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Ti(s) = P1i(s), DiTi(s) = Pa(s), —0 < s <0,
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(1) DY DIx(t) = DY 9x(t).
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j; aij f(y; (1)) + J; bij f3(y; (t = 7i5)) + Li(t),
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TR RIELE R g (x), HIE X2.2501D¢ |g(t)| < sgn(g(t))Dyg(t), M(4)1F
Dy zi(t)] < —vilzi(®)] + [ps ()],

n
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]_1 =1
- zio® —a B
; |hji\li[m + Dy *lzi(t)]]} =
Z[_%“"b‘i""% 'Yzcz|+2|9ﬂ|l +Z|hﬂ|l e )|_Z[Ci_7i_1]Dt_a|pi(t)‘+
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H 5 2.9, M(9)%
Z[Izi(t)l + |pi(W)]] + Z[ij(t)l +1g; (B < M(le =2, [ — Y] Eal—nt®).

i=1 j=1

NI
X (t) H—lez —T(t |+Z|yJ ()] < &l — B, ¥ — [) Ea(—nt®).

EAR(0,0) = 0,¢(Jp — (p|,|1/} pl) > EEE)& 4R R BIEX (t) 2 4 B Mittag-Lefflerfa
SE .

EH3.2 XN T RG(1), Bk e B34 O, WREERE Bw > 0,1; > 0,J; > 0, fff
Bt +w) = Li(t), Jy(t +w) = ;0,1 L0)] < Ly | 50| < Jjvind = 1,2+ n, BaRGQ1) IR
Ao A R T w- B A .

S R%(3) T
Dfai(t)] < —vilwa(t)] + |ui(?)], §

Dfu(t)] < lag +77 = vicillws ()] — (e — vi) lua(t))| +J§1(|aij| + bis|) f; + I, "
Dily; (0] < —;ly; ()] + [v; ()], § 1o
D vj(0)] < 185 +77 — vid;lly; (8)] — (dj — v5)lw;(8)] + ;(\gﬁl + byl ) fi + T
1 (10)75

Difla; ()] + |wi()]] <

—(vi = lai + 77 — yicil) @i (E)] = (e — i — 1)|us () Z |aij| + |bis|) f; + Ii <
—nuiflzi(8)] + [wi(?)[] + Z(|%’| + |bgs 1) f; + 1, (11)
j=1

Hrn; = min{y; — |oy +92 — yicil, e — v — 1} > 0.
Lzi(t) = |wi(t)] 4 |ui(t)| — i[Z (laij| + [bis]) F; + L], 512,72 (11) AT HfEAS

i j=1
Dzi(t) = D {as (8)] + [ui (B[] — "‘{%[XZZ(WH +lbig ) f; + L]} =
Dgllas()] + [us (8)]] = iy @ (lais] + [bis )T + Lt <

“malle @]+ @l + 2 (ai;| + bij ) F5 + L + s ey 2 (lai] + [bij)F; + L] =
]: :

—mizi(t) + iy [Z (laij| + [bis|) F; + L.

n

Bt < — b b VB (—pt®
HSHRRIT0) < gl sl +0ul), + -t B
|5 (8)] + |ui(£)] <
1 - N 1 & _
m[?ﬂau\ + |bi) £ + L] Eq(—mit®) + E[;(Miﬂ + i) f 5 + 1.

T RS () Mu, ()BT, i =1,2,-- ,n.



50 BRE R HKFFR A0 1

[ E A HETS
ly; ()] + v ()] <
1 ¢ < oy Ly 7
m[;ﬂgﬁ\ + |hjil) f; + Ji]Ea(—n2;t") + Ej[;ﬂgﬂ + hsil) f5 + Jil,

Hring; = min{y; — 6; +7F —vd;l, dj — 5 — 1} > 0. ARy, () Ko (AT, j=1,2,--- ,n
M5 3#2.8, M(3)r 15 )
zi(t) = (o) fot(t — 8) H=ym(s) + us(s)]ds,
ui(t) = ﬁ fot(t —8)* (i + 77 — yici)wi(s) — (i — vi)uwil(s)+

