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Finite Determinacy of High Codimension Smooth

Function Germs

GAN Wen-liang '*  PEI Dong-he !* LI Qiang®> GAO Rui-mei *

Abstract. Mather gave the necessary and sufficient conditions for the finite determinacy s-
mooth function germs with no more than codimension 4. The theorem is very effective on
determining low codimension smooth function germs. In this paper, the concept of right equiva-
lent for smooth function germs ring generated by two ideals finitely is defined. The containment
relationships of function germs still satisfy finite k-determinacy under sufficiently small distur-
bance which are discussed in orbit tangent spaces. Furthermore, the methods in judging the

right equivalency of Arnold function family with codimension 5 are presented.

81 Introduction

Finite determinacy of smooth function germs has always been a very active project in the
research of singularity theory. Its core idea is taking the jet of function germs, approximating
the infinite terms by its finite terms and getting the same topology properties. In recent years,
there are a large number of literatures on the study of finite determinacy problem of smooth
function germs. For example, Wall showed the necessary and sufficient conditions for the finite
determinacy of smooth mapping germs in [14]. Kushner and Leme [5] and Sun and Wilson [12]
gave the relationship between the mapping germs of relative stability and the finite relative
determinacy. In addition, Liu, Shi and Li provided the definitions and determination methods
of finite determinacy and infinite relative determinacy for smooth function germs with certain
boundary conditions in [7,10,11]. This theory has numerous applications in mathematics and
the natural sciences, see [2-4,6,13].

The necessary and sufficient conditions, for the finite determinacy of the function germs

which are not more than codimension 4, were given by Mather in [9]. The characteristics of
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finite determinacy for smooth function germs are established. His theorem is quite effective on
determining low codimension germs. This work is a foundation of the study on the theory of
finite determinacy. However, his theorem does not work well on high codimension germs, even
such the Arnold function family N;(z,y) = zy(z — ty), t € (1,+00) (see [1]).

Our work here is a valuable supplement to the previous work mentioned above. We define
the concept of right equivalent of two ideals which are finitely generated in the smooth function
germ ring (Definition 2.1). And we discuss the containment relationship of function germs
which still satisfy finite k-determinacy under sufficiently small disturbance in orbit tangent
spaces (Theorem 3.1). Furthermore, we present the judging methods of right equivalency for
Arnold function family with codimension 5 (Theorem 3.4 and Example 4.1).

This paper will highlight that not only is our proof the improving and complementary of
Mather’s finite k-determinacy theorem, but also the idea and methods provided in the proof
are more significant. Our works improve the applicability of Mather’s finite k-determinacy
theorem.

The structure of this paper is as follows. In Section 2, we present some basic notations and
preliminaries. In Section 3, the theorems of finite determinacy for smooth function germs with
high codimension are established. As an application of the main results, the right equivalency
for Arnold function family is presented in Section 4.

All undefined terms and symbols could be found in [8].

82 The basic concepts and preliminaries

Let E, be a ring of C°° smooth function germs at 0 € R™, M,, be the only maximal ideal

in E,, M* be the k-th power of M,,, J(f) = <§T£7 6%1;7 ce aif )i, be the Jacobian ideal of the
smooth function germ f. Here (¢, x)=(¢, x1,z2,...,2,) € R x R™ .

Definition 2.1. Let Iy = (f1, fa,..., fr)p, and Iz = {g1,92,...,9-) g, be finitely generated
ideals in E,,. Two ideals I and I5 are R-equivalent, if there exists an invertible matrix [t;;]rxr
in F,, such that

h 9
I2 g2
. = [uij]7><7'

fr gr

Definition 2.2. Let f, g € E,,. Two function germs f and g are said to be isomorphic(i.e., right
equivalence) if there exists a local diffeomorphism germ & : (R™,0) — R™ such that g = f o ®.

Definition 2.3. Let f: (R",0) — R be a C*° real function germ and k be a positive integer.
We say f is k-determined if all the Taylor polynomial germs which have the same order k& with
f in E,, are right equivalent to f.

In order to prove Theorem 3.4, we will introduce a proposition.
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Proposition 2.4. [3] Let
0 - 0
X == X;(x)=—
be a C™ wvector field on an open neighborhood of R x {0} C R x R™, t € [0,1]. There exists an
open set U containing [0, 1] x {0}, in which the following system of differential equations has a

unique solution.

d(}hdi(tt’w) = Xl(cbl(tvm)a e ~7(I)n(tax))
B22lT) — X0 (B (t, ), ..., Pp(t, )

with the initial condition

@1(0, X1
@2(0, X2
(I)n(oax) Tn

Here, ®; : (Up,x) = (U, ©(t,x)) is a local diffeomorphism.

83 Finite determinacy of high codimension smooth function germs

In this section, we present our main results and proofs.

Theorem 3.1. Let h(x) € MF be sufficiently small, then M* C M, - J(f) if and only if
MF c M, - J(f + 7h), where T € [0,1].

