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The differentiability of solutions for elliptic equations
which degenerate on part of the boundary of a convex

domain

SONG Jia-xin CAO Yi*

Abstract. In this paper, we study the differentiability of solutions on the boundary for equa-

2*% = f(z,y), where X is an arbitrary positive number. By

introducing a proper metric that is related to the elliptic operator Ly, we prove the differen-

tions of type Lyu = g%ﬁ + |z

tiability on the boundary when some well-posed boundary conditions are satisfied. The main

difficulty is the construction of new barrier functions in this article.

1 Introduction

It is difficult while important to understand how the geometry of the domain affect solutions
of the partial differential equation. Many smoothness results for solutions of the following elliptic
equation (1.1) on a convex domain Q" C R™ have been obtained.

—a;;(x) giué();i =f(z) zeq, (1)

u(x) = g(x) zedN. '
When g(x) = 0, Li and Wang [8] have showed that the solution u is differentiable on the
boundary through constructing barrier functions. In their later article [9] they generalize the

result to the case of nonhomogeneous Dirichlet boundary conditions, that is, g(z) # 0 when
some well-posed boundary conditions are satisfied. In [12] Wang has showed that the solution
is of C1'® along the boundary when the boundary of the domain is of C1'*, where the convexity
of the domain is not needed.
In this paper, we will study the differentiability of the solutions for the following equation
. 2 2
(l) Lxu(x,y)z%‘FW QAng:f(xay) (xay) GQ’
(if) w(z,y) = g(z,y) (z,y) € 09,
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where Q = {(z,4)|0 < z < a, |y| < b} is a rectangular area.

The study of (1.2(i)) has a long story. When A is a positive integer, Ly belongs to a class of
operators that are called sum of squares of vector fields. For the case of A = 3, (1.2(i)) is the
transonic flow problem:

Uy + TUyy = f(2,Y)
on the elliptic side (z > 0), where the flow is subsonic.

The trait of (1.2(i)) is that it has singularities along the y-axis, it is degenerate when z
goes to 0. The elliptic partial differential equations of degenerate type has been studied in
many papers, such as [1,7,10,11]. In [11], Wang obtained the Holder estimates for equation
Lyu = f(z,y) at the degenerate line by applying the compactness method which is given by
Homander in [4]. In [10] Song and Wang studied the Keldysh’s type equation Lu(z,y) :=
(T, Y)Uzz + Uyy — b(x,y)us = f(z,y), which has been widely researched in [1,5,6,7], and
concluded the Holder estimates at the degenerate line by constructing the barrier functions
which have been widely used in partial differential equations. Especially, Daskalopoulos and
Hamilton used it to show the regularity of the degenerate equations (see [2]).

We mainly adopt the idea of Li and Wang [9], but there are some difference since the
equation (1.2) is degenerate when « tends to 0. In order to obtain the differentiability, we need
to construct new barrier functions because the barrier functions in [9] can not be applied near
the degenerate line I' = {(0,y) : —b < y < b} and the corner (0, £b). This is the main problem
we will solve in this paper.

The plan of this paper is as follows. We state our results in section 3 after introducing some
preliminaries in section 2. Constructing two barrier functions, we prove the main results by

using the Holder estimate and the Harnack inequality of elliptic equations.

2 Preliminaries

The basic feature of our equation (1.2) is the following scaling structure. If Lyu = f and
v(z,y) = u(rz, r+y), then
Lyv = r2 f(rz, r1Ty). (2.1)
This provides the basic scaling near the singularity and leads us to consider the following
intrinsic cubes.

Definition 2.1. If X = (z,y) and r > 0, we define 7X = (rz,71**y). We also define cubes
with size r as
Qr = [0,7] x [—r!TA 1A
QT(X) =X +Qr.

Definition 2.2. Set X = (z1,y1),Y = (x2,y2), we define an intrinsic distance d(X,Y) as

d(X,Y) = |21 — 20| + Y1 — 2l —
|1 |* 4 22| + Y1 — yo| T3
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The advantage of using d(X,Y") is that it is explicit and it satisfies the scaling property
dirX,rY) =rd(X,Y).
In this paper, we assume that g(z,y) € C(09Q), f € C(Q), and then it is convenient for us
to use the conception of viscosity solutions. For simplicity, in this paper, the term solutions

always indicate viscosity solutions.