> iy (yy(s)) + Zn: bij f3(y; (s — 7ij)) + Li(s)]ds,

3_11 (12)
Y5 F(a fo 1 (=755 (s) +v;(s)]ds,

I(a)

Jot =827 =8 + 72 = v3dy)y;(s) — (dj — 7;)v5(s)+

> gyufi(a(s)) + ; byi fi(wi(s — ) + J;(s)]ds.

vit) = &

Hi (12) 75

xi(t + w) 'szz( ) + ul(S)]db =
t—s =72 (s + w) + ui(s + w)lds =

t—s —vixi (s + w) + u;(s +w)]ds +

23 2- 2-
— —

\\\\

t—s —vizi(s + w) + u;(s + w)]ds. (13)

EELEEE
wit+o)= s [ t(t = (e + o7 — )il + ) — (e — (s ) +
f;aijfj@j(s ru)+ _zn;bijfj(yﬂs b 7ig)) + Li(s))ds +
) i“ — 5 (@i + 9 — pic)(s + @) — (6 — i)ui(s +w) +
S a5 +9) + 3 by sl + 0 — i) + (s))ds, (14

j=1 J=1
lt+w) = o [ =9 s+ w) + s w)lds +

1 0 a—1 .
o / (=9 (s ) (s + s, (15)
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vi(t +w)= ﬁ /O (t— )" =8 + 7] — 1idj)yi (s +w) — (dj —v;)v;(s +w) +

z:gﬂfZ xi(s + w) —I—Zbﬂfl i(s+w—0j;))+ J;(s +w)ds +

1/0@ V(85 472 — s )55 + ) — (d — 3)os (5 + ) +
F(a) o 5 3T T Y)Y (s T w i —)vi(s +w

Zgﬂfl x;(s + w) —l—Zbﬂfl (s +w—0j))+ Jj(s +w)lds. (16)
M(12)-(13) 7] 753
xi(t+w)—ffi(t)=D “I- %(wz(tw)—wz( )+ ui(t +w) — ui(t))+
= / (t = 5" il + w) + uils + w)]ds. (17)

BT () Fllug (¢ )ﬁﬁ HM > 0, 145 |2 (t)] < My, |ui ()| < My, i =1,2,--- ,n. M(17)A] 15
|zi(t +w) —2i(t)] < Dy *[—vilzi(t + w) — @i ()] + [wi(t + w) —u; ()] +

1/ R |
T(a) /_w“ = )"yl + W)l + fuils +w)l)ds <
0
Dy [=ilzi(t + w) = zi ()] + |ui(t + w) —wi(t)]] + = +(1;Ml /_ (t — s)1ds <
0
Dot + @) — 2:(0) + st + ) — wi(t)]) + 2 +( 1§Mz / ()15 —
Dy [=las(t +w) — 24(8)| + ui(t + w) — ()] + r(;iin(w + )M, (18)

B Ty (8)Flo; (1) F 5, 3N; > 0, 43 |y; ()] < Ny, |vj(t)| < Nj, BEIT-(18)4 R 5 1 72,
M(12), (14)-(16) AT HERS
lui(t +w) — i (t)] < Dy °[Jo + 77 — vicsl|zi(t +w) — 25(8)] — (e — vi)|wit + w) — ui(¢)] +

D iy (t+w) =y ()] + D Ibigllly; (t+w = 735) =y (= 735)] +
- pt

[e3

w n .
m[(lai + 7 = vicil + lei — il) Mi + Z(|aij| + |bij|) fi + L), (19)

ly; (t+w) —y; ()| < D{‘s[—’yjlyj(tw)—yj(t)|+lvj(t+w)—vj(t)|]+r(;711)(’yj+1)Njy (20)
v (t+w) = v;(0)] < D7°1B +2 = vid;llys(t+w) =y (8)] = (dj — ;) |vj(t + w) — v;(8)] +

