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Asymptotic behavior for sums of non-identically

distributed random variables

YU Chang-jun * CHENG Dong-ya?3

Abstract. For any given positive integer m, let X;,1 < i < m be m independent random

variables with distributions F;,1 < ¢ < m. When all the summands are nonnegative and at

P, Xi>w)
i, Fi(x)

1 as © — co. When the summands are real-valued, we also obtain some asymptotic results for

least one of them is heavy-tailed, we prove that the lower limit of the ratio equals
the tail probability of the sums. Besides, a local version as well as a density version of the above

results is also presented.

81 Introduction

Throughout this paper, let X,,,n > 1 be independent random variables (r.v.s) with distri-
butions F,,n > 1 unless otherwise stated. For any m > 1, we denote the convolution of the
distributions Fi,--- , Fi, by Fyx Fox---x F,. In the special case that F} = Fo =--- = F,, = F),
the convolution reduces to F*™. We also use F*0 to denote a distribution degenerated at O.
We say that a r.v. X (or its distribution F) is heavy-tailed, if EesX = oo for all ¢ > 0, and
light-tailed otherwise. Heavy-tailed distributions play a very important role in the distribution
theory and have extensive applications in finance and insurance. For systematical research on
heavy-tailed distributions, we refer the reader to Resnick (2007), Su et al. (2009) and Foss et

al. (2013), among many others.

P(ST, Xi>7)
that at least one of the summands is unbounded on the right, namely max;<;<n, F;(z) > 0 for
all z > 0, where F;(z) =1 — F;(z),1 <i <m.

We first introduce some related results. When the summands X,,n > 1 are identically

This paper focuses on the limit of the ratio as x — oo, with the assumption

distributed with a common distribution F', and are independent of a r.v. 7 which is nonnegative
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and integer-valued, Rudin (1973) studied the lower limit for the ratio %

for some special kinds of heavy-tailed distributions F'; Foss and Korshunov (2007) investigated

as r — o0

the case in which F' is a general heavy-tailed distribution and 7 = 2. Based on these work,
PG, Xi>w)

F(z) '
Watanabe and Yamamuro (2010) and Yu et al. (2010) considered the similar problems for

Denisov et al. (2008a,b) established more results on the lower limit of the ratio

real-valued summands and obtained the upper bound of the lower limit and the lower bound
P Xi>w)
However, in the case that the summands are non-identically distributed, the research has

of the upper limit for the ratio

developed slowly. Theorem 9 of Foss and Korshunov (2007) obtained the following result.

Theorem 1.A Suppose that X1 and X5 are nonnegative r.v.s with distributions Fy and Fy. If
Fy is heavy-tailed, then
P(X:1+ X
liming LK1+ X2 >0) (1.1)
eooo Fy(x) + Fa(x)

Theorems 3.1 and 3.2 of Yuen and Yin (2012) proved that for some dependent real-valued r.v.s

with distributions belonging to some subclasses of the heavy-tailed class, the number of the
summands in (1.1) can be arbitrarily finite, namely for any m > 1,
PO X,
lim inf (Zﬁli > z)
w0 30T Fi(z)
This paper mainly attempts to establish (1.2) for all nonnegative heavy-tailed r.v.s. As for

=1. (1.2)

real-valued summands with either heavy or light tails, some asymptotic results for the ratio
P, Xi>w)

S P @) dertvec: .
densities of the sums is investigated at the same time.

are also derived. What’s more, asymptotic behavior for local distributions and

The main result of the paper is as follows.

Theorem 1.1. Let X;,1 < i < m be nonnegative r.v.s with distributions F;,1 < i < m. If I}
is heavy-tailed, then (1.2) holds.

The rest of the paper consists of 3 sections. The proof of Theorem 1.1 is presented in Section
P(Z:’;151>T)
) : L o i@ :
heavy or light tails are derived in Section 3. In Section 4, some asymptotic results for local

2. Some asymptotic results for the ratio for real-valued summands with either

distributions and densities of the sums are established.

82 Proof of Theorem 1.1

Hereafter, all limits are taken as n — oo unless otherwise stated. And we write a,, = o(by,),
if lim ay, /b, = 0; ap, ~ by, if lima, /b, = 1 and a, = O(by,), if limsup a, /b, < cc.

To prove Theorem 1.1, we need some lemmas, which are of independent interest in their
own right. It follows from Theorem 1.A that for any heavy-tailed distribution F' supported on

[0,00), there exists a sequence of positive numbers z,, T co such that

F*2(x,) ~ 2F (2,). (2.1)
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Furthermore, the following lemma states that such a distribution is piecewise long-tailed at the

left-hand sides of the points x,,n > 1.

