sufficiently large for mgo > ||€||. For each integer m > my, define the stopping
time 7,,, = inf{t € [0,04) : |X(t)] > m}, where, throughout this paper, inf() = co. Clearly,
Tm 1S increasing as m — o00. Set Too = 1i_I>n Tm, Whence 7o < 05 q.8. If we can show that
Too = 00 (.8., then oo, = > q.s., i.e. 7‘Acnheooglobal solution exists. Next, we will show that

Too = 00 @.8. By the Itd formula (see, e.g., [25]) and condition (23), we can show that, for any

m > mg and ¢t > 0,

RBU (X (fm A t), Fm A t) — U(X(0),0)

< IAE/O%MM (co —cH(X(s),8) +caH(X(s—7),s— T))ds.
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However, we deduce

Frm AL
/ eH(X(s—171),s—7)ds
0

0 Fr At
< e”/ eeSH(f(S),S)dere”/ ’ e H(X(s),s)ds. (31)
0

-7

Thus, from (31) with ¢ = 0, we know
Tm At
BIX (7 A1), ] < Ky + ot + (2 — )R —/ H(X(s), 5)ds), (32)
0

where K7 = H(£(0),0) + f_OT H(&(s), s)ds. Noting that

€1 > ca, ]E{ - /TMM H(X(s%s)ds} <0,
we get, from (32), '
EX (F A L), T A)|9 < K7 + cot.
Then we have m?P(%,, < t) < K;j + cot for each P € P. Therefore, letting m — oo in the
inequality above, we have P(7o < t) = 0, which shows P(7s > t) = 1. Due to arbitrariness of
t > 0, we must have V(7o = 00) = minpep P(7oo = 00) = 1 as required. That is, 7oc = 00 ..
as required.

Step 2. Asymptotic boundedness. By the Itd formula (see, e.g., [25]) and Assumption 5.1,
we obtain that for ¢ > 0,

E [ed*mMU(X(fm At), Fm A )] — U(X(0),0)

_ E[/m e [Un(X (s), 8) + €U (X (s), 8) + Un(X (), ) F(X (), X (5 — 7), 5)]ds

(=)

+co /TmM eH(X(s—17),s— T)ds] . (34)
Thus, we get fro?n (31), (22) and (27) that

E[ea(*mMHX(%m A t)\q} < E[e€<*mM>U(X(%m At), Fm At)| < K + i_—oe“,
where K = H(£(0),0) + coe™ fBT e**H(&(s), s)ds. Letting m — oo we get that

E[eftp{(t)ﬂ <K+ %Oeft. (35)
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Dividing both sides in (35) by !, we easily obtain the desired assertions (24) and (25).

In order to show (26), from (32) we know that

— (1 — CQ)H::[ - /TmAlt H(X(s), s)ds] < Kj + cot.
Thus, letting m — oo, we get ’
—(c1 — )E / H(X } < K1 + cot. (36)
Dividing both sides in (36) by t and letting ¢ — oo we get the assertion (26).

Step 3. Asymptotic stability. Now we consider the case when ¢y = 0. It then follows from
(35) that

E|X (t)]7 < Ke™=

)

which verifies the required assertion (28). Moreover, from (36), we get
Cl — C2 / H dS S Kl.

Thus we easily shows (29), which implies (30) by the notion of sublinear lower expectation &.

Hence we complete the proof. [

86 Conclusion

In real systems, we are often faced with two kinds of uncertainties: probability and Knightian
ones. By using Peng’s sublinear expectation framework, we can characterize the systems with
ambiguity. This paper gives a description of the uncertain delay system through G-Brownian
motion. We first prove the existence and uniqueness of the solution to G-SDDEs under sublinear
expectation with the local Lipschitz and linear growth conditions. Then the second kind of
stability and dependence of the solution to G-SDDEs are studied. Finally, we try to give the
characterization of stability and boundedness of the solutions to the highly nonlinear G-SDDEs.
In this paper, our main contributions are presented as follows: (i) we prove the existence and
uniqueness of the solution to G-SDDEs by mathematical technique; (ii) the second kind of
stability of the solution to G-SDDE:s is also investigated under the linear growth condition; (iii)
the stability and boundedness of the solution to the highly nonlinear G-SDDEs are discussed.
Our study provides a new perspective which has a close link with the highly nonlinear stochastic
delay differential equations under sublinear expectations. In addition, our results on G-SDDEs
reduce to the ones of G-SDEs as the time lag is zero. Finally, we note that the guaranteed
cost control for nonlinear stochastic systems under the classical probability is studied by Ma et
al. [22] and Shen et al. [28]. We can extend the analysis of stability, the state-estimation and
the stochastic control problem for uncertain nonlinear systems under a classical probability to

those under the sublinear expectation framework.
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