n n
‘21 lgjillj|mi(t + w) — 2:(2)| + ; |hji|li|zs(t +w — 0j5) — 23 (t — 053)| +

F(:iil)[ﬂﬂj + 95 = v¢| + 1dj — v )N + ;(|gji| + ki) f + J5). (21)
KT (7) 55 B3t it AR, TS

a w s
Dy *ly;(t +w —7i5) — y;(t — 75)] < + Dy *y;(t +w) —y; (1),

i g
F(a I 1) +Dt ‘xi(t+w) - l’i(t)‘,

Dy *zi(t + w — 045) — xi(t — 045)| <




52 BRE R HKFFR A0 1

Hepyf; = Sup_ {Iwu( )} et = Sup_ {Isolz( )}

77’ S 70' S

M(18)-(22) 7T 75

Z[Iwi(tw) — zi(t)] + |ui(t + w) — wilt +Z ly; (t +w) =y ()] + [v; (t + w) = v; ()] <

n
Z{Dt_a[—%‘ + Jow + 77 — el +

M:

(lggl + lhgallo)] s (t + w) = i ()] + Dy *[L = ¢ + il lualt + w) —wi(®)]} +

s
Il
_

M=

{Dr =i+ 18 + 77 — vids| +

<.
Il
—

M=

(lais |+ 10igDly; (E + @) =y (O] + Dy [1 = dj + 5]l (E + w) = v;(O)]} +

Jj=1
n o n wa
i +1)M,; — (v + 1)N;
;F(aﬂ)(w ) +;F(a+1)(vj+ N, +
n e , n
Z T(a+1) [(Jas + i = vici| + |ei — vil) M + Z |ai;| + |bij|) 5 + L] +
i=1 =
n w® n
Z (o + 1) [(16; + 712 = ¢l + ldj — v )N; + Z(‘gjl| + i) fi + Jj] <

1

<.
Il
_
.
Il

—nD{”‘{Z[Ixi(t +w) =z + Jus(t +w) —ui(8)]] +

=1
Z|yj (t+w) =y O]+ |vj(t +w) —v; )]} + 6, (23)
]:1
Hry FHO. 1ﬁﬁQuE7
n w n N
=> [(vi + D)M; + (loi + 77 = vicil + |ei = vl Mi + Y (lagg| + bi; ) 5 + L] +
=1 M(a+1) j=1
> Tt D) (v + DN, + (185 + 75 = vici| + dj = vDN; + 3 (lgzal + [yl i + ;-
]: =1

HH 5 2E2.9, M (23) T HETS
Z[I%(Hw)—fvi(t)\+|uz-(t+w)—ui(t)HJrZ[lyj(Hw)—yj(t)|+|vj(t+w)—vj(t)l} < OB (—nt®).
j=1

i=1
(24)

(24T 14 Tim S (@i () — ot + w)| = 0, lim Sy (8) — ;(t + w)| = 0. B X258, &
T 4=1 T =1
S5 (1) KR (£) 150, +00) b -3 FEL B
WX (t) 2 RFR) I S-Hikw- A M, A TEEL € N, X (t + ko)t 2 RFE () HIE, H
TX ()AL, W15 68 2T 5I{ X (t + kw) }renie 55 FEELE H— 306 5110, F H Arzela-AsolisE
B OANER— TP I kw renfER{ X (t + kw) bren—EULET[0, +oo) N 4E I 113 42 R 4L



R T D R R FBAMAY 2 W % 4 B Mittag-Lefllerfg & fo & B #riLw-A# 53

X*(t) = (@i(t),23(8), -, a5 (), 93 (1), 55 (1), -,y (1) T
TUEX* (¢) 2 B R A st b
X*(t+w):£1}rlooX(t+w+kw) lirfooX(t+(k+1)w):X*(t). (25)

