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Perfect matchings on a type of lattices with toroidal

boundary

FENG Xing! ZHANG Lian-zhu?> ZHANG Ming-zu?

Abstract. Enumeration of perfect matchings on graphs has a longstanding interest in com-
binatorial mathematics. In this paper, we obtain some explicit expressions of the number of
perfect matchings for a type of Archimedean lattices with toroidal boundary by applying Tesler’s

crossing orientations to obtain some Pfaffian orientations and enumerating their Pfaffians.

81 Introduction

Let G = (V, E) be a graph. A perfect matching of G is a set of independent edges covering
every vertex of G exactly once. It is also called a close-packed dimer in statistical physics and a
Kekulé structure in organic chemistry. Lovasz [8] pointed out that counting perfect matchings of
graphs not only is an intriguing mathematical problem but also has found plenty of applications
in physics and chemistry. And counting the number of perfect matchings in general graphs (even
in bipartite graphs) is #P-complete [15]. It makes sense to seek special classes for which the
problem can be solved exactly. Many mathematicians, physicists and chemists have given lots
of their attention to counting perfect matchings of graphs, as seen, for example, [2, 7, 11, 12,
17, 19, 20, 21, 23].

Kepler [4] proved only 11 Archimedean lattices in the nature. And the Archimedean lattices
have attracted the most attention in lattice perfect matchings statistics, such as the quadratic
lattice [3, 10, 13, 22], hexagonal lattice [5, 6], kagomé lattice [16], etc. with the different bound-
ary condition.

The 8.8.4 bulk lattice shown in Figure 1, denoted by G(m,n), is one type of Archimedean
lattices. It is obtained from an m X m quadratic lattice graph by replacing each vertex by a
quadrangle and two adjacent quadrangles connected with an edge such that all new finite faces
are 8-polygons. As shown in Figure 1, we label the vertices of G(m,n) with degree two by
a;, af, by and b5, i = 1,2,--- ,m and k = 1,2,--- ,n. Denote by G°(m,n) the 8.8.4 lattice
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Figure 1: A 8.8.4 lattice.

graph with cylindrical boundary condition, which is obtained from G(m,n) by adding extra
edges (b;,b}) for 1 <i <mn. For 0 <r <m— 1, denote by G¥(m,n,r) the 8.8.4 lattice graph
with Klein bottle boundary condition, which is obtained from G€¢(m,n) by adding extra edges
(aiyalyy14r_;), where i =1,2,...,m and m+1+r —i is modulo m. And denote by G*(m,n,r)
the 8.8.4 lattice graph with toroidal boundary condition, which is obtained from G¢(m,n) by
adding extra edges (a;,a;, ), where i =1,2,...,m and i + r is modulo m.

Yan, Yeh, Zhang [18] got some explicit expressions of the perfect matching number of the
bipartite G¢(2m,n). Lu et al. [9] have obtained explicit expressions of the perfect matching
number of G¥(m,n,0) by enumerating 4-Pfaffians.

In this paper, we apply Tesler’s crossing orientation [14] to get some Pfaffian orientations
of some 8.8.4 lattice graphs with toroidal boundary condition. Furthermore, we obtain explicit
expressions of their perfect matching number by enumerating Pfaffians according to the Pfaffian

orientations.

82 Pfaffian orientation

Let G be a graph with vertex set V(G) = {1,2,---,2p}. For an orientation 8 of G there
corresponds a 2p X 2p skew adjacent matrix A = [ay,] of G, where ay, = a4y = 0 when wv
is not an edge in G, and otherwise a,, = 1 if the edge uv is directed in 8 from u to v and
ayy = —1 if the edge wv is directed in @ from v to u. Let M = {{ur, v}, - {up,vp}} be a
perfect matching of G, define the signed weight of M as

w(M) = sgn < ull 1}21 QPup 1 125: > ey Qs
where sgn denotes the sign of the permutation expressed in 2-line notation. The Pfaffian of the

matrix A is defined as
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Lemma 2.1. [8]. If A is a skew symmetric matriz, then det(A) = (Pf(A))2.