Proof. We have

of of of
:<m1ax27"'7xn>En'<87I1787:E27""87>En
e OF0f or o op o of o of
= 1 (9331’”.’ 1 8.13”7 2 axl,..., 2 8xn,..., n axl,..., n 8.13” E,-
M, - J(f +7h)
o(f +7h) O(f +7h If+T1h
= (o, (LT KT ORI,
i JO(f +7h) JO(f +7h) . JO(f +7h) . CO(f +7h)
- 1 8.131 gee eyl 6In s L2 8.131 gee ey b2 61’n )
'8(f+7'h) . .8(f—|—7'h)>
cey n 8(]’;1 IR ) n axn En
ﬁ d(Th) ﬁ d(th) ﬁ O(Th)
R o P LR P R Faa b Rl Pl M o
of O(Th) of o(th) of O(Th)
y L2 axn + 22 8.’En yeroyln (91'1 + xp 3x1 yereyLn 8(En + Zn 85571 >En
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Denote that

a(th) a(th) a(th)
1 - o 7-m(x), 1 - Oy 7 m(x), ..., o1 - oz, 7 (),
d(th) O(Th) A(Th)
Z2: Ere =T Nns1(T), .., T o = T'n(ifl)'n+j($)7 ceey Tt Oz = T2 (7) = 70, (2),
where r = n? (i,j = 1,2,...,n). Then
Mn . '](f) = <gl($),92($)7 v agr(x»Env
My, - J(f +7h) = (wi(2), w2 (x), ..., w(2))E,,
where
of o(f +7h) o
T - 87% = g(i71)<n+j(x)7xi ’ oz, = w(ifl)-nﬂ(x)? (1, =1,2,....7).

Notice that h(x) € MF, then n;(z) € M¥, thus n;(z) € MF C M,, - J(f). And

My - J(f) = (91(x), 92(2), ..., 9 (7)) 2,
then there exists a;;(x) € En, (1,5 =1,2,...,r), such that
T
mi(w) = ai - g;(x). (1)
j=1
Because h(z) € MF is sufficiently small, we have z; - aa(%) € MF is sufficiently small for all
7 € [0,1]. It means that: in (3.1), for each ¢,a;;(z) is also small enough. That is, a;;(0) is

sufficiently small (¢,7 =1,2,...,r). Since
wi(x) = gi(x) + Thi(z), (,5=1,2,...,7), (2)
we have

w;(x) = gi(x) + Tzaij(x) g (@), (1,5 =1,2,...,7).

This is the matrix equation

wi () g1(x)
wa() = [I + 7(aij(z))]rxr - 9:()
wy () gr(z)

Here the matrix I,y, satisfies detl,», = 1 # 0, since a;;(z) is sufficiently small, we have

T - a;;(x) is sufficiently small for all 7 € [0, 1], then a;;(0) is sufficiently small,
det{Tysey + 7+ (as5(0)]oser # 0, (61j = 1,2, 1)
The matrix [I + 7 - (a;;(2))]rxr is reversible. According to Definition 2.1,
(w1 (), w3(2), -, we(2)) 5, = (G1(2), 2(2)s - (@)
M, - J(f +71h) =M, - J(f).
Then MY c M, - J(f) if and only if Mk C M,, - J(f + h). O

By Theorem 3.1, we can get the following corollary.
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Corollary 3.2. Let M c M, - J(f). If h(z) € MF is sufficiently small, then the algebraic
equation
= of () Oh(x)
—hiz)=N"X.(z)- t-
(@)= 3 Xila) - (5 b
is solvable, where X;(z) € My, i =1,2,...,n, ¢t €[0,1].

Proof. For t € [0,1],¢-h(x) is sufficiently small since h(x) € MF is sufficiently small. According

to Theorem 3.1, there exist h( )€ Mk C M, -J(f) and X;(x) € M, (i =1,2,...,n), such that
f(zx) Oh(x)
Xi( t- M, t-h
Z 8% +t ) € Mo J(f 4t h).
That is, the algebralc equatlon
f(z) Oh(x) .
ZX ax, o ), Xi(x)eM,, i=1,2,...,n, tecl0,1]
has a solutlon. O

Lemma 3.3. Let F(t,z) = f(z) +t- h(z) be a function germ, where t € [0,1], h(z) € M¥ and
h(zx) is sufficiently small. Then there exists a vector ﬁeld

X_i—'_ZX 8%

such that X - F = 0.

Proof. By Corollary 3.2, there exist X;(z) € M, (i = 1,2,...,n) satisfying the following alge-
braic equation

f(x) Oh(x)
ZX 8:52 e oz, )

Hence, for F(t,z) = f(x) +1 - h(z), 1f t €[0,1] and h(z) € MF is sufficiently small, there exist

a vector field
Xi(
+ Z axl

such that
- _O(f(z) +t-h(z - (f(x)+t-h(z
P ZX o <<%t<»+;&@,<uwi<»
- a:)—i—ZX,»(x)-( x(f) —l—t-a;g)):O.