HIX™ () Rw- A R .t
|2i(t) — 27 ()] < [2i(t) — @it + w)| + [2i(t + ) = 2i(t + k)| + [2(t + ko) — 27 (B)]. - (26)
B, (t) 72 S-Hilw- FI AR, A4S

tliinooz |24 (t) — 2i(t +w)| = 0. (27)
YA AL (1) Mittag-Lefflerfa 5, 4 H
tligloo |z;(t + w) — x;(t + kw)| = 0. (28)
FIFHX () B E LT 15
kEr-sI-loo |z (t + kw) — zf(t)] = 0. (29)
M (26)-(29) 7T 13
tllgrnoo\xl() ()] =0,0=1,2,--- ,n. (30)
[EEEEIES
Jm yi(8) —y; () =0, =12, n. (31)

M(30)-(31)2%, 1R SL2.6FT 1, FA55(1) ML A T o JR I
§4 HEB T

fil4.1 %r&ﬁj\iﬁm'rﬁﬁaﬁmzxmﬂa%WJ% ,
Diewi(t) = —e;Dfwi(t) — cuai(t) + 30 aijfi(y; (1) + 35 bij fi(y;(t — 735)) + L),
=t it (32)
Diey;(t) = —d;Divy;(t) — Biy;(t) + ;gjifi(xi(t)) + ; hjifi(@i(t — 0j:)) + J;(t),
Hrfit > 0,4,5 = 1,2. " -
a=08, fi(v;)=3(lwi+1—|zi—1]), 7j =0y =1, i,j=1,2. Li(t)=0.02sin(t), L(t)=
0.05sin(t), Ji(t) = 0.02cos(t), Ja2(t) =0.05cos(t), a1 =5, ag =4, 1 =4, =3, c1 =
5, cg = 4.5, dy = 3.2, do = 3.5, ay1 = 1, a2 = 0.5, az; = 0.5, az = 0.8, by =
—0.1, b2 =0.1, by = 0.2, bp =02, g11 =1, gi2 =0.5, g1 = 0.5, goo = 0.8, hy; =
0.1, h1a = 0.5, hgy = 0.4, hgo = 0.2.
WRIELE W fi(xs), B, = 1,5 =1,2. Jﬁﬁx% =2,i=1,2 Witit5EES

n=min { min {7; — |oi + ;% = yiei| - Z \gjilli — Z \hjilli,ci v =1},

1121122{% 1Bj 4+ ;% — v;d;| — Z laij|l; — Z |bij|l;,dj —; —1}} =0.2>0,

HH LT N, R G0 (32) 3 2 E 3. 1*[1%@3 QEﬁFﬁﬁ ﬁt E&;ifﬁ%’:nglttag-Lefﬂeﬁ%EEﬁ HoES-i
2 JE .

T E LA, ATAG B R G (1), 22(t), ya (1), yo (0) TELHS 2 B AR AUCIR A, G B AN
BI20T 7. AN AT 0 i 15 S HC M ABE A0 ) &5 SR 5 e R SRR — 3, AT 1 3 T&#ﬁ@éﬁ%ﬁ@
.



54 BRE R HKFFR A0 1

‘ ' —x,(0)=2.2
. - -x,(0)=2.5
10}i

(o] 50 100 150
t

B 1 B4 RBE(32) 21 (1), @ () TELM RIS B

10

— v,(0)=5.5
-~y (0)=—6.5

1 L
[o] 50 t 100 150

2 B4 19 R GE(32) y1 (1), yo () 1ELH R M AL P

85 45 1B

AT I3 B Bk i B AMAR 22 (0 26 (R 80 ) 2247 R AT T 9. 3L 51N AR AR, X 55
A A EBir 3 EIIBAMAP 2 R AT F AL 5 — A0 B 3 Mo e R 48 RO R
AR (0 DX T AT AT 2R G RO RI AR MR, HE T 5 A I I 38 i A0 AS 35 e 1 38 3 ) DR 285 R o0 i AR
ISR, g T RGEA R Mittag-LefHerfa @ Fl4x R Wil w-FE AR i 78 0 264, B
SEFE3.1-EHE3.2, PrG RN LA R . RIS I S E A A 30 1 AR HE T A A R
AU IERPE. 20T 3E— 2D Bk 7E 70 B 158 1 A 2 X 2% 1) 3 0 22 Ak B A B e S SO S AT A . A
PRSI IE 0 BB AN T 3%, ATk — 25 Wt 5 e At S R 10 73 B 158 8 o 2 o0 246 ) e A2 A S 4 1)

.