3 Differentiability

The main result is

Theorem 3.1. Suppose that u is a solution of (1.2), g is differentiable at X € 02, that is, there
exists a function o : Ry — Ry such that o(r) = o(1) and that |g(Y)—g(X)—Dg(X)(Y - X)| <

&J(?’Q—T) for any Y € 00N Q-(X), and fO% @dr < 00, then u is differentiable at X.

2

Since (1.2(1)) is elliptic away from I' and the corners (0, +b), then the differentiability of u
on those parts can be proved by the method of [9], so we mainly prove the differentiability on

I and at the corners.

3.1. The differentiability on the boundary I
For any X € T, by shifting the coordinate system, we assume that X is the origin (0,0). It

is enough for us to prove the following theorem.

Theorem 3.2. Assume that

(i) QN Q1 = Q1;

(i) w(z,y) > 0 for (z,y) € Q1 with |lul|p=(q,) < 1;

(i) f(x,y) >0 for (x,y) € Q1 such that || f||pe(q,) < 1 and fol |‘fHL#dt <1; and

(iv) 0 < g(z,y) < ro(r) for (x,y) € OQ with |(z,y)| < r, where o: [0,1] — Ry satisfies
fol @dr <1.

Then the solution u of (1.2) is differentiable at the origin.

It is clear that u is differentiable in y— direction at the origin since u(0,y) = g(y) and g
is differentiable on I' = {(0,y) : —b < y < b} (see the condition of Theorem 3.1). We will
establish Theorem 3.2 by iteration method which is based on the following Lemmas 3.2-3.4.
In the following Lemma 3.1, we introduce two barrier functions, which are important for our

proof.

Lemma 3.1. Suppose 0 < § < 1 and M > 2v/2 + 1. There erist two second differentiable
functions Ws yrsner and s prsxer defined on [0,6] x [~ MM, MM which satisfy
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() Us prsner > 1 if =26yl < Mt
(i6)Us prsner >0 on [0,6] x [~MAE M
(i60) Vs prorer >4 if lyl =M 0<z <4 (3.1)
(1) Ts prsrer < 32 on [0,0] x [~ M1
(V)L T < —1 in (0,0) x (—M& 1 M&M)
and
(0)ths prsr+r < 1 if ©=0,lyl < M&
(1) s pron1 < % on [0,6] x [~ MM, M& ]
(i68) s s <0 if |yl =MoA0<z <6 (3.2)
(iv)wé,M(S“rl > 4% on [035] X [6>\+135>\+1]
(V)L > 1 in (0,0) x (—M§ 1 M&M)
respectively.

Proof. Define

bz, = 1 Y 12+
Us pmortr = 55 (g) -5t 5((|6A+1 |=1)7")

and 2
1 T g T Y +\2+€
Vs, msr+r = Z(g + (5) )+ 5 g((|5,\+1| —1)7)
where € > 0 such that
4—24+¢€¢)(l+e)(M—-1)°>0. (3.3)

Clearly, Ws pysx+1 and 15 pren+1 are second differentiable and satisfy (3.1) and (3.2) respec-
tively. O

Lemma 3.2. [3] Suppose Q is a bounded domain, and Lyu >0 in Q, u <0 on 9Q, then u <0
in €.

Lemma 3.3. There exist positive constants 6(< 1), u(< 1), N, depending only on \. If
kx —b<u(r,y) < Kx+ B m Q1, (3.4)

for some nonnegative constants b, B, k, K, where B,b > || f| L (q,), then there exist nonnegative
constants k and K, such that

bz = fllo=@n < ulz,y) < Kz + o) + ||flleq,)  in Qs (3.5)
where either
k=(k—Nb+uK—k)t, and K=K + NB; (3.6)
or
k=(k—Nb*, and K=K+ NB—pu(K—k). (3.7)

Proof. We prove the following claim first.
Claim. There exist positive constant N, d;,depending only on A such that

