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PN-ay *°° Pnjpy1 O - 0
(@) ()
PNlag+1 7 Pnjpyn O o 0
Q2 = : o [ emrmrEy
I T
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i
i (o) o
0 “Pny2 T —Pgolz
(a)
-p
R = N/2 ¢ REX(F-a0)
0
0 0
—szjlrl T —péa)
_p(a) N
R2 _ N/2 cR?> ><a0,
0 :
. (o)
. _pN/Q
I 0 ... 0 |
Fobl <ap< V.2
0 R O 0 0 Ry
R: Ql 0 0 ERNXN,Q: 0 0 0 ERNXN,
0 0 O Q> 0 0

MK — MA 5N

RfI
MK —Iy=MYK-M)=MYR+Q)=H+J,
HbH = MR, J = M~Q. firank(Q) = 2a0, " f3rank(J) < rank(Q) = 2ag, MM

A N—ag (@) N/2 (@) N—ayg (@)
[Rlloo < |[@Qilloc + [[Ralloc =" > Ipi I+ > Ipi’l= > Ipi I <
i=N/2+1 i=ag-+2 i=ag+2
N (@) 4 ple (a (o) NS0 () L (@)
>, s (lbz | + |bi71‘ + |bi72‘ + |bi73 ) <ds- > bi_3 <ds- > bi—1 <
1=ag+2 1=ag+2 1=ag

45+ (N = ag + by <45+ (N —ag +1)(2 = a)(ao — 1)1~ <
4s - (2= a)(a — 1) = gremgipeer <<
Hom = 1570 difrE a1 e

. 1 n €
Hlloo < [IM ™Yoo - |1R]|oe < |IMY|o - U <. S o
1l < I o Rl < I e sy < 3 ooyt < 3+ (40

45 LFTR, 4 Strang (FFR FHUCHR S AR EM ~ 1K T DA NSRRI Ly, IRRSERE T A1
BOEMEHRMER, BIM 'K = Iy + H+ J, 3T = M7'Q, ||H||& < 5. EEFIHEFEQIN L
1, )

X 0 X
IN+J=| X In_245 X

X 0 X

3
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H1(37) AT &0, aofe—AN/INE, MM HRYE Gerschgorinl&l £ 5 FE AT A1, 6045 M — 1K IR HEAE K 2 B de
HHLE LR

§5 TRACEE B /NAR R

% & 3| ToeplitzZ PEAEUTT 2 4H.(26) 1 (27) 1) R EUHE R 72 T Hessenberg ¥ X ) Toeplitz i B,
WP EAR 5GMRESH LSS &, 2 tH R IEX PR Toeplitz 2k 14 A QK7 R 2H 1) Pl Ab BT SUAR /)N
B #1%5(PGMRES). A5 LUK fif Toeplitz 2k 1 ARK T #24H.(27) A1, B IAPGMRES J5 % 3K il JE Xt
PR ToeplitzZe AT P4 AL AR

PGMRESJ7 74 i) 5t A4 A8 3t 2 B A Arnoldidd F2 42 il — ~m x mPHessenberg i [ DA & 48
RV, , FFi i B ME i A

7] = min{|| M~ (w — K2)||2 : 2 € 20 + k(M K, 70)} (40
KIEAME 2, FF oo MWIIGTAIE, ro = MY (w—Kxo), rm = M~ Y (w—Kx,,), k(M7 K, rg) =
{ro, (M~'K)rg,--- , (M~ *K)™ tro}. IHH—NKEEAmf Arnoldis) fif
M7 KVy = Vi Hyy + Bt mOme1€m = Vit Hyngtms
HA V1 = [Vin, Vmg1] € RV} HD) R PGRERE 4ERE

