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Compactness for the commutators of multilinear singular

integral operators with non-smooth kernels

BU Rui! CHEN Jie-cheng*?

Abstract. In this paper, the behavior for commutators of a class of bilinear singular integral
operators associated with non-smooth kernels on the product of weighted Lebesgue spaces is
considered. By some new maximal functions to control the commutators of bilinear singular

integral operators and CMO(R"™) functions, compactness for the commutators is proved.

81 Introduction

In recent decades, the study of multilinear analysis becomes an active topic in harmonic
analysis. The first important work, among several pioneer papers, is the famous work by Coif-
man and Meyer in [8,9], where they established a bilinear multiplier theorem on the Lebesgue
spaces. Note that a multilinear multiplier actually is a convolution operator. Naturally one will

study the non-convolution operator

where K(x,y1,...,Ym) is a locally integral function defined away from the diagonal = = y; =
s =gy in (RY)™HL 2 ¢ NyLysupp f; and fi,..., fm are bounded functions with compact

supports. Precisely,

T:SR") x---xS(R") — S'(R™)
is an m-linear operator associated with the kernel K(z,yi,...,ym). If there exist positive
constants A and « € (0, 1] such that K satisfies the size condition

A
|K(I,’y17...,ym)| S

(R e T ®
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for all (z,y1,...,ym) € (R")™! with  # y; for some j € {1,2,...,m}; and the smoothness
condition A P

, T—

|K(a:,y1,...,ym) - K(x 7y1,...;ym)| < (27111 |{E —yil)m"ﬂ’

whenever |z — 2’| < 1 max;<;j<m |z — y;| and also for each j,

Aly: — |7
e
i1 |7 — yal)m
whenever |y; — yj| < %maX1Sj§m |z — y;|, then we say that K is a Calderén-Zygmund kernel
and denote it by K € m — CZK(A,~). Also, T is called the multilinear Calderén-Zygmund

operator associated with the kernel K. In [16], Grafakos and Torres established the multilinear

|K(xvy17"'7yj7"'7ym)_K(xﬂylw"?y;v"‘?ym)' < (Z

T'1 theorem, so that they obtained the strong type boundedness on product of LP(R™) spaces
and endpoint weak type estimates of operators T associated with kernels K € m — CZK(A,~).
Furthermore, the A,(R™) weights (see Definition 1.2) on the operator T' and on the cor-
responding maximal operator were considered in [15]. After then, the study of multilinear
Calderén-Zygmund operator is fruitful. The readers can refer to [14-16,21,23,25-28,32] and the

references therein.

However, there are some multilinear singular integral operators, including the Calderdn
commutator, whose kernels do not satisfy (3). Here, the Calderén commutator is defined by

Cot1(fra1,. .., am /HJ 1m_ mH'(y))f(y)d%

where A; =q; for all j € {1,2,--- ,m}. This operator ﬁrst appeared in the study of Cauchy

integral along Lipschitz curves and, in fact, led to the first proof of the L?-boundedness of the
latter. Moreover, the operator C,,+1 can be viewed as an (m + 1)-linear operator. Define
1 : 2>0
e(r) = ’
0 : z<0.

Since A} = a;, the (m + 1)-linear operator Cy,11(f, a1, ...,an,) can be written as

Cosr1(frar,... am)(x) = /( - K, y1,- s Yms1)a1(y1) - @ (Ym) f(Ym+1)dys - - - dYmo1,
R m
where the kernel K is

(71)6(ym+1*®)m ME

K(JI, Yi,--- aym-‘rl) = X(min(:v,merl),max(z,merl))(yj)' (4)

(T = Ym1)™ j=1

In [11], the authors pointed out that the kernel K in (4) does not satisfy (3). In order
to discuss these operators whose kernels don’t satisfy (3), Duong et al. [10,11] introduced a
class of multilinear singular integral operators whose kernels satisfy the following assumptions

(H1),(H2) and (H3).

Let {A;}4>0 be a class of integral operators, which play the role of an approximation to the
identity as in [12]. We always assume that the operators A; are associated with kernels a;(x,y)

in the sense that

Af@) = [ o) iy
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for all f € LP(R™), 1 < p < oo, and the kernels a;(z,y) satisfy

- [z —yl
Jac(,y)| < hal,y) = £ h(E5), (5)
where s is a fixed positive constant and h is a bounded, positive, decreasing function satisfying
lim " h(r®) =0 (6)
T—>00

for some ¢ > 0.
Assumption (H1). Assume that for each j € {1,2,---,m}, there exist operators {Agj)}bo

with kernels agj ) (x,y) that satisfy conditions (5) and (6) with constants s and ¢, and there exist

kernels Kt(j)(a:, Y1, ,Ym) such that
<T(fr,- aAEj)fjv"' 7fm)ag>:/ /( ) Kt(j)(x,yl,n- Ym) f1(y1) - fm(Ym)g(z)dyda

forall fi, -+, fm,g € S(R™) with N7, supp f;Nsupp g = (), and there exist a function ® € C(R)

with supp® C [—1,1] and a constant € > 0 such that for all z,y1, - ,y,m € R™ and ¢t > 0, we
have

j C = Yj — Yil
Kx’ s s Um _K(]) T, s s Um < (I)ji
| ( n Y ) t ( n Y )| = (|$_y1|_|_+ ‘Jj_ymDmn Z ( +1/s )

k=1 k#j
Cte/s
|z —yi| + -+ |z — Y] )