Suppose M is a perfect matching of G. Define the sign of M relative to 8 as

(00 = s ( 12 - p-1 ) (L1t edges oriented (veue) in T
uy vy - Up Up
We call 8 a Pfaffian orientation if every perfect matching of G has the same sign relative to
. We say G is Pfaffian if it has a Pfaffian orientation. The significance of Pfaffian orientations
stems from the fact that if G has such an orientation, then the number of perfect matchings
of G (as well as other related problems) can be computed in polynomial time, namely |Pf(A)]
is equal to the number of perfect matchings of G for the Pfaffian orientation [8], and by
Lemma 2.1, the number of perfect matchings of G can be computed efficiently.

Tt is easy to see that the torus can be obtained from a 4-polygon P with 4 sides p1, p2, P}
and p} in order by passing p; and p), ps and p,. A plane model of a graph G which can be
embedded on the torus is a drawing such that a planar subgraph of G containing all vertices
are drawn in P and remains two parts of edges, denoted by E; and Es, where the edges in Ey
are drawn through the sides p; and p} and disjoint from each other, the edges in F5 are drawn
through the the sides py and p) and disjoint from each other.

Now, we draw the 8.8.4 lattice G*(m,n,r) on torus in a plane model as shown in Figure
2. Firstly, we draw a planar subgraph of G*(m,n,r) containing mn quadrangles in a 4-polygon
p1p2p}ps which is constructed by dotted lines. For convenience, we label the mn quadrangles by
0,1,2,--- ,mn—1, and label the four vertices of quadrangle ¢ by 4i+1,4i+2,4i+3,4i+4. Thus
the remain two parts of edges not in the 4-polygon are
E; = {{4(in—1),4(in— 1)+ 1}t =1,2,--- ,m} and
E, ={{4i+2,4[(m—-1)n+1i+3}i=0,1,--- ,n—1}

U{{4(+Dn,d(m —r+5)n+ 1} =0,1,--- ,r — 1}.
The edges in E; are drawn through the sides p; and p; and disjoint from each other for i =
1,2. Thus each edge of E; has exactly one crossing with each edge of Fs, where a crossing
means that two edges pass through the same non-vertex point in the drawing. Let M be a
perfect matching of G*(m,n,r), and k(M) be the crossing number in M. If M N E; = () or
M N Ey =0, then k(M)=0; if MNE; # 0 and M N Ey # (), then k(M) = |[M N Ey| x |M N Ey.

For an orientation of a plane graph, we say a face (except out face) of the graph is clockwise
odd when its boundary has an odd number of edges pointing clockwise. Tesler [14] formed a
crossing orientation of such a plane model of G embedding on the torus as follows. Orient the
spanning planar subgraph in the 4-polygon so that all its faces are clockwise odd, and orient
each edge e € E; (i1 = 1,2) such that the face formed by e and certain edges in the 4-polygon
along the boundary of the spanning plane subgraph is clockwise odd.

Tesler [14] also determined that if an orientation of a graph on torus is a crossing orientation,
then every perfect matching M has sign

e(M) = o(—1)""; (1)

where g9 = %1 is the sign of a perfect matching with no crossing edges (when such exists).
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For the plane model of G*(m,n,r) as above, we construct a crossing orientation of it, which
is shown in Figure 2. Firstly, we orient the edges in the 4-polygon such that each face of the
quadrangles and octagons are clockwise odd. More specifically, orient the four edges of each
quadrangle i anticlockwise except edge {4i 4 2,4 + 4} such that every quadrangle is clockwise
odd, orient the edge in {{4i+3,4(n+i)+2}i =0,1,---,(m—1)n—1} from 4i+3 to 4(n+i)+2,
and orient each edge in {{4i,4i + 1}|i = 1,2,--- ,n—2,;n+ 1,n+2,--- ,mn — 2} U {{4in +
1,4(r+i+1)n}li =0,1,--- ;m—r —1} from 4i to 4i + 1 or from 4in + 1 to 4(r +1i + 1)n, such
that every octagon is clockwise odd.