hm+1,m6m

N_FHessenbergHif4, H

[ hyy hig - Bim
hot  hay - ham
Hy = hag - ham

hm,m—l hmm J

HT Vi 2 TR, MXHMER M Er = 20 + Vinz € 20 + k(M 1K, 1), B
1M~ (w — Kz)||s = ||M~Y(w — Kxg) — M~ KV, 2| =
llro — M~ EVinzllo = [|8Vims1e™ ™ = Vit Hog 122 =
Vi1 (Be{™ Y = Hyp g1 m )2 = [18e{™ ™ = Hyng1m|la,
HhB = [|ro|lo Am+14Ef e = (1,0, ,0)T. Bk, #/Mb I8 (40) % TRz, € R™,
i A
185" — Hy 1 mzm||2 = min{||8e{™ ) = Hypy1 mel]2 - 2 € R™}. (41)
PR ARz, W T 2 B Nz, = 0 + Vizm. POMRES 7 3R R 7775 (27) B B 1 S 25 A
RUTK.
k5.1 K Toeplitz 2k I AEUTHE4 (27) FIPGMRES 5%
1: BN Toeplitz ZRHHEK € RV*N | [aEw € RY, IEBHim, RFiREe, KBNS
i&MaXiter, %Bﬁé‘ﬁ_a-%xo = 0;
2: Hi: T
3 MRHE(30) 8 (31) T H Strang FH HUAL LT M € RV*N;
4: MR Er) = M~ (w — Kxo); 20 = ||rolly AEAIG EAZ A Brv = ro/B;
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;] — 1Bl
MAFFTHHEM L, H5p = M*lva;

WHhi; = (p,vi), i=1,2,+ . j;

= 5

Whhjp 5 = ||5;+1||2’ #ihji,; = 0N I

10: 01 = 5501 fhyer s

11: G5 WAEIE;

12: 5V = [01, 02, 0], Hongr,m = {highi<isiennzgsms

13: ¥z, = arg minz”ﬂegmﬂ) — Hys1.m2l|2, Tm = 20+ Vinzm Berm = M~ (w — Kxp,);
s Il < HRIEURRER R, 15 Toplitz L AHOT FAL(27) KR

zm € RN 15 1E; B Eag := xp,, 4

§6 HHF LS EH

15 7% 1§ R H Jacobi-DavidsonJ7 ¥ 3K fift 73 £ B Sturm-Liouvillef i {8 7] B (2), §50F 18 1
ZITETHEOE R A, AT A R SR A IR J7 #E(24), H I 45 H Jacobi-Davidson 2 3K i 73 3
¥ Sturm-LiouvilleRiE A8 1] & (2) ) F AR St A0 B,

Bik6.1  KESEH Sturm-LiouvilleREAEAH 17 5 (2) ] Jacobi-Davidson 572

1: N REBUEREB € RVXNFIC € RVN | e KA B, ViR Ze;
2: i o ERHIEAE e,
3: WHUEASE A Foy € RN Hlvill, = 1; 2V1 =[], y = vy
4: fE¥m = 18|n — 1347
5: ﬂ‘ﬁ@z%, r = By — 0Cly;
6:  FIFHEES RMRIETTRE(24), 53R IE R & t;
7o IRIERIER L, %U)ﬂMGSmETCPG‘fI?’F%
U1 =1 — Z (7 0;)vs, U1 = 5"”Fl/||?7m+1|\2
1=1

BHRTFZEV, Y REV

8  HHEWH,  BViis = OWH OV, IREAERE(6, 8)(|]5]]y = 1);

9:  HRitzHEY = Vs
10:  IFHAHM MRtz 5k Er = By — 0Cy IR IS, Wik ||r|, < e, WE L, &
MEm=m+1;

11: S5 RAEIR;

12: EF A LV = [y, RAD4.

AR SR B SE B0 3 7E15-8250 U AL B 4% (FA 1% 2 4011.80GHz, 10 #%), 8GB W A7 AL L i
I FIMATLAB (WA 5 R2018B) g sk . 11545 R AR IA k.

fil6.1  ERE5r H Sturm-LiouvillefF/iEE 7] 8 (2). F|F Jacobi-Davidson /5 1% 3K A v 1 (2),
R L J7 A2 B SRR 2 e 7 VR T SO R T i — AN GBI, S T IR R USSR 2, 2 R R
5 HZAR IE T R B A
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EE5 1, BB He = 1E — 4, Maxjer = 1000, EIFUEEm = 30, ﬁq:IIrmIIz/HTOH2 < ik
18 B KIEAD M axiior NEVES. TFHENHEN]. BB E0d N “IT”, Kt AN

ISR =INERPE 1) x EITIaH+ WIAUD L,

AT HE N “CPU”, FAL M. LB LLStrang fif ¥1AE FE M A 9 Ak BEAE RS KT PGMRES (M) 5.
%, LLT.ChanfE ¥ FECONFil AL B4 B I PGMRES (C) BE I GMRES HL ITHICPU, 36k {3
FH StrangJG¥R4E [ MAE A TIAL BT FIPGMRES J5 % (PGMRES (M) ) ) AT 47 £ R4 251k

(b) (©)