Jr
(

for some C' > 0, whenever 2t'/% < |z — Yjl-
Kernels K satisfying condition (2) and assumption (H1) with parameters m,C, s, ¢, ¢ are
called generalized Calderén-Zygmund kernels, and their collection is denoted by m—GCZ K (C,
s,t,€). It was proved in [11] that the assumption (H1) is weaker than condition (3). But it is

sufficient for the weak type endpoint estimate.
Recall that the j-th transpose T of T is defined via
< T*j(flv' o afm)vh >=< T(fh e 7fj717h7fj+11 e 7fm)7fj >

for all fi, -+, fm,h € S(R™). It is easy to check that the kernel K*/ of T*/ is related to the
kernel K of T via the identity

K*j(xvyla"' sy Yi—1,Y5, Yj+1, " ,ym) = K(yjaylv"' s Yji—1, T Y541, aym)-
Notice that if a multilinear operator T" maps a product of Banach spaces X; x --- x X,,, to
another Banach space X, then T*/ maps the product of Banach spaces X; x --- X Xj_1 %

X* x Xjy1 x -+ X Xy, to Banach space X7. Moreover, the norms of 7" and T*J are equal. For
notational convenience, we may occasionally denote T by T*° and K by K*°.

Assumption (H2). Assume that for every ¢ € {1,---,m}, there exist operators {Aii)}bo

with kernels a,(f)(a:, y) that satisfy conditions (5) and (6) with constants s and ¢, and there also

exist kernels Kt*j’(i) (

<T9(fr, A i fm)ig >:/ /( ) K7y, ym) T felon)g(x)dgde
Rn RTL m k—l

for each j € {0,1,---,m}, and all fy, -+, f, € S(R™) with N7 supp fr Nsuppg = 0. Also
assume that there exist a function ® € C(R) with supp® C [—1, 1] and a constant ¢ > 0 so that

Ty Y1, 7ym) so that
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for all z,y1, - ,ym € R", t >0, each j € {0,1,--- ,m}, and every i € {1,--- ,m}, we have
7y7 ?y ) b ] ) b ) b y b b b

: (i c o 1Y — Ul
K*j z, R _K*‘]’(l) T, S, < (b g IR1
| (z, 91 Ym) t (z, 91 Ym)| (e =yl + -+ & — ym|)™ Z ( t1/s )

k=1,k#i
Cte/s
+ mn-—+e
(lz =yl + -+ [z = yml)

b

whenever 2t1/% < |z — y;].

Kernels K satisfying condition (2) and assumption (H2) with parameters m,C, s, ¢, € are
also called generalized Calderén-Zygmund kernels, and their collection is denoted by m —
GCZK(C,s,t,€). We say that T is of class m — GCZO(C, s,t,€) if the kernel of it is in
m— GCZK(C,s,t,¢€). In [11], the authors obtained the strong type boundedness on product
of LP(R™) spaces and endpoint weak type estimates of operators T € m — GCZO(C, s, t,¢€).
Furthermore, they pointed out that the m-th order Calderén commutator C,,41 is an (m + 1)-
linear operator associated with a kernel K in (m+1)—-GCZK(C,1,1,1). In this way they first

m+l 1

proved that for py,...,pm41 € [1,00] and p € (0, 00) with % = i o
J

[Cms1(frars- .y am)| o) < Clflrmsr ) ] lailoos w)s
j=1

and if minlSjSerl p; > 1, then
m

ICmi1(fra1, - am)lLo@) < Clflpmermy [ ] loslors m)-
j=1

Assumption (H3). Assume that there exist operators { B; }+~o with kernels b;(x, y) that satisfy
conditions (5) and (6) with constants s and ¢, and there also exist kernels Kt(o)(x,yl7 e Ym)
such that

Kt(O)($7y1"" ’ym) = K(Zvyla"' 7ym)bt(xaz)dz

R"L
for all z,y1, -+ ,ym € R™. Also assume that there exist a function ® € C(R) with supp® C
[-1,1] and a constant € > 0 so that for all 2,91, , 4y, € R™ and t > 0, we have
c o |7 — il
K _ < d
‘ (anyl, 7ym) t (l’7y1a 7ym)| > (|x—y1|+-~-+|w—ym|)m"; ( 1/ )
Cte/s
+
(|l‘ — Z/1| 44 ‘JJ _ ym|)mn+e
for some C' > 0, whenever 2t1/5 < maxi<j<m [£—Y;|. Moreover, assume that for all z, y1,- - , Ym
e R",
(0) ¢

K Z, Ty < )

R T E e e | L
whenever 2¢1/5 < min<j<m |z — y;|, and for all z,2’',y1,--- ,ym € R",

Cte/s
(o=l + e = g
whenever 2|z — 2'| <t/ and 2tY/* < minj<j<pm [ — y;].

K@y, ym) — K@y, ym)| <

In [10], under assumption (H2) and (H3), some weighted estimates of operator T are ob-
tained, and the authors also proved that the m-th order Calderén commutator C,,+; satisfies
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assumption (H3). Furthermore, the weighted estimates, including the multiple weights, of the
maximal Calderén commutator were considered in [10] and [14]. Moreover, there are a large
amount of work related to singular integral operators with non-smooth kernels. The readers
may refer [12], [18] and [19], among many interesting works.