(k—Nb)x <u(z,y) < (K+ NB)x+0(1) in Qy, . (3.8)
_ 1 1 _
Proof. Let 601 = (2\@“)%“, 5Tl < 01 < 1), set U = Wy, 1 be defined by Lemma 3.1, we
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claim that
u(z,y) — Kx — BU < o(1) on 9([0,01] x [—1,1]). (3.9
In fact, 9([0,d1] x [-1,1]) can be separated into three parts: (i) x = d1, |y| < 1, (ii) 0 <
x < 01, |yl = 1, and (iii)) = 0, |y| < 1. On part of (i) and (ii), since ¥ > 1, we have
u(z,y)—Kx—BY < u(x,y)—Kx—B < 0 by (3.4). On the part of (iii), since |(z, y)| < 1, we have
u(z,y) = g(z,y) < o(1), and then by Kxz+ BY > 0, it is clear that u(x,y) — Kz — BU < g(1).
In view of (1.2(i)), (3.1(v)) and B > || f[| 1 (q,), we have
Ly(u(z,y) — Kx — B¥) > 0 in ([0, 1] x [-1,1]). (3.10)
According to Lemma 3.2, combining with (3.9) and (3.10), we obtain
u(z,y) — Ko — BU < o(1) on [0,01] x [—1,1].
Therefore by (3.1(iv)) and setting N = %, we obtain the right hand inequality of (3.8).
By the same arguments we obtain
Ly(kx — bV — u(z,y)) >0 in [0,01] x [-1,1],
{ kx —bU —u(x,y) <0 on 0([0, 1] x [-1,1]),
then we can obtain
u(z,y) > (k — Nb)x in Qs,,
we obtain (3.8). O

5

Letd = — 01 <6< <1),and T = {(z,9)e =6 ]yl < .-} Next

2evE+1) T (2(2\/%“)2
we will show (3.5) according to two cases:
(i) u(6,0) > 3(K + k)3,
(ii) u(6,0) < (K + k)0.
corresponding to which (3.6) and (3.7) will hold respectively.
Case(i): u(6,0) > (K + k). Let
v(z,y) = u(z,y) — (k— Nb)z, (3.11)

then Kk
v(8,0) > ( + Nb)o. (3.12)
Set v = ‘517_57 and Q = [0 —~,0 4] x [—07F, 63, we can see T C Q C Qs,, by (3.8) and
(3.11) we obtained

Lyv=f in @,
v >0 in @ )
By the Harnack inequality,
supo < Ci(inf v + [/l (1): (3.13)

where C is a constant depending only on A\. Combining (3.12), (3.13) and v(z,y) > 0, we have
. 1 K-k
infv > {5(72 +N0)S — || fllr= @}’ = a
Let v = ¢57(2\/§+1)5A+1 be defined by Lemma 3.2,
w= W flimiu(e =) i [0,6] x [-(2VE+ DA, (2VE + 1A,
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we claim that
Lya(ap —w —v) >0 in [0,6] x [—(2v2 + 1)0 1 (22 + 1)6* 1,
ap—w—v<0  ond(0,6] x [—(2v2 + 1) 1, (2v/2 4 1)6*1])).

Indeed, the first inequality is clear since Lyt > 1 and Lyv = f(z,y). For the second
inequality, we separate the boundary into three parts: (i) z = 4, |y| < (2v/2 + 1)6 1, (ii) = =
0, |yl < (2v2+ 1)6M1, (iii) 0 < = < 6, |y| = (2v/2 + 1)6*1. On the part (i), since (3.2(i))
and w > 0, we have at) — w — v < 0; on the parts (ii) and (iii), since ¢ < 0, w > 0, we have
ay —w—v < 0.

By Lemma 3.2, we obtain

ath —w—v <0 inf0,d] x [-(2v2 + 1)dM 1, (2v2 + 1)6M ).

Combining with (3.2(iv)), we have
a

“r—w-v<0 inQs.
4633 w—v<0 in Qs
It follows that
( )>£ _
viz,y) 2 Fr-w
1.1 K—k 1 )
> Zé(Cil(T—FNb)é_ ||f||L°°(Q1))x+§||f||L°°(Q1)(CU — )
K-k
> SO, = || fllze(Qu)s

ie.,

k .
) )z =l fllL=@n  inQs. (3.14)
Let p= ﬁ, combining (3.8), (3.14) and u > 0, we have (3.5) and (3.6) hold.

Case(ii): u(4,0) < 2(K + k)d. The proof is similar to that of Case(i). Let
v(z,y) = (K +NB)x+0o(1) —u(z,y) in Qs,, (3.15)
then

o(5,0) > (A F

+ NB)§+o(1). (3.16)
By the Harnack inequality,
supv < Cr(inf v + || fll L= (@),
T T

combining with (3.16) and v(z,y) > 0, we have

) 1 K-k
infv > {F[(T +NB)S+o(1)] = [ fllz=@n}’ = a.
1

By the method of Case(i), we obtain

%m—w—vgo in Qs.