Then, we orient the edges in E;. For an edge e = {4(in — 1),4(in — 1)+ 1} in F;. Let P be
the path 4(in—1),4(in—1)+1,4(in—1)+2,4[(i —1)n—1]+3,4[(i —1)n—1]+1,4[(i— 1)n— 1]+
2, 4n—1)+2,4n,4(n—1)+3, -+ ,4(r+1)n,1,2,4,--- ,4(n—1),4(n—2)+3,--- ,4(in—1)
along the boundary of the subgraph in the 4-polygon. In order to make the face with the
boundary cycle consisting of e and P clockwise odd, we orient the edge e from 4(in — 1) to
4(in — 1) + 1.

Finally, we orient the edges in Fs. For an edge e in Es, if e € {{4i+2,4[(m—1)n+i|+3}i =
0,1,---,n — 1}, orient e from 4i 4+ 2 to 4[(m — 1)n + 4] + 3. Then the face with the boundary
cycle consisting of e and the path 4i 4+ 2,4[(m — 1)n +i] + 3,4[(m — I)n+i] + 1,4[(m — 1)n +
i, dm=1n+1,4m—1)n+2,4(m—2)n+3,4(m—2)n+1,--- ;4(m—r—1)n+3,4(m—
r— Dn+ 1,4mn,dmn — 1,4mn — 3,--+ ,;4n — 3,4n — 2,4n,4n — 1,4(2n — 1) + 2,--- ,4(r +
1)n,1,2,4,--- ,4i + 2, along the boundary of the subgraph of in the 4-polygon, is clockwise
odd. For an edge e € {{4(j + 1)n,4(m —r+ j)n+1}|j =0,1,--- ,r — 1}, the orientation of e
is from 4(j + 1)n to 4(m — r + j)n + 1, which is decided in a similar discussion.

4i+1
4i+2 4i43
4i+4

Figure 2: A plane model and a crossing orientation of G*(m,n,r)

It is well known in graph theory that a graph is bipartite if and only if every cycle has even
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length. Clearly, if a bipartite graph G with a vertex bipartition (X,Y") has a perfect matching,
then |X| = |Y|. It easy to check that G*(m,n,r) is non-bipartite if and only if m or n + r is
odd. In other words, either m + n + r is odd or both m and n + r are odd.

Denote 8 the crossing orientation of G!(m,n,r), and denote 8§1 the orientation of
Gt(m,n,r) obtained from the crossing orientation 8 by reversing the orientation of all the
edges in F;.

Claim: (1) If m+n+r is odd, then the orientation fel of Gt(m,n,r) is a Pfaf fian
orientation;

(2) If both m and n+r are odd, then the orientation 8§1 of Gt(m,n,r) is a Pfaf fian

orientation.

Proof. 1t suffices to show that all perfect matchings in 8 and agl have the same sign, respec-
tively.

The subgraph of G*(m,n,r) obtained from it by deleting all edges in 1 U Ey is a bipartite
graph, since it contains no odd cycles. Denote the bipartite graph by (X,Y). Noting that all
vertices of Gt(m,n, r) are covered by mn quadrangles and the combination of perfect matchings
of the quadrangles is a perfect matching of G*(m,n,r). Hence, |X| = |Y]|. For an edge ¢; =
wv € Eq, the ends v and v of the edge ey either both contained in X or both contained in Y
if and only if a u — v path in the bipartite graph (X,Y’) has even length, and if and only if
n+r is odd. Similarly, for an edge es = wz € Fs, both ends w and z of the edge es either both
contained in X or both contained in Y if and only if m is odd. Let EFx and Fy be the sets of
edges with both ends in X and Y, respectively. Suppose M is a perfect matching of G*(m,n,r),
then we have |M N Ex| = |M N Ey| since |X| = [Y].