SEHk:

[1] Zhang Lingzhong, Yang Yongqing. Different impulsive effects on synchronization of frac-

tional order memristive BAM neural networks[J]. Nonlinear Dynamics, 2018, 93(2): 233-250.
[2] Huang Chengdai, Cao Jinde. Impact of leakage delay on bifurcation in high-order fractional

BAM neural networks[J]. Neural Networks, 2018, 98: 223-235.



~

AFETF S RN IR M R BAMAY 2 | 4 A B Mittag-Lefflerf2 € fe & Byi#riiw-F 4 55

2%

[3] Xu Changjin, Mu Dan, Pan Yuanlu, et al. Probing into bifurcation for fractional-order BAM
neural networks concerning multiple time delays[J]. Journal of Computational Science, 2022,

62: 101701.

[4] B, BEE EER. BB EBAM #1282 42 JF Mittag-Lellfer I Fa5E [ ). mike
B2, 2023, 38(2): 190-202.

[5] Babcock K L, Westervelt R M. Stability and dynamics of simple electronic neural networks

with added inertia[J]. Physica D: Nonlinear Phenomena, 1986, 23(1-3): 464-469.
[6] Ke Yunquan, Miao Chunfang. Stability analysis of BAM neural networks with inertial term

and time delay[J]. Wseas Transaction on System, 2011, 10(12): 425-438.
[7] Ke Yunquan, Miao Chunfang. Stability analysis of inertial Cohen-Grossberg-type neural

networks with time delays[J]. Neurocomputing, 2013, 117: 196-205.
[8] Ke Yunquan, Miao Chunfang. Stability and existence of periodic solutions in inertial BAM

neural networks with time delay[J]. Neural Computations and Applications, 2013, 23: 1089-

1099.
[9] Ke Yunquan, Miao Chunfang. Exponential stability of periodic solutions for inertial Cohen-

Grossberg-type neural networks[J]. Neural Network World, 2014, 24(4): 377-394.
[10] Ke Yunquan, Miao Chunfang. Anti-periodic solutions of inertial neural networks with time

delays[J]. Neural Processing Letters, 2017, 45(2): 523-538.
[11] Li Yongkun, Xiang Jianglian. Existence and global exponential stability of anti-periodic

solution for Clifford-valued inertial Cohen-Grossberg neural networks with delays[J]. Neuro-

computing, 2019, 332: 259-269.
[12] Ke Liang, Li Wang. Exponential synchronization in inertial neural networks with time

delays[J]. Electronics, 2019, 8, 356; doi:10.3390/electronics8030356.
[13] Ke Liang, Li Wang. Exponential synchronization in inertial Cohen-Grossberg neural net-

works with time delays[J]. Journal of the Franklin Institute, 2019, 356(18): 11285-11304.
[14] Xu Danning, Liu Wei. Stochastic asymptotic stability for stochastic inertial Cohen-

Grossberg neural networks with time-varying delay[J]. Journal of Computational Methods

in Sciences and Engineering, 2023, 23(2): 921-931.
[15] Zhang Yuehong, Li Zhiying, Jiang Wangdong, et al. Exponential Stability of stochastic

inertial Cohen-Grossberg Neural networks[J]. International Journal of Pattern Recognition

and Artificial Intelligence, 2023, 37(1): 2259032.
[16] Boroomand A, Menhaj M B . Fractional-order Hopfield neural networks[A]. International

conference on neural information processing[C]. Berlin: Springer, 2008: 883-890.
[17] Hong Lili, Cao Jinde, Cheng Hu, et al. Synchronization analysis of discrete-time fractional-

order quaternion-valued uncertain neural networks[A]. IEEE Transactions on neural ne-

towrks and learning system|[C]. 2023, 3274959.
[18] Hong Lili, Cheng Hu, Zhang Long, et al. Complete and finite-time synchronization of

fractional-order fuzzy neural networks via nonlinear feedback control[J]. Fuzzy Sets and