In this article, we are interested in the compactness for the commutators of multilinear
singular integral operators with non-smooth kernels and CMO(R™) functions, where CMO(R")
denotes the closure of C°(R™) in the BMO(R™) topology. For the sake of convenience, we
will write out the case of compactness in a bilinear setting. In particular, We will study the
compactness for the commutator of T, where we assume that T is a bilinear singular integral

operator associated with kernel K in the sense of (1) and satisfying (2), and

(i) T is bounded from
LYR"™) x LY(R") — LY*>(R"); (7)

(ii) for z,a’,y1,y2 € R™ with 8|z — 2/| < miny<;<2 |z — y;/,

D™
|K (2, y1,2) — K(m’,yl,y2)| <

(lz =yl + [ — o)+

(8)

where D is a constant and 7 is a number such that 2|z — 2/| < 7 and 47 < mini<j<a |z — y;].
It was pointed out in [20] that the condition (8) is weaker than, and indeed a consequence of,
assumption (H3). For b € BMO(R™), we consider commutators

TL(f1, f2) = [0, T)i(f1, f2) = bT(f1, f2) — T(bf1, fa),

T (fi, f2) = b, T)a(f1, f2) = T (f1, f2) = T(f1,bf2).
For b = (by,by) € BMO(R™) x BMO(R™), we consider the iterated commutator

T;(f1, f2) = [ba, [b1, TTil2(f1, f2),

and, in the sense of (1),

[0, T]1(f1, f2) () :/n - K(z,y1,y2)(b(x) — b(y1)) f1(y1) f2(y2)dy1dyo,
BT () = [ [ B ) (o) = b)) i () o) e,

T;(f1, f2)(z) = / - K(z,y1,y2)(bi(z) — b1(y1))(b2(x) — b2(y2)) f1(y1) f2(y2)dy1dys.

Our aim is to obtain the compactness for the above commutators. Before stating our
results, we briefly describe the background and our motivation. In [3], Calderén first proposed
the concept of compactness in the multilinear setting and Bényi and Torres put forward an
equivalent one in [2]. Bényi and Torres extended the result of compactness for linear singular
integrals by Uchiyama [30] to the bilinear setting and obtained that [b, T|1, [b, T2, [b2, [b1,T)1]2
are compact bilinear operators from LP(R™) x LP2(R") to LP(R™) when b, by, by € CMO(R"),
1 < p1,p2 < oo and 1/p1 + 1/pa = 1/p < 1. Recently, Clop and Cruz [7] considered the
compactness for the linear commutator on weighted spaces. For the bilinear case, Bényi et al.
[1] extended the result of [2] to the weighted case, and they obtained that all [b,T]1, [b, T}z,
[b2, [b1,T]1]2 are compact operators from LP!(wq) X LP2(ws) to LP(vg) when 1 < py,ps < 00,
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1/p1+1/p2=1/p<1, W e Ay(R") x A,(R™) and b, b1, bs € CMO(R™). We note that in [1],
T is a Calderon-Zygmund operator with smooth kernel. Hence, in this article, we will consider
the same compactness for these commutators by assuming 7T is an operator associated with
non-smooth kernel. Although we will adopt the concept of compactness proposed in [2](The
reader can refer to [2] and [31] for more properties of compact and precompact) and some basic
ideas used in [2,4,5,6,20,22,24,28], our proof meet some special difficulties so that some new
ideas and estimates must be bought in. Particularly, some specific maximal functions will be
involved.

We denote the closed ball of radius r centered at the origin in the normed space X as
B, x ={zeX:|z| <r}

Definition 1.1. A bilinear operator T' : X x Y — Z is called compact if T(By x x Biy) is

precompact in Z.

Definition 1.2. A weight w belongs to the class A,(R"), 1 < p < oo, if

S“p<|cz|/ (”) («clm/ “’(y)lp/dyylm'

A weight w belongs to the class A1 R™) if there is a constant C' such that
y)dy < C 1nf w(zx).
@l

Definition 1.3. Let p = (p1,p2) and 1/p = 1/p1 + 1/p2 with 1 < p1,ps < co. Given @ =

(w1, ws), set vg = H?=1 wP/pj. We say that f satisfies the A3(R?") condition if

p 2 /4 - 1/pj
plale) Tlalw™) <=

1-p 1/pj . _
Here, (\Q\ fQ J) is understood as (infg w;)~!,when p; = 1.
The following two theorems are our main results:

Theorem 1.1. Let T be a bilinear operator satisfying condition (7) and its kernel K satisfies
(2), (8). Assume b € CMO(R"), p1,p2 € (1,00), p € (1,00) such that 1/p = 1/p1 + 1/ps
and @ = (w1, w2) € Az(R®™) such that vz € A,(R™). Then [b,T)1, [b,T)2 are compact from
LPr(wy) x LP2(wq) to LP(vg).

In order to prove Theorem 1.1, we need the following result which has independent interest.

Theorem 1.2. Let T be a bilinear operator satisfying condition (7) and its kernel K satisfies
(2), (8). Assume b € BMO(R"), p1,p2 € (1,00), p € (0,00) such that 1/p = 1/p1 + 1/p2,
W = (wy,ws) € Az(R*"). Then

16, T1(f1, fo)lle ey, 110, Tl2(f1, fo)llor ey < Cllbllemo@ ) I f1llzer (w1 f2ll o2 (ws)-
Remark 1.1. Theorem 1.1, Theorem 1.2 are also true for the iterated commutator [bs, [b1, T]1]2,

and their proofs are similar to the proofs of Theorem 1.1 and Theorem 1.2. We leave the details
to the interested readers.
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We make some conventions. In this paper, we always denote a positive constant by C which is
independent of the main parameters and its value may differ from line to line. We use the symbol
A < B to denote that there exists a positive constant C' such that A < CB. For a measurable
set F, xg denotes its characteristic function. For a fixed p with p € [1,00), p’ denotes the dual
index of p. We also denote f = (fi,--+, fm) with scalar functions f; (j =1,2,...,m). Given
a > 0 and a cube @, £(Q) denotes the side length of @, and a@) denotes the cube which is the
same center as @ and {(aQ) = al(Q). fo denotes the average of f over Q). Let M be the
standard Hardy-Littlewood maximal operator. For 0 < § < oo, My is the maximal operator
defined by