(1) If m + n + r is odd, we first consider the case for m is even and n + r is odd. Then
IMNE{|=|MnNEx|+|MnNEy|=2|MnN Ex|. Hence, the number of times edges in M cross
each other is

K(M)=|MNEi|-|MNEy =2|MnNEx|-|MnN Es|.
By Equation (1), the sign of M of G*(m,n,r) related to G is
e(M) = go(—1)"M) = ¢,
Therefore, the signs of all perfect matchings of G*(m, n,r) related to 8 are the same. For m is
odd and n + r is even, it can be verified that all perfect matchings of G*(m,n,r) related to 8
have the same sign by a similar discussion as above.

(2) If both m and n + r are odd, then |M N Ey|+ |[M NEy| = |MNEx|+|MnNEy| =

2|M N Ex|. Therefore, the number of times edges in M cross each other is
K(M)=|MNE|-|MNEy=|MnNE|-(2|[MNEx|—|Mn Ey|).
Thus, k(M) + |[MNEy| =2IMNE|-IMNEx|—(|]MnNE—1)-|Mn Ey] is even. And note
that %, is obtained from the crossing orientation of G¢(m,n,r) by reversing the orientation
of all the edges in E;. By Equation (1) and the definition of the sign of a perfect matching, the
sign of M of G*(m,n,r) related to 5%1 is
e(M) = go(—1)"M) . (—1)IMOEL] — ¢
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Therefore, the signs of all perfect matchings of G*(m,n,r) related to 8§1 are the same. [

§3 The number of perfect matchings of G'(m,n,r)

In the section, we enumerate the number of perfect matchings of the non-bipartite G*(m,n,r)
according Pfaffian orientations of G*(m,n,r) which is described in the Claim in section 2 by
enumerating their Pfaffians. For the 4mn vertices of G*(m,n,r) labeled by 1,2,--- ,4mn as
shown in Figure 2, let X be the adjacency matrix of G*(m,n,r) with the vertex labels and the
Pfafian orientation. In order to obtain our results, we introduce the following lemma. Denote
the skew block circulant matrix

‘/0 Vl ‘/2 T ‘/nz—l
Vit Vo W Vin—2
-1 =V e =V W
over the complex number field by scirce(Vp, Vi, -+, Vin—1).
Lemma 3.1. [1]. Let V = scirc(Vo, Vi, -+, Vin—1) be a skew block circulant matriz over the
complex number field, where all Vi are n x n matrices, t =0,1,--- ;m — 1. Then

det(V) = ”ﬁ det(Fy),
t=0

where Fy = Vo + Vieg + Vae? + -+ Vo167, and g, = cos ZEEUT 4 i DT

Theorem 3.2. If m+n+r is odd, then the number of perfect matchings of G*(m,n,r) can be
expressed by

m—1

|M (G (m,n,m))| = [] (21“ KH M) + (5 — \/17—4ﬁ2t) } +5m,t> .
t=0
where Bry = 2 cos (QH'%

Proof. For convenience, we first introduce some notations. Let BT be the transpose of matrix
B. Define 4 x 4 matrices

0O 1 -1 0 0 0 0O 0 0 0 O
-1 0 0 -1 0 0 0 O 0 0 0 O
H1: 7H2: ’HS:
1 0 0 -1 0 0 0 O 01 0 O
0 1 1 0 1 0 0 0 00 0 O
and n X n matrices
0 1 0
1
0 0 0
1
0 1
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When m + n + r is odd, then the adjacency matrix X corresponding to 8 can be written

in the following form:

X = scire(Vo, Vi, -+, Vin—1),

where
Vi = [0)anxan,for i ¢ {0,1,r,m —r,m — 1},
Voo R L+ Ha @)~ HE R,
Vi=Vy_ =HsQ) I,
0 --- 0
0 0
Vo=V, =
0 :
0 0 4nx4n
and V; represents the adjacent relations between the vertex set {4kn—+1, 4k+2, --- , 4(k+1)n}
and vertex set {4(k+i)n+1, 4(k+4d)+2, ---, 4(k+i+1)n} fori=0,1, ---, m—1 and
0 <k+i<m-—1, and —V; represents the adjacent relations between vertex set {4kn+1, 4k +
2, -+, 4(k+1)n} and vertex set {4(k+i—m)n+1, 4(k+i—m)+2, ---, 4(k+i—m+1)n}

fori=1, 2, m—1and m < k+¢<2m— 1. (In the others cases, the adjacency matrix X of
G*(m,n,r) can be obtained in a similar way. We note the differences of X by boldface.) So by

Lemma 3.1, we have that

m—1
det(X) = [] det(F),

where
_ T_ -1 T T _—r
det(Ft) = det(Vo + V1Et — ‘/1 &y + ‘/cht — ‘/T &t )
0 1 -1 0
-1 0 —e' -1
1 ¢ 0 —1
0 1 1 0 1
-1
1
—1 0 1
-1 0
1 £t
—e, " 0 1

€t

-1 0
|
0 —1
1 0

Partition matrix F} into nine blocks by splitting the rows into three groups: the first row; the

middle 4n — 2 rows; and the last row. Split the columns in the same way. And by the properties
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of the determinant, we have

0 S & 0 S 0 0 0 &
det(Ft) = 52 53 S4 - Sg 53 S4 + Sg 53 54
—Et_r 55 0 Anxdn _St—r S5 0 —é‘t_r 55 0
0 S 0 0 S 0 0 0 & 0 0 &
= Sy Sz Sy |+ 0 S3 Sy |+| Sy S3 Sy |+ 0 Sz Sy
0 S5 0 —E;r S5 0 0 55 0 —E;T S5 0
0 S 0
St 0 | Sz S
= SQ S3 S4 + E;T Sl g - 6; 02 S3 + |53|
0 S5 0 3 4 5
0 S O
Set An(t)=| Sy S5 Si |, Bu(t) = 510 , Cu(t) = 52 5 and D,,(t) = |Ss], then
0 S 0 Ss Sy 0 Ss
5

we have
det(Fy) = Ap(t) + &7 "Bn(t) — e} Cn(t) + Di(t).
Let Al (t) be the determinant of the matrix which is obtained from A, (t) by deleting the first
row and the first column. Expand A, (¢) by the first four rows and A/ (t) by the first three
rows. We get a recurrences for A, (t) and A} (¢) as follows:
Ap(t) =4A, 1 (t) + (gr — e, DAL _ (1), forn > 2,
ALt = (e —e)An1(t) + AL, (1), forn>2, (2)
A(t) =4, A (t) = ;' — ey
By Equation (2), we have
An-1(t) = 445 2(t) + (50 — 7 )AL 5 (1),
Ay (t) = Anm1 ) = AAna(l),

Etlfgt

A1) = (67 = e Aa(t) + A aft) = |67 = ) g o) + 2t Z A2,

So we have
Ap(t) =54, 1(t) — (62 + ;2 +2)An_a(t), forn >3, 3)
Ay(t) =4, Ap(t) =18 — €2 — ;2
Let D!,_,(t) be the determinant of the matrix which obtained from D,,(t) by deleting the first
three rows and the first three columns. Expand D,,(t) by the first three rows, and D/, (¢) by the
first four rows. We get a recurrence in D, (t) and D/, (t) as follows:
Dy(t) = Dp_1(t) + (e, — ) D), _,(t), forn >2,
Dl (t) = (et —e; " )Dp_1(t) +4D!,_, (1), forn >2, (4)
Di(t)=1,D}(t) =e; —&; "
By the same deduction on Equation (4) as Equation (2), we have
D,(t) =5D,_1(t) — (2 + 72 +2)D,,_o(t), for n >3,
Di(t) =1,Dy(t) =3 — ;2 — €.
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Then the characteristic Equations of (3) and (5) are the same, i.e.
A =B+ (ef +e;%+2)=0. (6)