Systems, 2022, 443: 50-69.
[19] Hong Lili, Cheng Hu, Zhang Long, et al. Non-separation method-based robust finite-time

synchronization of uncertain fractional-order quaternion-valued neural networks[J]. Applied

Mathematics and Computation, 2021, 409: 126377.
[20] Zhang Yuehong, Li Zhiying. The stability of anti-periodic solutions for fractional -order

inertial BAM neural networks with time-delays[J]. AIMS Mathematics, 2023, 8(3): 6176-
6190.



56 BRE R HKFFR A0 1

[21] CEEEZR, FAL, XU 58090 A8 A5 Cohen-Grossberg i 48 W 45 4= JijMittag-LefHer & & Al
A JREEw- R[], RARFEHE:, 2022, 42(4): 867-885.
[22] Ke Liang. Mittag-Leffler stability and asymptotic w-periodicity of fractional-order inertial

neural networks with time-delays[J]. Neurocomputing, 2021, 465: 53-62.
[23] Liu Yinghong, Sun Yeguo, Liu Lei. Stability analysis and synchronization control of

fractional-order inertial neural networks with time-varying delay[J]. Access, 2022, 3178123:

56081-560093.
[24] Gu Yajuan, Wang Hu, Yu Yongguang. Stability and synchronization for Riemann-

Liouville fractional-order time-delayed inertial neural networks[J]. Neurocomputing, 2019,

340: 270280.
[25] Li Zhiying. The boundedness and the global Mittag-Leffler synchronization of fractional-

order inertial Cohen-Grossberg neural networks with time delays[J]. Neural Prosessing Let-

ters. 2022, 54: 597-611.
[26] Li Zhiying, Jiang Wangdong. Dynamic analysis of fractional-order neural networks with

inertia[J]. AIMS Mathematics, 2022, 7(9): 16889-16906.
[27] Li Zhiying, Xu Danning. The boundedness, Global Mittag-Leffler stability and S-asymptotic

w-periodic of fractional-order fuzzy inertial neural networks with delays[J]. Journal of Com-

putational Methods in Sciences and Engineering, 2022, 23(1): 1472-7978.
[28] Kilbas A A, Srivastava H M, Trujillo J J. Theory and Application of Fractional Differential

Equations[M]. North-Holland: Elsevier Science Ltd, 2006.

[29] Podlubny I. Fractional Differential Equations[M]. New York: Academic Press, 1999.

[30] Henrlquez H R, Pierri M, Thoas P. On S-asymptotically w-periodic functions on Banach
spaces and applications[J]. Journal of Mathematical Analysis and Applications, 2008, 343:
1119-1130.

Global Mittag-Leffler stability and global asymptotic w-period for
fractional inertial BAM neural network with time-delay
XU Dan-ning, JIANG Wang-dong
(Yuanpei College, Shaoxing University, Shaoxing 312000, China)

Abstract: The paper investigates the global Mittag-Leffler stability and global asymptotic w-
periodicity of fractional-order inertial BAM neural networks with time delays. Firstly, by utilizing the
properties of Riemann-Liouville fractional calculus and introducing appropriate variable substitutions,
the fractional-order inertial BAM neural network model, which involves two different fractional-order
derivatives, is simplified to a model containing only one fractional-order derivative. Next, by applying
the additivity of integral intervals and initial value conditions, the relationship between the fractional-
order integrals of the state functions with and without time delays is derived when the time variable
varies within finite intervals less than or equal to the time delay and within infinite intervals greater than
or equal to the time delay. Sufficient conditions for determining the global Mittag-Lefller stability and
global asymptotic w-periodicity of the solutions for the fractional-order inertial BAM neural network
system are provided. Finally, numerical simulations are conducted to verify the effectiveness and
correctness of the theoretical results obtained.

Keywords: fractional; inertial; BAM neural networks; global Mittag-Leffler stability; global
asymptotic w-period
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