1/8
Msfa) = M(SI) (@) = (sup CAL dy) ,
M# is the sharp maximal operator defined by Fefferman and Stein [1
M# ) = swpint g [ 170 ey~ s o [ 15) ~ Soldy
] 2 Q) ¢
and
MY f(x) = M#*(|f1°)/° ().
It is known that, when 0 < p,d < 0o, w € Ax(R"™), there exists a constant C' > 0 such that

/ (M; f(2))Pw(z)dz < C / (MF 1 ()P (z)dz (9)
RTI, Rn

for any function f for which the left-hand side is finite.

§2 A multilinear maximal operator

We need some basic facts about Orlicz spaces, for more information about these spaces the
readers may consult [29]. For
O(t) = t(1+logtt)
and a cube @ in R, we define

. 1
||f||L(logL),Q:le{)\>O |62|/ q)( >dl’§1}

It is obvious that || f|| £(og 1), > 1 if and only if |Q| fQ [)dxz > 1. The generalized Holder

/()

inequality in Orlicz space together with the J ohn—Nlrenberg 1nequahty imply that
a1 . 1660 = bal )y < Clllonsomen 1 s 1 0-

Define the maximal operator Mp,qog 1) Dy

2
M gog ) (F)(@) = sup [T I1£ll Ltog 2).0»
Q31j21

where the supremum is taken over all the cubes containing x. The following boundedness for
M og L)(f) was proved in [22].

Lemma 2.1. If1 < p;,ps < 0o, 5 = Z? L pi, and W = (w1, wz) € Az(R*), then M0 1)( _’)

is bounded from LP'(wy) X LP2(wq) to LP(vg).
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Lemma 2.1 is helpful in the proof of Theorem 1.2. Besides this maximal operator, we need

several other maximal operators in the following.
In [22], a maximal function M(f) was introduced7 and its definition is

Zgr; H (Iél/@ Ifj(yj)dyj> ;

—

where the supremum is taken over all cubes @ containing x. The boundedness of M(f) on
weighted spaces was considered in [22, Theorem 3.3].

Furthermore, Grafakos, Liu, and Yang [14] introduced some new multilinear maximal oper-

Maa(f)ie) = 233;02 (et fyian ) (g L Vot
—kn 1 1
Maa(F ‘Z%E? 2 (1 [ et ) (gigy [, 15wl ).

where f = (f1, f2) and each fi (4 € {1,2}) is a locally integrable function. The following
boundedness of My 1 and My 5 were proved in [14].

ators:

Lemma 2.2. Let 1 < p1,ps < o0, 1% = 22 1 pl , and W = (w1, ws) € Az(R*). Then My,

and Ma o are bounded from LP'(wq) x LP?(wq) to LP(vyg).

In addition, Hu [17] introduced another kind of bilinear maximal operators Mj and M3
which was defined by

M) = s 0 [ 1500 |dy1§;2 fngh

|2kQ\/ | f2(y2)|dya,

ME(F) () = SUP Q|/ |f2(y2 |dy222 knokp QkQ/ | f1(y1)|dyn,

where 8 € R and the supremum is taken over all cubes Q containing x. As it is well known, a
weight w € A (R"™) implies that there exists a 6 € (0,1) such that for all cubes ) and any set

EcCQ, .
<o

w@ =“\ja) (10
For a fixed 6 € (0,1), set

Ry = {w € A (R") : w satisfies (10)}.
In [17], the following boundedness of M} and M3 were proved.

Lemma 2.3. Let 1 < p1,p2 < 00, % = 23:1 p%_, W = (wi,ws) € Az(R*") and vg € Ry for

some 0 such that f < nfmin{l/p1,1/p2}. Then Mé and Mzﬁ are bounded from LP*(wq) x
LP2(wq) to LP(vg).
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83 Proof of Theorem 1.2

The proof of Theorem 1.2 will depend on some pointwise estimates using sharp maximal

functions. The pointwise estimates are the following:

Lemma 3.1. Let T be a bilinear operator satisfying condition (7) and its kernel K satisfies
(2), (8). If0<é < %, then for all fm any product of LP7(R™) spaces with 1 < p; < oo,

ME(T () () < CM(f)(@) +C > Mai(f)(x).

i=1

The proof of this Lemma uses some ideas of [22, Theorem 3.2] and the following Lemma

3.2. Tts proof is not difficult, so we omit.

Lemma 3.2. Let T be a bilinear operator satisfying condition (7) and its kernel K satisfies
(2), (8). If Ty}, T# be commutators with b € BMO(R™). For 0 < 6 < € with 0 < § < 1/2, let
r>1and 0 < p <n. Then, there exists a constant C' > 0, depending on § and €, such that

2
> MFTF) (@) < Clbllpmowmn (Meos 1) (F(@) + Mo(T(f} +Z{M’ (7, 1) @)}7)
i=1

for all f: (f1, f2) of bounded functions with compact support.