0.6 0.025 T
+
0.02
04r 1
0.015[
001

02r
0.005

o
§+
o
4
4
i

-0.005

02 E

001 |

005}

1 oal i
00zt
+

5 . 06 . . -0.025 t
-0 5 0 0 0.5 1 1.5 0 1

K1 o=1.9, N=10005FK, C~' KM~ KA 6

(b) (c)
06 - - 0.025 -
T
+
0.021
04r 1
0.015}
0.01p
02 1
0.005

o
§+
o
+
+
e

-0.005 |

1 -ozr 1
-0.01

-0.015F
-04[ 1
002t
n
45 . 06 . . -0.025 t
-0 5 0 0 0.5 1 1.5 0 1

K2 o=1.9, N =20004FK, C~ KLKEM ™ KRG

1A 2%y 5l =N = 1000RIN = 2000Ho = 1.90f, %KLL M 4 Fhb B ) & 050
FEC =LK AIM Y KRR AE 1R 4 A B, e (2) R 7R FE K B R B A 0 A7, (b)) RN HEFEC— LK)
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REHEAE A3 A, (o) R NFEFEM — P K (RS EAE 2 A AR5 AT LU, (b) A (c) FIHRFAE{E 40 A
B (a) BN, I H (o) R E I R R B () B . oAb, BT & Strang 5 PR FE M T Ab 3 5
FRARFAE (A SRR AR L B0 iy, ARMOHE MR SR AR /DN, SR AR 25 75 S IR AR S /b B SR R 52
mRL AER AR 20, PGMRES(M) T 75 21 Sk AR BRI 47 1 (8] LPGMRES (C) 2b.

KIFFR25 55 Ha = 1.9Ma = 1.999, HUAS [ 5 FEFr £V, PGMRES(M), PGM-
RES(C)MIGMRESH 1% 3K fiff ToeplitzZ& M BT FEAH I & RIITHICPU. fEKH, “-7 FRIRAHN
(AP B B R IEAROE UG KA s, Jov2am 2 O PHFRTE I 5 B0 RE IE 3 15 1k

#1 o = 1.OWTEES. LIS 7 AR BORIZ 17 1 (1]

N GMRES PGMRES(C) PGMRES(M)
IT CPU IT CPU IT CPU
1000 - - 32 0.5804 3 0.1306
2000 - - 37 3.1101 3 0.4156
3000 - - 44 6.5581 3 0.9211
4000 - - 45 11.2683 3 1.6198
5000 - - 63 35.4178 3 3.8746
#2 o= 1.999W k5.1 ST TF Sk AOD BAE AT I 8]
N GMRES PGMRES(C) PGMRES (M)
IT CPU IT CPU IT CPU
1000 - - 37 0.7369 3 0.1103
2000 - - 41 3.3468 3 0.4323
3000 - - 41 6.6061 3 1.0565
4000 - - 51 14.2158 3 1.6106
5000 - - 56 32.3951 3 3.6955

Bl g5 B3R W, GMRESH. ¥ 6 v 75 S K% AR U H 4R 21305 2 R 225K 1 %, PGM-
RES(M)MPGMRES(C)¥J 43 2| 1 i & K JE Z K (1 fi, Jf HPGMRES(M)HLPGMRES(C) i %
DI AP ERE AT (8], teAh, MR FERTEUNV KR, PGMRES(M) EEPGMRES(C) i
WSO BE A I

WA [F (046 R Y BN, B 507556, 10E 5520 209 Sturm-LiouvilleRRAiE A [7] 8 (2) (O FEAEAE,
o a5 R A F 3, 3 S Reutskiy Ml FIMEERBSM (M-B)AH 45 £ 1 5 15 315 1 $i 18 45 St
ITHRER, Ho “*7 RORZITIEAL H AR IEE.

#3  a = 1.750, SHHSturm-Liouville R AEAE 7] &1(2) #3845 LA

A N = 1000 N = 2000 N = 3000 N = 4000 N = 5000 M-B
A1 1.0206 1.0171 1.0153 1.0140 1.0131 0.9968
A2 13.7742 13.7656 13.7603 13.7565 13.7537 13.6966
A3 35.5562 35.5508 35.5459 35.5420 35.5389 35.4622
A4 66.7822 66.7964 66.7972 66.7956 66.7935 *

As 103.8315 103.8585 103.8647 103.8661 103.8659 *

A6 150.5265 150.6362 150.6709 150.6863 150.6942 *
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F4 o = 1.90F, 5 Sturm-Liouville A5 17 8 (2) (1175 73 KR

A N = 1000 N = 2000 N = 3000 N = 4000 N = 5000 M-B
A1 0.8352 0.8347 0.8344 0.8341 0.8340 0.8247
A2 16.5852 16.5825 16.5811 16.5802 16.5795 16.5498
A3 47.3929 47.3855 47.3824 47.3806 47.3793 47.3342
A4 92.4015 92.3860 92.3804 92.3772 92.3751 *

As 150.7146 150.6848 150.6748 150.6695 150.6662 *

A6 222.2915 222.2421 222.2263 222.2183 222.2134 *

FIFRAK I, HFEIENEEKR, L6, 135 B RFEE B 423t M-B 5 15343 MR- AEAH,
I HB7%6.107 LLSRAS 73 309 Sturm-Liouville REAEAR [ 8 (2) 1) H AR FFAEE, TM-BJ7 7% R K1GH6
IrFRHIEAA.