Lemma 2.1. Suppose that F is a distribution supported on [0,00) and {x,}n>1 is a sequence of
positive numbers increasing to oco. If (2.1) holds, then there exists another sequence of positive

numbers t, 1 oo such that t, = o(x,) and

F(x, —ty) ~ F(z,).

Since the proof of Lemma 2.1 is similar to that of Lemma 2.2 of Yu et al. (2010), we omit
the details. For a heavy-tailed distribution F' with a finite mean, the above property was proved
by (10) of Foss and Korshunov (2007).

The next lemma is due to Theorem 2.11 of Foss et al. (2013).

Lemma 2.2. Let X;,1 < i < m be nonnegative r.v.s with distributions F;,1 < ¢ < m. If
St Fi(z) >0 for all x > 0, then
P ™. X,
lim inf L2z Xi > 2)
oo Zizl Fi(x)

The following lemma seems to be intuitive, but it is helpful to prove Lemma 2.4. So we

deliver a complete proof.

Lemma 2.3. Suppose that {ain}n>1 and {bin}n>1,1 < i < m are sequences of positive numbers.
If for all 1 <i<m,

liminf 77 > 1 (2.2)
and

i=1 i=1
then

i=

Proof. We assume that (2.4) does not hold, then there exist some gy > 0 and a sequence of
positive integers ng 1T 0o as k — oo such that for all ng, k > 1,
m
1212527(71 |ai,nk - bi,nk| > € 2; bi ny, - (2.5)
1=

Since the numbers b;,, n > 1, 1 < i < m are positive, it follows from (2.2) that for £2 > 0,

2m
there exists N > 0 such that for all n > N,
min (@i~ bin) > — o>y b, (2.6)

1<i<m 2m 4
=1

Without loss of generality, we may assume that nqy > N. Thus by (2.5) and (2.6), for all
Nk, k> 17

m
e (@i, — bin,) = 08X |iny — bim,| > €0 Zlbznk (2.7)
i
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Therefore, it follows from (2.6) and (2.7) that

m m
Za‘i,nk - Z bin, =  max (ai,nk - bl,nk) + (m - 1) min (a‘i,nk - bi,nk)
i=1 i=1

1<i<m 1<i<m

> €0 Z biny, — (M — 1)% Z bins
i=1 i=1
60 m
? ; bi,nka
which contradicts (2.3). Thus (2.4) is proved. O

The following lemma plays an important role in the proof of Theorems 1.1 and 3.1.

Lemma 2.4. Suppose that the distributions F;,1 < i < m are supported on [0,00). If Fy is
heavy-tailed, then there exists a sequence of positive numbers x, T 0o such that for two subsets
{i1,i2- - yix} and {j1,52--- , i} of the set {1,2--- ,m}, where 1 <k, I <m, we have
(Fy, s Fyy s x Fy ) % (Fj, « Fj, % -+ % Fj)) (@)
= F,«xF,x-xF, (v,)+ Fj, « Fj, -« Fj)(xn) + o(F1 * Fy % -+ x Fp, ().

Proof. Let
H o= @ -1y Foy 4 Foy 5o % Fy,
j=11<a;<az2<--+,a;<m
2™m—1
= (2m - 1)71 Z Gz
=1

Since Fj is heavy-tailed, the distribution H is heavy-tailed, too. Just as discussed at the

beginning of the section, there exists a sequence of positive numbers x, T oo such that

H*2(z,) ~ 2H (x,). (2.8)
By the definition of H, we have
am_192m_1 2m_19m_1
>, GixGj(wn) >, 2 GixGj(an)
H*2(z,) i=1 j=1 i=1 j=1
2H (z,,) - 2m_1 T om_12m_1 : (2.9)

20m -1 X Gi(zn) SR, (Gi(zn) + Gj(zn))

Obviously, for two distributions V3 and Vo, Vi * Va(x) > 0 for all z > 0 if and only if V' (z) +
Va(z) > 0 for all z > 0. So in (2.9), the numbers of the non-zero terms in the numerator and
denominator are equal. Moreover, by Lemma 2.2, for any 1 <i,j < 2™ — 1,if G;(z)+G,(z) > 0
for all x > 0, then
lim inf — 0 * Giln) oy (2.10)
Hence, by (2.8)-(2.10), Lemma 2.3 and the definition of H, for any 1 <3, j < 2™ —1,
GixGj(zn) = Gizn) +Gjwn) +o (zﬁ(xn))