Proof. We only write out the estimate of M;’E(Tbl( f))(z), since the other can be obtained

similarly. In our proof we will use some ideas of [28]. For a fixed x € R"™, a cube @ centered at
z and constants ¢, A, because 0 < § < 1/2;

(B el

ot (15 [ I - 1o a:)
1/5

<1nf<Q|/ T (F)(2) - ¢ dz)

<t (i / (6() = N (1, f2)(2) = T((b= N, f2)(2) —c|5dz>1/6
('Q/ eI e dz>w+mf (IQ/ (e /\)fl,fz)(Z)—c5dZ)1/6
=1 + I.

Let Q* = 8"Q, A = bg~. The estimate of the first part I; is the same as [28, Theorem 3.1].

Therefore, we omit the proof, and from [28, Theorem 3.1], we obtain that

I < C|bllsmown)yMc(T(f1, f2)) ().

Now, we turn our attention to I. We decompose fi, fo as
fi=f+f=h@)xe + f1(@)xrm\ @+
fa=fa + 13 = f2(2)xq~ + fo(z)XRm\ Q"
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Let c=c¢1 +¢9 + c3 and
cr =T (b= N1, f7)(2),
2 =T((b=NfT f2) (),
e =T((b=NfE, f3) ().

Therefore,

I < (gl / |T<<b—A)f%,fgl)(zwdz)l/&

(|Q/ (- NfL ) >c1|5dz)1/6
(Q|/ T - N2 ) - e dz)w

(Q|/ (- N2, 12 )—cﬁdz)w

=243 41
We choose 1 < ¢ < 1/(26). By Holder’s inequality and the fact that T satisfies condition (7),
we have

1/q6
I < (Q|/ T((b— N F D) >|4“dz)

<C||T((b— )f17f2>\|u/z,oo<@ &)

<0 (ig [, 0@ Nt (g [ 1)

< C|bllsmo®m) If1llLog ),@ 1 f2llL10g L).@
< C|bllBmom») M Log £) (f1, f2) ().

For I2, by generalized Jensen’s inequality, we get

T((b =N f1, £3)(2) = T((b = N fi, £3) ()]

< [ TG w6 - N7 ]| ) dndys

[ IRl - V) Bw)ldndse

1
S R e Y (O 1 AT

1 gl )
* /Rzn (|Jz — y1| + |7 — yo| )2 (0= M) fi (o)1 f2 (y2)|dyrdy.
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< [ e [ IO

Z_y2|2n

1
[ Ie-NRkn [ el
* Rn\Q* l'fy2|
> 1
< b— M) fi(y1)|dy / —————|f3(y2)|dy
RV 2 g T Bl
> 1
+ [ 1e-nek . [ 2 ()l
Q* 1 ; 2kQ*\2k—1Q* \x—yg\Q” 2
> 1
S Ibllemo@m)1f1llzog 1),0+ g ~kn / | £ (y2)|dyo
(R™) (log L),Q kz:; |2kQ*| 2 2
S lbllBMo@m | f1ll L iog L), @ 22_anf2||L(logL),2kQ*
k=1

1

T

1 & 1
< b " - ’I"d —kn| - rd
S Ibllemo(r )<|Q*| /Q | f1(y1)] y1> ];2 <|2’€Q*| /ng* | f2(y2)] yQ)
S [bllemo@m {ME(FT, £5) (@)},

where r > 1. Based on the above estimates, we deduce that
s T 1
13 < bllemo@m) {ME (f1, f5) (@)} 7
For I3, we obtain that

T((b = N7, £2)(2) = T((b = N7, £2)(@)]

1 _ 2 1
< | e 0= Nl ey,

1 2 1
+~/R,2” (|x_y1|+‘x_y2‘)2n|(b_A)fl(yl)‘|f2(y2)|dyldy2

e S b~ N2 )]
< [, sy | rla,

kQ*\2k—1Q* |Z—y1

+/Q* |f21(y2)dy2’;/2 |()fl|gzl)dyl

EQ*\2k—1Q* |J}—y1

1

Q] /Q )l Y2 o 16— X))l
k=1

N R
125Q*| Jar -

1 1
< 1 d E 9—kn b— borp-) f2 d
~ |Q*| /Q* |f2 (yQ)‘ Y2 — |2kQ*‘ kO |( 2kQ )fl (y1)| Y1

1 = 1
+ / fa(y2)|dys Y 27k boro- — bo ) f2(y1)|dy
Q] J,. 12 ) 2; DG Jyg. | P2 — @) E )l

o0

S Illsso@m I f2ll Laog 2.+ D 2 ™ 11l Log 1) 240+
k=1

65
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+ [lbllsmo@) |1 f2llLaog 1)@ ZQ_knkaIHL (log L), 25 Q*
k=1

1 & 1
N |b||BMO(R")<|Q*| /Q* |f2(y2)|rdy2> ZT’M <|2kQ*| /sz* |f1(y1)|Tdy1>
& 1 .