It follows that

v(w,y) > SC: = ||fllze(Qu)s

ie.,
K-k
ule,y) < (K + NB = S0+ | flu=(an) + (1), (3.17)

combining (3.8),(3.17) and u > 0, we have (3.5) and (3.7) hold. O
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By 0 <wu <1, scaling and Lemma 3.3, we have
Lemma 3.4. There ezist nonnegative sequences {bm } oo, {Bm }o_o, {km }oo_o, { Kim } oo with
bo=By=1,Kg=ko=0, and form=0,1,2,...,
bt = 8" fll L (@)
Brmi1 = 8| fll Lo (@ym) + 6™ (6™),

and either
b B,,
kmi1 = (km — N(Sim + (K — k)t and  Kpiq = K + Né—m,
or
bm + Bm
km“’l = (km — N(Sim) and Km+1 = Km + N(Sim — M(Km — km),
such that
km@ = bm < u(@,y) < Ky + By in Qgm, (3.18)
form=0,1,2,---.

Proof. We proof (3.18) by induction. As m = 0, it is a direct consequence of assumption that
0 < u(z,y) <1. Assume that (3.18) hold for m =, that is, set X = (z1,y1) € Q4, we have

kixy — b < u(X) < Kix1+ B; in Q. (3.19)
Set Y = (z2,92), X = 6'Y and Q; = %. Define u(Y) = u(?;ly),f(Y) = 6§ f(8'Y), then by
(2.1) we have

Lyi=f(Y) inQ. (3.20)
By (3.19) we have
kiolay — b <U(Y) -6 < Kiolay + By,

that is b B
ko — 5% <a(Y) < Koy + 5—j in Q. (3.21)
We can see that
B 52(l—1)||f||Loo(Qélil) + 51 (51
o !
- M flle=@u  Nfll=(an
- 02 N 62
> [ fllz=c@u) (3.22)
by the same arguments we drive that
b ~
512 1fl=@u- (3.23)
Define g(Y) = g(f;y) .Y € 0Q1 N {x =0}, and then
u=yg, ond@QN{xr=0} (3.24)
From g(X) < §lo(8'), X € Qs N {x = 0}, it follows that
g(Y) <a(1), (3.25)

for Y € Q1 N {z = 0}, where 5(1) = o(8'). Therefore by (3.21)-(3.25) and Lemma 3.3, we
have
kirize = [ fllpe @) < u(Y) < Kiyiza +0(1) + [[fllz=@i) Y € Qs,
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that is
kiizy = 0% flle @y < w(X) < Kipawn 4+ 8'0(6) + 6% flloe(q,u) X € Qorer.

Proof of Theorem 3.2. Let {bm }o0_o, {Bm oo_gs {km }oo_0, {Km }oo_ be defined by Lemma 3.3,
and for simplicity, we denote ||fHLO<>(Q5i) = fsi,0(8") = 0.
Claim 1. lim (K,, — k) =

m—o0

Proof. By induction, it is easy to see that K,, > k,, for any m > 0. Therefore, when m > 1,

we have
B, +b
OSKm+1_km+1SKm_km‘FN%_ﬂ(Km_km)
N
= (1= p)(Km = km) + = (Bm + bm)

om
= (1= W) — ) + 25" e @y + 0T ))
< (1= ) — o) + 5
< (1 @)™ (K~ k) + (L )™

5
N
+-+ (1= M)*(Qﬁsm—2 + osm-2) +

m 2m
< (1-p)"N(2 SZ 1_ 1+z

@I f Lo (@gmo) + (6™ 7))
N(2f50 +U50)

(2fsm—1 + T5m-1)

Z 1_ 1+1

qu—l 04\2

Let 1 — p = 0%, we calculate that
[5i s (6" = 0") fsi

(1 _ M)1+i - (5a)1+i - (1 _ 5)52a o= (a+1)?

then

Sy 1 wa*—wm
(62)1+ T~ (1 - 6)0% & §li-Dlat1)

51t 1 1 fr
(1— 52a Z/ rl—i—(){ = (1 — §)8% /(w_1 7,1+ad7”a

and similarly

m—1 m—1 1
i Osi 1 / o

1— i+ ;= dr.