= Gi(zp) + Gj(zy) + o(Fy x Fy x - % Fy(1)). (2.11)
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One might easily find that for two subsets {i1, 45+ ,ix} and {j1,J2--- ,j;} of theset {1,2--- ,;m},
there exist two numbers 1 < kg, lp < 2™ — 1 such that the distributions F;, * Fj, % ---* F;, and
Fj, x Fy, - --x F};, are identical with the distributions Gy, and Gj,, respectively. Thus we finish
the proof by (2.11). O

Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. By Lemma 2.4, there exists a sequence of positive numbers z,, 1 0o
such that for all 2 < k < m,
FisxFos-x Fp(n) = Fy* Fy k% F_1(2,) + Fr(2,) + o(Fy % Fy % -+ % Fpy (1))

Thus we immediately get

m
Fy s Fyx - x Fp(xy,) = Zﬁ(ﬂcn) + o(Fy x Fyx -+ % F (),
i=1

which, together with Lemma 2.2, implies (1.2). Thus we finish the proof. O

83 Asymptotic results for tail distributions of sums of real-valued
r.v.s
PO, Xi>a)

X;,1 <7< m are nonnegative and F} is heavy-tailed. In this section, we attempt to deal with

In Section 1, we get the exact lower limit for the ratio as x — oo, where

real-valued r.v.s. X;,1 < i < m. Instead of the exact lower limit, we get asymptotic upper
bound for the lower limit and asymptotic lower bound for the upper limit of the ratio. Related
discussion for randomly stopped sums with identically distributed summands may be found in
Lemma 4 of Denisov (2008a), Proposition 4.1 (ii) and Lemma 5.1 of Watanabe and Yamamuro
(2010), and Theorems 1.1 and 1.2 of Yu et al. (2010).

We first study the heavy-tailed case.

3.1 The heavy-tailed case

Theorem 3.1. Let X;,1 < i <m be real-valued r.v.s with distributions F;,1 <1 < m. If F} is
heavy-tailed, then

PO X
liminf 2 2= Xi > 0) (3.1)
T—00 Zi:l Fl(l’)
and
PO X,
lim sup (2imy Xi > 7) > 1. (3.2)

T—00 221 E(m) B

Proof. Let FZ-+ denote the distribution of X;' = Xil{x,>0y,1 < i < m, where the notation 4

represents the indictor function of the set A. Obviously,

P(iXi>x>§P<in'>z). (3.3)
i=1 =1



50 Appl. Math. J. Chinese Univ. Vol. 34, No. 1

Dividing both sides of (3.3) by Y./, Fi(x) and taking lower limits as z — oo, we immediately
get (3.1) by Theorem 1.1.

Next we prove (3.2). By Lemma 2.4, there exists a sequence of positive numbers z,, T co
such that

(FiF o« B s -5 FE)*2(2,) ~ 26 Fyf 5% Fif(2), (3.4)
and for all 2 < k < m,
Ff s Ff s Bl (a) = F o« Fy s x BT (2) + Fy (20)
+ o(Fy * Ef %o x Fifi(z,)). (3.5)

By (3.5) and the proof of Theorem 1.1, we have

FF« Ef s x Ff(z,) ~ ZFif(:cn) (3.6)
i=1

By (3.4) and Lemma 2.1, there exists a sequence of positive numbers {¢, },>1 such that ¢, 1 oo,

t, = o(x,) and

Without loss of generality, we assume that x,, > t,, for all n, then by (3.6) and (3.7),

P(iXi>xntn> > iﬂ(xn).n(ﬂ@)ﬂ (,;;))

i=1 j#i
i=1
~ Fx B sox Ff(z, —ty). (3.8)

Meanwhile, Lemma 2.2 implies that
Ff*F;**Fng(xn—tn) > 1 (3.9)

Yisi Fi(zn —ty) B
Combining (3.8) with (3.9), we immediately get (3.2). O

lim inf

3.2 The light-tailed case

Motivated by Lemma 9 of Foss et al. (2007) and Lemma 4 of Denisov et al. (2008a), we
establish some light-tailed results corresponding to Theorem 3.1 in this subsection.

For any distribution F', denote its Laplace transform at the point a > 0 by

oo

Flo)= [ e riay)

Let
szsup{aEO:ﬁ(a) <oo}.