N Hb”BMO(R"){Mﬂ(fIaf;)(x)};a
where r > 1. This implies that

N 1
I3 S lIbllemo@m MG (ST, f3) ()}
Finally, we use condition (8) to estimate I3. Note that for any z,2 € Q and y;,y2 € R™\ Q*,

1 .
|z — 2| < nl(Q) < 3 min{|z — y1|, [z — y2|}.
So, it is easy to verify that,

T((b = NSE f3)(2) = T((b = N FE f3) ()]

< /R R Gy 92) — K Gyl — 0 £ )73 ) gl

(@) b
< —
h /Rn\Q* /Rn\@ o=+ 2 — gz 0~ AW be)ldyidye

<Z / HQI IO AW 2y aysays

Q)<|z—y1|+]z—y2|<2Ft1L(Q) (‘Z -yl + |Z - y2‘>2n+’y

NZ g (L, =N ) ([ 1))

_ 1 1
S ;2 Ky (W [(b— )\)f12(y1)dy1> (|2k+2Q*| i |f22(y2)|dy2>

2k+2Q*

S

S

< Ibllevomn )y Mo ) (F) ().
Therefore,

I 3 bllemo@mm ML gog 1y (f) ().
Combining the estimates for I3, I3, I3 and I3, lead to that

IEBS Hb”BMO(R”)(ML(IogL )+ Z{Mz (1, £5) (@) }).
i=1
The proof is completed. O

Now, we are ready to prove Theorem 1.2.

Proof. For the sake of brevity, we only write out the proof of the boundedness of T}, and the
other can be got in the same method. By [22, Lemma 6.1], we know that for every @ € AzR*"),
there exists a finite constant 1 < ro < min{py, po} such that @ € Az, (R*"). From Lemma
2.3, for W € Ay, (R?"), there exists a fy > 0 satisfies that Z?:l b0 (f1°5 f3°)(2) is bounded
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from LP1/70(w;) x LP2/70 (wy) to LP/70 (). Hence,

2 2
S IHM, (17 5@ o) = S0 M, (17 S5 )
i=1 i=1

1/ 1/
S CHf{O ”cho/ro (w1) Hf;o ”LPZO/TO (w2)

= CHleLPl(m)Hf2||Lpz(w2)-
Because vz € Az, (R™) C A (R™), using inequality (9) and Lemma 3.2, we deduce that

Ty (Pl e ey < I M5 (T (PN 2o o)
< CIME (T (D)o ()

—

2
Miog 1) (F) (@) + M(T(F)) () + S AM, (F1° £52)(@)3 70 || o)
=1

< Cl|bllBmorn)

= =

< C||b||BM0(Rn)(||ML(1ogL)( )@ Lo (vg) + 1M (T () (@) 2o (vg)

2
D IME, (7 5@ ™ o))
=1
By Lemma 3.1, we have

IMAT(F)oway < IMFT D2 ()

2
< CIMA)Ioa) + CIDY - Mai(F) (@) Lo ()

=1

2
< CIMpog 1) (Dl e gy + CID L Mai(H) (@)l Lo (1)
i=1
Now the desired result follows from Lemma 2.1, Lemma 2.2 and Lemma 2.3 directly.

In the above proof, we note that when using the inequality (9) we need to explain that
HMe(T(f))HLp(Vm) and ||M5(Tl)1(f_'))||Lp(l,m) are finite. A detailed proof was given in page 33 of
[22], and the proof can also be applied here owing to the boundedness of 7' which was given in
[20, Theorem 2]. O

84 Proof of Theorem 1.1

The idea of using truncated operators to prove compactness results in the linear setting
can trace back to [21], and this method was adopted in [7]. Recently, Bényi et al. (see [1])
introduced a new smooth truncation to simplify the computations. We will use this technique

to prove Theorem 1.1.

Let ¢ = ¢(x,91,%2) be a non-negative function in C°(R3"), and it satisfy
supp @ C {(2,y1,y2) : max(|zl, [y, [y2]) <1},

/Rsn o(u)du = 1.

For 6 > 0, let x° = x°(z, y1,%2) be the characteristic function of the set {(z,y1,y2) : max(|z —
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y1l, |z — ya|) = 36/2}, and let
V0 =5 xx°,

where

905(1.7 Y1, y2) = (6/4)_3’”%0(41./57 4y1/§7 492/5)
By an easy calculation, we get that ¢° € C°°(R3"), [|¢)°||poran) < 1,

supp ¥’ C {(z,y1,42) : max(|z — y1, [ — yo|) > 63,
and ¢°(,y1,y2) = 1 if max(|z — y1|, |z — y2|) > 24.
We define the truncated kernel
K6($7y17112) = 1/J6($7y17y2)K(x7y1792)7

where K(x,y1,ys2) is the kernel of the bilinear singular integral operator T' considered in Theo-
rem 1.1. Tt’s easy to verify that K° also satisfies condition (2) and (8). Let 7 be the bilinear

operator that associated with kernel K° in the sense of (1). The following Lemma was proved
in [1]:

Lemma 4.1. For all z € R™, b,by,by € C(R"), if & = (w1, ws) € Az(R?"), then

lim 16, T°11 = [b, )1\l Lor (w1) x LP2 (ws) = Lo (v) = 0

glgé 16, %12 = [b, T2l Lot (ror) x 72 (wa)— Lo () = O

lim 1[b2, [br, T°N1]2 — [b2, [br, TTulall Los (wn) x P2 (w2) = Lo (vg) = O-
By condition (2), Lemma 4.1 can be proved by the argument used in [1].

Lemma 4.2. Suppose that T is as in Theorem 1.1. Then, for all { > 0, there exists a positive
constant C' such that for all fm the product of LPi(R") with 1 < p; < oo and all z € R",

— —

T*(f)(w) < C(M(T(F)() + 3 Mol f)(@) + M),

=

where T*(f) is the mazimal truncated bilinear singular integral operator defined as

T*(f1, f2)(x) = sup // K(x,y1,y2) fi(y1) f2(y2)dy1dya|.
n>0 max(|z—y1],|z—y=2|)>n

The proof of the Lemma 4.2 is similar to the proof of [15, Theorem 1], so we leave it to the

interested reader.
Lemma 4.3. Let 1 <p < oo, w € A,(R™) and H C LP(w). If
(i) H is bounded in LP(w);

(ii) lim f‘x|>A |f (z)Pw(x)da = 0 uniformly for f € H;

li
A—o0

(it) 1 [/ + 1) — FO)ll o) = O uniformly for f € H.