; (1 — )i+ ; (60) 1+ = (1= 0)82% Jsmon rita

Therefore
2 bk 1 I
< Km _ km S 5amN 2 e d d
0< K1 +1 (2+ 5(1 — §)02 /m_1 rlta T+ 5(1— §)52a /M_1 ta r)
1

<cemr [ I, (3.20

om 7“1+O‘

where Cy = 2N (1 + m)-
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By L’Hospital’s rule, as §" — 0, we have

1
mya fr+or
(5 ) rlta

dr — 0,
am
combining with (3.26), we obtain
lim (Ko — k) = 0.
m—o0

Claim 2. {K,, + kn,}5°_ is convergent and we set

. Ky +kn
lim ——F =46.

m— o0 2

Proof. For any m > 2, we have

By
Km+1 + km+1 S Km + km + N7m + N(Km - km)y

6
N
Km+1 + km+1 Z Km + km + 57m(Bm - bﬂ”L) - :U/(KTTL - km)7
therefore

NB,,
|(K7n+1 + k’m—i—l) - (Km + km)| S ,M(K’m - km) + 5T

N

< M(Km - km) + ?(fé"’ 14 Ogm 1)

By (3.26) we have

D NE 1+ k) — (K + k)

o) 1 o)
1o T—FO'T N
<p Y (671 02(1+/5_ frHa T Z (for +0)-
j=m i1 Jj=m—

Now we estimate the right hand side of (3.27). Let F, = f 1+a ds, and then

[e’e) 1 o0 1
i—1\ o fT o 5] B 6J+
(5771 /5 e dr = Z (57)*Fy; 5

Jj—1

Jj=m Jj=m—1
< S (§j+1)a71F _(5j — 5j+1) &
= o (67 — 6it1)5e
Jj=m-—1
< - ro lFrd
a Z /5:+1 "
1 o
= 0—— i 7
(1—0)o° /0 " "
5171—1

§m— 1

_ 1 Ir m— N
- (/O Lar+ (5" /ZW ).

Similarly,

6m—1

[e%s} 1 1
J=hye Ir < 1 / & m—1 cx/ Oy
‘ (6 ) /5]'71 rlta dr - Ol(]. - (5)(5O‘( 0 r dr * (6 ) sgm—1 rlta dr)

j=m

429

(3.27)

1 fs [° a1 Y ot
— TEDIE (/O sl‘*‘“/() r deSJr/(;mflsl‘*‘“/O " drds)



430 Appl. Math. J. Chinese Univ. Vol. 33, No. 4

It is easy to see

N . P— _1 — —
j:m_l(faz +05i) = F; 1 5] T (fsi + 05i) (67 5])53-71 — i
1 fr + Ur
<15 Z /
j =m-—1 47
sm— 2
19 / fr . (3.30)
and
e} m—1\a
j—1 — J u 1
Soro 3 e 31
Combining (3.27)-(3.31), for any m > 2,
D K+ ki) — (K + k)|
1 1 Yofeton o Irt+or
< Co{(F™ ) 4 (5 1)e / L / 1, (3.32)
gm—1 T 0 r

where C3 = Cgu(ljéa + a(135)5a) + 5(1]\15).
We conclude that {K,, + k., }59_, is a convergent sequence by the right-hand side of (3.32)
tends to 0, as m — oo. O

Claim 3. Let 6 be given by Claim 2, then for each m = 0,1,2, -, there exists C,, such that
lim C,, =0, and that |u(z,y) — Oz| < C,,0™, for any (x,y) € Qsm.
m—r0o0

Proof. For any m > 0 and any (x,y) € Qsm,

K+ km Ko +km

By Lemma 3.4,
K, —k K, k K, —k
_%J;—bmgu(x,y)— m;_ Tr < m2 "% + By,
Let ém = % ?,’,’;, and then
Ko+ km ~
|u(z,y) — T—F:ﬂ < Cpd™. (3.34)
Furthermore, by Claim 1 and lim 5:;’; = 0 we have
m—o0
lim C,, =0. (3.35)
m—o0

Let Cyp, = Cy, + |K’”f+k' — 0|, and therefore from (3.33) and (3.34), it follows that

|u(z,y) — Ox| < Cpd™.
By Claim 2, and (3.35), C,,0™ — 0, as m — oc. O
From Claim 3, we deuduce that u is differentiable at 0 with derivative 6, the proof of

Theorem 3.2 is completed. O

3.2. The differentiability at the corners



Song Jiaxin, Cao Yi. The differentiability of degenerate elliptic equations on the boundary 431

Because of the symmetry, we only consider the corner (0,b). By translating the coordinate
system, we do assume that (0,0) is the corner. The difference between the corner points and
the boundary T is that @, N Q # @, i.e., the assume(i) in Theorem 3.2 is no longer valid.