O

Theorem 3.4. Let f € E,, and M’C C M, - J(f). Then the function germ g is right equivalent

to function germ f, if g — f € MF, and j%g — j*f € P* are sufficiently small.

77,7

Proof. Let g — f = h € MF and F(t,x) = f(z) +t- h(z), t € [0,1]. For sufficiently small
h(z) € M} and M¥ Cc M,, - J(f), by Lemma 3.3, there exists a vector field

P B,
*&+21Xi(x)'axi’
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such that X - ' = 0. That is,

OF & oF
— Xi(x) - =0.
By Proposition 2.4, we have
OF <~ dd(t,z) OF
D S i

0,

that means J
H(F o a(t,2)) = 0.

97

That is to say no matter what value ¢ is, the derivative on ¢ is 0, so the value of F o ®(¢, z)
on t is a constant. Thus, for any t1,t2 € [0,1] and ¢; # ta, we have F o ®(t1,2) = F o ®(ta, x).
Especially, when t; = 0,t3 = 1, we have F(0,®(0,z)) = F(1,®(1,x)). By F(t,x) = f(z) +t-
h(z), then F(0,z) = f(x),F(1,x) = f(z) + h(z) = g(x). Hence, g = f o ®(1,z). This implies

that ¢ is isomorphic (right equivalence) to f .

84 Example

As an application of Theorem 3.4, we illustrate the following example.

O

Example 4.1. Let N(z,y) = xy(x — ty) be a two variable function family, ¢ € (1, +00). For

all tg,t1 € (1,+00) , tg # t1, Ny, (z,y) is right equivalent to Ny, (x,y).

Proof. Since

My = (z,y)p,, M5 = (2°,2%y,29°,9°) 5, = (91,92, 93, 94) o,
and Ny, = 2%y — tozy?, we have J(Ny,) = (2zy — toy?, z* — 2tgzy) g,,, and

My - J(Ny,)
= (z,y) B, - (2zy — toy®, 2° — 2b0zy) By,
= <2x2y — toacyQ, 3 — 2t0x2y, 2xy2 — t0y3, a:2y — 2t0my2)E2+1.

Let
My - J(Ny,)
= (22%y — toxy?, 2% — 202y, 20y* — toy®, vy — 2toxy2>E2+1
= (2% — 2tg2?y, 227y — toxy®, 2%y — 2toxy?, 22y° — toy°) By,
= (f1, f2, f3, fa) Bayr s
M3 = (2°, 2%y, 2y, y°) B, = (91, 92, 93, 94) -
This means

g1 =23 = f1 + 2tex?y = f1 + 2togo

g2 = 2%y = 5 f2 + 3toxy® = 2 + 3togs

g3 = 2y = f5 + 2tozy® = f3 + 2togs

ga=9 =~ fat Eay’=—Lfat+ Egs
That is ,
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g1 — 2tog2 = f1

g2 — 3togs = 5 f2
g3 — 2togs = f3
91— £93=—¢fa.

Therefore,
J1 =91 —2tog2
J2 =292 — togs

fz = g3 — 2tog3
fa=2g3 —toga.

The matrix representation of the above equations are

f1 1 —2t0 0 0 g1
forl _[ 0O 2 —to 0 g2
f3 0 0 1-— 2t0 0 gs
Ja 0 0 2 —to 94
For ty € (1, 4+00),
1 =2t 0 0
0 2 —to 0
= 2ty(2tg — 1) # 0.
0 0 1-2 0 o2 —1) #
0 0 2 —to
1 -2t 0 0
. 0 2 —to .. . ..
Thus, the matrix is invertible. By Definition 2.1, we have
0 0 1-2t5 0
0 0 2 —tg

M, - J(Ny,) = M2.
Therefore, we can draw the conclusion that Ny, (z,y) = xy(x —toy) is 3-determinacy for any
to € (1,+00) by Mather’s theorem. That is, g(z,y) € Fy and g(z,y) — Ny, (x,y) € M3, then
g is right equivalent to Ny,. But we can not draw the conclusion that N;, and Ny, are right
equivalent for all ¢g,t; € (1,400),t9 # t1. However, according to Theorem 3.4, we can show
that N, (x,y) is right equivalent to N¢, (x,y) for the family of functions Ny(z,y) = zy(x — ty),
t € (1,+00), to,t1 € (1,400), and ty # t1.
In fact, for any tg,t; € (1,400), to # t1, if |to — t1] is small enough, then

j3Nt1 ({L‘7y) - jsNto(xvy) = Nt1 (x,y) - Nto(x7y) = wa(tO - tl) € PZS
is sufficiently small. We have Ny, (z,y) is right equivalent to N, (z,y) by Theorem 3.4. O
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