%5  a = 1.9990f, 5 Sturm-LiouvilleFRAEE 7] 81(2) #3855 LS

A N = 1000 N = 2000 N = 3000 N = 4000 N = 5000
A1 0.7807 0.7807 0.7807 0.7807 0.7807
A2 19.3287 19.3287 19.3287 19.3287 19.3287
A3 58.2112 58.2112 58.2112 58.2112 58.2111
A4 116.9353 116.9356 116.9356 116.9355 116.9355
As 195.4036 195.4049 195.4050 195.4049 195.4049
A6 293.5784 293.5818 293.5821 293.5820 293.5820

#6 o = 2if, S Sturm-Liouville R AR i 31 (2) 556 /> HFAE B

A N = 1000 N = 2000 N = 3000 N = 4000 N = 5000 M-B
A1 0.7805 0.7805 0.7805 0.7805 0.7805 0.7805
A2 19.3607 19.3607 19.3607 19.3607 19.3607 19.3607
A3z 58.3360 58.3363 58.3363 58.3363 58.3363 58.3363
A4 117.2214 117.2223 117.2225 117.2225 117.2226 *

As 195.9279 195.9304 195.9309 195.9310 195.9311 *

A6 294.4212 294.4268 294.4278 294.4282 294.4283 *

Fra = 1.999Fa = 2093 R IEAE 4 3 51 T 3RpA1K6. HHFRSAFR6 ] &0, TSR HOHE B
BN, o = 1.999FIRFEE J L AR, R IZEIERWSME. R, o = 1.9995a = 20945 E1E
JUF—3, WA 1 AT B SR A 2ok

§7 M5 REE

A Z B Caputosr #Bi 5 A& I 2 30K 70 # i Sturm- Liouville AL {8 17 8 #% 16
J7SCRAEAE 17 L. A ] Jacobi-Davidson /7 12 3R M 1% ) SCRFAEARL 1] B, 12 1E 75 72 F) SR gt A 1
TrFE i R AN E B, O T IR SR U SICE 5 R ORI TS R, RIR
fitt ToeplitzZ PEABOT R4, BT RUGEFE IR IR G M, Y H M IEStrang fEHA AL BE1, JF 0 #r
e TUAL B F B M (R B AT VBT BB S SRR Z T VA I e R Ve RORS A . 7 S B 2
T, I ET FHOE A VF R X, RIS, 70 B S B B BomT DL e B F 3 T DR i A ) 24 ]
AL BRI PR T RARE— AP T B ) 20 B Sturm- Liouville R AR @ X T2 R ) 70 By
LR IR, BT {8 B B0 B BOR it B A5 TT e AR AL
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A numerical method for solving a class of fractional Sturm-Liouville
eigenvalue problems
PENG Sha-li*, LIU Hao'?
(1. School of Mathematics, Nanjing University of Aeronautics and Astronautics, Nanjing 21106,
China;
2. Shenzhen Research Institute, Nanjing University of Aeronautics and Astronautics, Shenzhen
518063, China)

Abstract: In this paper, a class of fractional Sturm-Liouville eigenvalue problems with mixed
boundary conditions is studied. Using the second order Caputo fractional derivative approximation for-
mula, the problem is discretized to a generalized eigenvalue problem, and the solution of the correction
equation is the key in the process of solving the generalized eigenvalue problem by the Jacobi-Davidson
method. To accelerate the convergence rate of this method, the corrected equation is considered to
be solved approximately, that is, solving Toeplitz systems. This paper constructs the Strang circu-
lant preconditioner, proposes the preconditioned generalized minimal residuals (PGMRES) method for
solving the correction equation and proves that most of the eigenvalues of the preconditioned system
are clustered around 1. Numerical examples show that the proposed method is effective.

Keywords: Caputo fractional derivative; fractional Sturm-Liouville problem; Jacobi-Davidson
method; PGMRES
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