For simplicity, in the following article, we set

Q6 x M&M1 = ([0,8] x [-M&, M) N Q,
then Qs NQ = Q[6 x 6 1]

It is enough for us to prove the following theorem.

Theorem 3.3. Assume that

(i)u(x,y) >0 for (z,y) € Q1 x 1] with |u||p=@ux1y) < 1;

(i) f(x,y) > 0 for (z,y) € Q1 x 1] such that || f|| L= @ux1)) < 1 and fol Mdt <1
and

(111)0 < g(z,y) < ro(r) for (x,y) € O with |(x,y)| < r, where o : [0,1] — R, satisfies
fol @dr <1.

Then the solution u of (1.2) is differentiable at 0.

We will establish Theorem 3.3 by the following several lemmas.

Lemma 3.5. There exist positive constants §(< 1), u(< 1), N, depending only on X. If

kx —b<u(z,y) < Kz+ B in Q[1 x 1], (3.36)
for some nonnegative constants b, B, k, K,where B,b > || f| e (apx1)), then there exist nonneg-
ative constants k, K and A, such that

kx—||fl s pxap —AK +k+b)r(1) < u(z,y) < Ka+20(1)+]| £l e @px) in Qox M1,

(3.37)
where k and K satisfy either (3.6) or (3.7).
Proof. We prove the following claim first.
Claim. There exist positive constant N, d;,depending only on A such that
(k— Nb)x — k6 <wu(z,y) < (K +NB)xz+0(1)  in Q[5; x 677 (3.38)
Proof. Set 6 and ¥ are given by Lemma 3.3.
We claim that
u(z,y) — Kx — BY < o(1) on 9(Q[d; x 1]) (3.39).

In fact, O(2[d1 x 1]) can be separated into four parts:
(i) =0,-1<y<0, (ii)x=0,-1<y<0,
(i) 0 <x < d1,y=-1, (iv)0<a<d,y=0. (3.40)
On the first three parts, we have know that u(x,y) — Kx — BU < ¢(1). On the part (iv),
since ¥ > 0, u(z,y) = g(x,y) < o(1), we have u(z,y) — Kx — B¥ < o(1).
Then we can obtain the right hand inequality of (3.38) by the same arguments in Lemma
3.3.
Moreover,we have
Ly(kx — b¥ —u(x,y)) >0 in Q[ x 1],
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and
kx — bU — u(z,y) < k& on 9([d1 x 1]).
In fact, we separate the boundary into four parts as (3.40), on the first three parts we have
kx — b¥ — u(x,y) <0, on the part of (iv), we have kx — b¥ — u(x,y) < kd;.
Then we can obtain
u(z,y) > (k— Nb)z — k&, in Q[5; x 6771,
we obtain the left hand inequality of (3.38). O

6>\+1

Let § was given by Lemma 3.3 and T = {(z,y)|r =0, —=5— <y < 0}. Next we will show

(3.37) according to two cases:
(i) u(8,0) = L(K + k)3,
(ii) u(6,0) < L(K + k)3,
corresponding to which (3.6) and (3.7) will hold respectively.
For case(i), let
v(z,y) = u(z,y) — (k— Nb)x + ko, in Q[6; x o7+,
then we can obtain
. 1, K-k n
info > {2 (2 4 V) + k1] = [ flle @iy} = o
T C 2
Let ¢ = wa,(zﬁﬂ)pﬂ be defined by Lemma 3.2,
w = %Hf”Loo(Q[leD(x - 332) in Q[5 X (2\/54— 1)(5>‘+1],
we claim that
Ly(ay) —w —v) >0 in Q[0 x (2v2 + 1)6 M1,
ap —w—v < AK +k+b)k(1) on A(Q[F x (22 + 1) M1]).
Indeed, the first inequality is clear since Lytp > 1 and Lyv = f(x,y). For the second
inequality, we separate the boundary into four parts:
() z=6,—(2V2+ 1) <y <0; (ii) 2 =0,—(2vV2+1)* <y <0;
(iii) 0 <z < 6,y = —(2V2 + 1)0M1; (iv) 0 <z < 6,y = 0. (3.41)
Combining with (3.2(i)) and (3.2(iii)), we have at) —w — v < 0 on the first three parts. On
the part of (iv), since (3.2(ii)), we have