Then H is precompact in LP(w).
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This Lemma was given in [7].

Now, we are ready to prove Theorem 1.1.

Proof. We will work with the commutator [b, T]; first, and the proof of the commutator [b, T],
can be get similarly. From Lemma 4.1, we only need to prove the compactness for [b, T°]; for
any fixed § < 1/8. By Theorem 1.2, it suffices to show the result for b € C>°(R™). Suppose
f1, f2 belong to

Bi(LP'(w1)) x Bi(LP* (w2)) = {(f1, f2) « [f1llLes cwn)s 12l Lp2 (ws) < 1}
where @ € Az(R™). We need to prove that the following three conditions hold:

(i) [b,T°]1(B1(LP* (wy)) x By(LP?(ws))) is bounded in LP(vg);

(ii) lim f‘z|>A [[b, T5]1(f1, f2)(@)|Prg(x)dz = 0;

A—o0

(iii) Given 0 < £ < 1/8, there exists a sufficiently small tq(tg = to(§)) such that for all
0 < |t| < to, we have

16, T°11(f1, f2)() = 0, T (f1s f2) (- + )l o () < CE. (11)

It is easy to find that the condition (i) holds because of the boundedness of [b, T]; in Theorem
1.2 and Lemma 4.1. Now, we prove the condition (ii) using some ideas in [17]. Let R > 0 be
large enough such that suppb C B(0, R) and let A > max(2R, 1), [ be a nonnegative integer.
For any |z| > A, denote

2
VO(x) = / / 1K (a1, 0)| T 1 () Ay,
ly2|<lz| Jy1|<R =1
and
2
Vh(z) = / / 1 ()| T 1 )y,
20tz | <|y2 | <2 x| J|y1|<R j=1

where [ > 0. From condition (2), we deduce that
1

201 || <|ya | <2 |2 /|y1|§R (Jz = y1| + [z — y2])
/ |f1(y1)||f2(y2)|
211z <|ya|<2!|2| Jjya|<r (2] + |2 —y2[)?"
1

gci/ / |f1(y)l f2(y2)[dy1dy2
@)™ Jor-1j0)<pya <210l iy <R

1 1

1 1 17H __1 175

SC(/ w’”lydy> (/ w”lydy> :
@z \ Jpo,r) (1) BO2z) (W)

1
The same estimate can be got for V2(z). Note that w; 7" € A (R™), so there exists a

constant #; € (0,1) such that
1 _ s
/ wy " (y1)dys < C(Qi(JH)RAil)nOI/ wy " (y)dy.
B(0,R) B(0,21+5 A)

Vi(z) <C 5 |1 ()1 f2(y2) | dy1dys

<C dy1dys




70 Appl. Math. J. Chinese Univ. Vol. 34, No.

Since p > 1, it follows that

1/p
(J/ |w,76h<f1,ﬁa<xnpuw<x>dw)
21 A<|z|<29 A

[ee) . 1/10
<C / Vi(x)|Prg(x dx)

g%( 1o VR0

) 1 1/1’
<C / ————vg(z dx)

0< 2i-1A<|x|<2ia (217 1]z])2P (@)

1 1_1/p1 1 1_1/p2
X (/ wy pll(yl)dyl) (/ Wy p21(y2)dy2)
B(0,R) B(0,21+7 A)

3 1/p
< CZ(QlJrijA)*Qn( Gt RA~ )n91 (1-1/p1) (/ Vw(x)dx)
s B(0,2i A)

e mym a1 1—1/po
) (/ wr (y1)dy1) (/ wy " (yz)dy2>
B(0,21+3 A) B(0,21+3 4)

<C Z(2l+jA)—2’n(2_(J+l)RA—1>n91(1—1/P1)(2j+lA)2n

1=0
<C Z 2l(7n91(171/p1))2j(7m91(lfl/pl))(R/A)Twl(lfl/pl)

1=0

< 23(=n0:1(1=1/p1)) (R/A)n91(1—1/1>1)_
Thus

)

1/p
</| oA |[b, Té]l(f17f2)(93)pl/w(:c)dx) < C(R/A)™:(0=1/m) _, g,

as A — oo.

So, it suffices to verify condition (iii). We denote

E = {(z,y1,y2) : min(|z — y1|, [z — y2) > n},

F ={(z,y1,y2) : max(|z — y1|, |z — y=2|) > 24},
G = {(z,y1,92) : max(|x — y1], |z — ya|) > 1},
H = {(z,y1,92) : 6 < max(|z —y1], [z — ya) < 25}.