Our main result is as follows.
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Theorem 3.2. Let X;,1 < i < m be real-valued r.v.s with distributions F;;1 < i < m. If

0<~y= min < 00 and max F < 00, then
y= i ok, max i(7) )

PO, Xi > )

liminf ——&=i=L2 20 < (3.10)
FTroo Zi:l [I Fi(v)Fi(x)
J#i
and
P X,
lim sup Qi Xi > 8) oy (3.11)

oo S Q}E(v)ﬁ(x)

Proof. The proofs of (3.10) and (3.11) are similar, so we only prove (3.10).
Write the left-hand side of (3.10) as ¢, then for any € > 0, there exists x; > 0 such that

when z > x4,
m

P (Z X; > a:> > (c— 6)2 H E(v)ﬁ(z) (3.12)
i=1 i=1 j#i
For all 1 < i < m, define
Hy(dz) = (F;(7)) e Fi(dx),z € (—o0, 00),
then

() = (Fi(1) ! (R»oc)ew e [ Fi<t>evtdt) | (3.13)

It is obvious that
m

~

Hy« Hy -+ % Hy(da) = H( 5(7)) LT F x Fy k- - - % Fy(dx), € (—00,00),
i=1
thus we have

Hy* Hy %+ x Hp(7)

= H(E(V))’l/ VY Fy %+ % Foy(dt)
=1 @
=1 @

Substituting (3.12) into (3.14), we have
Hy« Hy % -+ % Hy ()

(c—e) (Z( Fi(7)) " Fi(z)e™ + / N (:W))”&(t)e”tdt)

i=1 i=1

v
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where in the last step (3.13) was used. Thus we have
Hy x Hyx---x Hpy,(x)

c¢—¢e <liminf —— (3.15)
T—00 Zi:l Hz(x)
Note that at least one of the distributions Hy,--- , Hy, is heavy-tailed, so by Theorem 3.1, we
have
Hy* Hy*---% H,,
lim inf 2 2 0 * H(2) (3.16)
T—00 Zi:l Hl (l‘)
Since ¢ is arbitrary, by (3.15) and (3.16), we have ¢ < 1. This completes the proof. O

Remark 3.1. We point out that if we allow v = 0 in Theorem 3.2, then ﬁl(v) =1,1<i<m
and at least one of the summands is heavy-tailed, thus the conclusion coincides with Theorem
3.1.

84 Asymptotic results for local distributions and densities of sums
of r.v.s

In this section, we present the local and density versions of Theorems 3.1 and 3.2. To this
end, we give some notations.

For any 0 < T < oo, let Ap = (0,7] and z + Apr = (z,2 + T]. For a distribution F, let
Flz+Ar)=F(z+T)— F(z),z € (—o0,00). For two measurable functions f and g, let

foglx) = / flz—y)g(y)dy

So if F;,1 < i < m are absolutely continuous with densities f;;1 <i <m, then fi® fo - ® fin

is the density of >, X;. Similar to the notations in Section 3, for any o > 0, we write

floy = | e i)y

—00

and let
V= sup{a >0: f(oz) < oo}.

One might easily find that, if f is the density of F', then for any a > 0, f(a) = F(«a) and

Vr=F-
We first study the asyptotics of the local distribution P (3", X; €  + Ar) as z — oo.

Theorem 4.1. Let X;,1 < i < m be real-valued r.v.s. with distributions F;,1 < i < m.
Suppose that v = min g, < 0o and max E(’y) < oco. If 30 Fi(z 4+ Ar) is eventually
1<i<m 1<i<m =

positive, then
P X ex+ Ar)

lim inf < (4.1)
voo ST 1HF( )Fi(z + Ar)

and
lim sup POy Xi € 2+ Ar) (4.2)

aoo 3o 1HF( VFi(x+ Ar)
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Proof. We only prove (4.1), and (4.2) can be proved similarly.
Suppose that (4.1) does not hold, then there exist two numbers g > 0 and Ny > 0 such
that, for all x > Ny,

P(iXiEIL'+AT> 1+€0 ZHF +AT)

i=1 i=1 j#i
Thus
P <ZXZ» > x) = ZP <ZX €x+nT+AT>
1=1 n=0 1
> (14¢9) ZZHF Fi(x +nT + Ap)
n=0i=1 j#i
= 1+ [[E@F@
i=1 j£i
which, in the case v = 0, contradicts Theorem 3.1 and in the case v > 0, contradicts Theorem
3.2. This completes the proof. O

Next, we present the density version of Theorems 3.1 and 3.2, which is inspired by Lemma
2 of Foss and Korshunov (2007) and Theorems 3.1 and 3.2 of Yu et al. (2010). Since the proof
is quite similar to that of the local version, we omit the details.

Theorem 4.2. Let X;,1 < i < m be real-valued r.v.s. with distribution densities f;,;1 <i < m.
Suppose that v = min 7y, < co and max ﬁ(fy) < oo. If 3", fi(x) is eventually positive,
1<i<m 1<i<m

then
f1 ® fo-- @ fm(x)

lim inf <1
vooe 3T Hf;( ) fi(x)
and
lim sup hefs J)t m(®) >1

T—ro0 Ez 1 H f](
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