m/’*w*vﬁad)é[Cil(KnLNb)éJr%éll]%g

(K +k+ Nb)s?
C10 '
—, clearly k2(r) < rr(r). Set A = max{%, 1}, since 6, =

T
(2v2+1) 3+1
(1), then we get the second inequality.

1

Set = =
et K(r) (2v/2+1) %1

By Lemma 3.2 and (3.2(iv)), we have

%x—w—vﬁA(K—&—k—i—b)f@'(l) in Q5 x 621,
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It follows that
v(z,y) > %x—w A(K + k+b)s(1)
K-k
Z 1 45 C, [( 5 T Nb) + ko1] — || fll L= (opnx) to
1
+ S 1f = @y (@2 = 2) = AK + k + b)s(1)
K-k
>
- 8Ch

z— || fllee(opx1) — AK + &k +b)r(1),

ie.,

K —
u(z,y) > (K — Nb+ 80,

Let p= ﬁ, combining (3.38),(3.42) and u > 0, we have (3.37) and (3.6) hold.

k .
)T — || fll Lo (ux1)) — AK +k +b)rk(1) in Q6 x 61, (3.42)

For case(ii), the proof is similar to that of Case(i). Let
v(z,y) = (K + NB)z +o(1) —u(z,y)  in Q[ x 6]

then we obtain

K-k

1nfv>{ [(T+NB)5+U( )] = £l L <)) }+ =:a.

Ch
Set ¢ and w defined in case (i), we claim that
{ Ly(ap —w—v) >0 in Q[0 x (2v2 + 1)6 M1,
ay —w—v < o(l) on I(Q x (2v/2 + 1) M1]).
Indeed, the first inequality is clear since L1 > 1. For the second inequality, we also separate

the boundary into four parts as (3.41). On the first three parts, by the same arguments to drive
ay) —w — v < 0. On the last part, by ¢ < §, we have

al/wa*USC%[(K‘FNB)é‘FU(l)]’%*U

i(K + NB)x + Cia(l) —[(K+ NB)x +o(1) — u(z,y)]

1
<u(z,y) <o(l).

Therefore according to the lemma 3.2 and (3.2(iv)), we obtain

Q

tr—w-vso(l) O x ]
It follows that
> —r—w—o(l
v(z,y) 4633 w—o(1)
1 1 K-k 1
5 Ch ol 5 T NB)é +o(L)] = [ fllz=@uxy e = §||f||Loo(Q[1x1])(a: —2%) —o(1)
K-k
= 8C, U7 Il fll Lo pxayy — (1),
ie.,
K-k ) i
u(z,y) < (K+NB -~ 8C, )T + [ || e (i x1)) + 20(1) in Q6 x 627 (3.43)

Combining (3.38), (3.43) and u > 0, we have (3.37) and (3.7) hold. O
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As the proof of Lemma 3.4, by 0 < u < 1, scaling and Lemma 3.5, we have

Lemma 3.6. There exist nonnegative sequences {bm }>_ o, {Bm }2 o, {km } 35 0, { Kim } 35 with
bo=By=1,Kqg=ko=0, and for m=0,1,2-,

bmt1 = 52m||f||L°°(Q[§m><5m]) + A(Kom + km + b )6"k(0™),

and either
b B,
km+1 = (km - N(Sim +:U(Km - km))+ and Km+1 =K, + N(‘)‘im’
or
b |+ B,
km+1 = (km - N57m) and Km+1 = Km + N(Sim - /’[’(Km - km)7
such that
Em® — by < u(x,y) < Kppx + By, in Q6™ x (6™, (3.44)
form=0,1,2,-.

This result is similar to Lemma 3.4, by the similar proving process of Theorem 3.2, we can

prove the Theorem 3.3 and get the differentiability at the corners.
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