To prove (11), we decompose the expression inside the LP(vz) norm as follows:

b, T°11(f1, f2)(x) — [b, T°1(f1, fo) (2 + t)
= [ [ Ko@) e+ 0) [T £

Jj=1

[~}

// (@, y1,y2) = K°(x + 1,51, 92)) (b( + 1) — b)) H (y)dy1dy:

2

+/ K%z, y1,92)(b(x) — b(y1)) H (yj)dy1dy2
EC

1
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2
+ / K2+ t,y1,92) (b(y1) — bz + 1)) H fi(y;)dyrdys
Ee j=1

= A(z) + B(x) + C(z) + D(x),
where 0 < 77 < 1 and the choice of  will be specified later. It is obvious that K°(x,y1,y2) =
K(x,y1,y2) on F. Consequently,

'//Kd(il?,ylvyz)fl(yl)f2(y2)dy1dy2//K(I’yhyz)fl(yl)fz(yz)dyldw
B G
= ’// K°(z,y1,y2) f1(y1) f2(y2)dyr dyo

(ENF)U(ENH)

- // K(z,y1,y2) f1(y1) f2(y2)dy1dy2
(ENF)U(G\(ENF))

< ‘ / K (2,1, y2) () o) dya g
ENH

+//GOEC |K (z,y1,92) f1(y1) f2(y2) |dy1 Ay
+//GchnE |K (2,91, y2) f1(y1) f2(y2) |dyr dya
+//GOFCHEC|K(l‘,ylay2)f1(y1)f2(y2)|dyldy2_

Now, we estimate the above four parts. From condition (2), we have

\fl y1)llf2(y2)]
[ Lttt < [ [ o0 G anar
< OM(fi, f2)@)

and

// |K (2,91, y2) f1(y1) f2(y2) |dy1dy2
GNE*

S/ / |f1(y)[| f2(y2)] dyrdys
e—yr|<n Jje—ya|>n (12— y1] + |2 = y2l)

= \f2(yz)|
d —=—="d
S/:c_yl<n|f1(y1)| Y1 221/ Y2

2
2k—ln<loz—ys|<2kn |SC - y2| "
< C § 2= kn

1
|f1(y1)|dy17 |f2(y2)|dy2
.T 77)‘ B(z,n) |B($, 2k77)‘ B(z,2kn)

< CZMQ,i(flva)(x)’

i=1

where the set GN E° includes {(z, y1,y2) : | —y1| <0, |z —y2| > n} and {(x,y1,y2) : |z —y1| >
N, |z — y2| < n}. Since the estimates on these two regions are similar, we omit the latter. This
method will be used several times in the following.
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Because n < |z — y1| < 24, n < |z — y2| < 20 when (x,y1,y2) € GN F°N E. Hence,

|f1(y)ll f2(y2)] .
, d<M// d
//GQFCQE (7,91, 92) f1(y1) f2(y2)|dY (2 = 91| + |z — g2 Yy

< C;M(fhfz)(?«"),

and

// K (z,y1,92) f1(y1) f2(y2)[dy < / |f1 (w0l 72(52) —dy
GNFeNE* |z— y1|<n |z— y2|>7] y1| + |$*y2|)

< CZMz,i f1, f2)(x).

In summary, we get

|A(z)] < ClE|[ VO] o~ )

//EK5(x,y1,y2)f1(y1)f2(y2)dg‘
S Ct|’ //EK(;(Lyl’yQ)fl(yl)fZ(yQ)dg_ //GK(x,yl,y2)f1(y1)f2(y2)d?j‘

+ CItT*(f1, f2)(x)

< (T (1 f)0) + MU )0 + 3 Mas(i (o) )

This, along with Lemma 2.2, Lemma 3.1, Lemma 4.2 and [22, Theorem 3.7], leads to that

[A@) e () < CJEI(L+ 1/n). (12)
In order to estimate B(x), by a consequence of condition (8), we have
Dz — 2'|7

K x, Y1, -K iL’/, ’ <
| ( Y1 y2) ( Y1 y2)| = (lx_yl|+|x_y2|)2n+'y

when |z — 2’| < § min{|z — y1], |z — y2|}. Then
IB()] < Clb]l e mey / / K% (@, g1, y2) — KO (@ + 1, g1, o) || 1 () | fo )| g
Fily)l f2(y2)] .
<0ﬂ// | d
) e ol + lo -y
P

< 't M1, 2)(a).

Therefore,
|t |

I1B@) Lo (va) < C (13)

For any 0 < 8 < 1, we have |b(x) — b(y1)| < |z — y1|ﬁ. Thus, from the size condition (2) and
the property of the support of K°(z,y;,y2), we can estimate C(x):
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/ | f1(y)[| f2(y2)]
lz—y1|<n J|z—y2|>n (lz = y1| + |z = y2)?

+C’/ / |f1(y1)||f2(y2)|2n_ﬁdy1dy2
lz—y1|>n J|z—y2|<n (|$ - yll + |"1j - y2|)

< CnMa(F)(a) + C )l Y [ L
k=1

|z—y2|<n k—lp<lz—y,|<2ky |z — 1

C(@)| < ClIVbl| Lo mryn dy1dys

< CnMaa(F)(@) + Cn” ME(F) (@),
provided 7 < §. From Lemma 2.2 and Lemma 2.3, we deduce that
1C @)l Lr(wg) < Cn, (14)
when we take sufficiently small .

Finally, for the last part D(x) we proceed in a similar way, by replacing « with x4+t and the
region of integration E€ with a larger one {(z,y1,y2) : min(|z +¢ — w1, |z +t — y2|) < n+ [t]}.
By the fact that © € B(z +t,n + [t]), where B(x 4+ t,n + |t|) denote the ball centered at « + ¢
and with radius 7 + |t|, we obtain

ID(@) e ey < C(It + ). (15)
Now, let us define tg = &2 and for each 0 < [t| < tg, choose n = |t|/€. Then inequalities
(12)-(15) imply (11), and in this way, we can conclude that [b,T]; is compact. By symmetry,
[b, T2 is also compact. O
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