42 _4z 2
1 ;E‘ 2%t~ are the characteristic values of Equation (6). Therefore

n n
544/17—4e2—4e, 2 5—1/17—4e2—4e; 2
) = (EOTEEE ) (/)

2

— — — n _ — — — n
Dn(t):d1<5+ 17—4e2—4e, ) —|—d2<5 \/ 17 ;15% de, ) )

2

54
Hence A =

Since A;(t) = 4,Aa(t) = 18 —e? — &, 2, Dy(t) = 1 and Do(t) = 3 — &, % — 2, we have that
4y =dy = 34 1774537422 73+\/17745374f;2. Thus,
24/17—4e2 —4e; 20/17—4e2—4e; 2

1 n
An(t) = W”——%{<3+ \ 17_4B2t) <5+ AV 17—462,5)

#(se v (5 Vi) |,
Du(t) = W;_WK—HM) <5+\/m>n
w50 vITam) (5 viT—am) |,

k(2t+1)7
—_—

and ay = d; =

where By = eF + ;7% = 2cos
Expanding B, (t) and C,(t) by the first four rows, we obtain these recurrences for B, (t)
and Cy,(t)as follows:

B(t) = (ey + ;) By_1(t), forn >2, 7)
Bl(t) =&t +€t_ 5
Co(t) = (g1 + e, 1) Crn(t), forn > 2,

8
Cl(t :*(€t+€t_1). ( )
s of B,,(t) and C,,(t) by Equation (7) and (8), respectively, as following:

Bn(t) = _Cn(t) = B¢

And we can get the value

These implies that

det(F,) = ;{(5—1—\/17—45%) + (5—\/ 17—45%) :|+ﬁ?6rta

where B = 2cos %

And so, by Lemma 2.1, Theorem 3.2 follows. O

Theorem 3.3. If both m and n+r are odd, then the number of perfect matchings of G*(m,n,r)

can be expressed by

MG o, = ﬁ (L[ (5+viT=m) "+ (- vir=amm) | +srsa)

_ (2t+1)km
where By = 2 cos .
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Proof. Let Hy, Ho, H3, I, be the same matrices as in the proof of Theorem 3.2, and

01 - 0 0
Kn=1010 -+ 1 0
00 -~ 0 —1
00 -~ 0 0

When both m and n + r are odd, then the adjacency matrix X corresponding to 8§1 can
be written in the following form:

X = scire(Vo, Vi, -+, Vin—1),

where V; is the same as the case in Theorem 3.2 except Vo = Hy @ I,, + Ho Q K., — HY Q KT.
So by Lemma 3.1, we always have that

det(X) = “ﬁ det(F}),
t=0

where
det (Fy) = det (Vo+Vie, —Vile,t + Vel —VIe )
0 1 -1 0 ey
-1 0 —e' -1
1 £t 0 —1
0 1 1 0 1
-1
-1
1 0 1 -1 0
-1 0 —e' -1
1 e 0 -1
—e; " 0 1 1 0

By the same discussion as Theorem 3.2, we have

det(F;) = 2% {(5 + /17— 452t>n + <5 — /17 — 452t) "} = B Brt,

where B = 2cos (QH%
And so, by Lemma 2.1, Theorem 3.3 follows. O

Remark. For bipartite graph G*(m,n,r), it can be proved that they are not Pfaffian. By
now, we have not found an useful method to calculate the number of perfect matchings. By
Tesler’s method [14], we know that | M (G*(m,n,r))| can be counting by a linear combination of 4
Pfaffians. However, the expansions of the methods of this paper that using a linear combination
of 4 Pfaffians does not work. Since we can get the values of |Pf(X;)| by the same means as
we used in Theorem 3.2, but the sign of Pf(X;) is uncertain. Hence, for a bipartite graph
Gt(m,n,r), IM(G*(m,n,r))| is still open.
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